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In this work we propose a generalization of the endurance function employed in the continuum approach to high-
cycle fatigue modeling by Ottosen et al. (2008). The von Mises-type backstress-modified effective stress term of
the original formulation is replaced by the non-quadratic Hershey-Hosford function, which introduces flexibility
with respect to the predicted fatigue limit in pure shear. While the original model assumes a fixed ratio between
the fatigue limits in fully reversed torsion and fully reversed bending of 0.5774 for all materials, the modification
enables the ratio to take on values on the interval from 0.5 to 0.5852 by calibration to experimental data that is
readily available in the literature. Like the original formulation simplifies to the invariant-based Mises-Sines
fatigue limit criterion for proportional stress histories, the current proposal can be written as a Hershey-Hosford-
Sines criterion. A systematic validation to experimental multiaxial infinite fatigue life data from eight different
mild and semi-hard metals with fully reversed torsion and bending fatigue limit ratios lower than 0.6 demon-
strates that the proposed modification increases the accuracy and reduces the number of non-conservative

predictions.

1. Introduction

The fatigue failure of structural components subjected to fluctuating
loads has been the subject of extensive research since the middle of the
19th century. While Wohler in his pioneering work [1] did the first
systematic investigation on the relationship between the cyclic stress
amplitude and the number of cycles at failure, Basquin [2] first repre-
sented the data in the log-log S-N diagram that we are familiar with
today, with the stress amplitude on the ordinate and the number of
cycles at failure on the abscissa. The fundamental theory of fatigue
typically distinguishes between low-cycle fatigue (LCF) and high-cycle
fatigue (HCF). In LCF, the fatigue crack initiation life is shorter than
around 10* cycles, and the governing strain levels introduce plastic re-
sponses in the material. In the HCF domain, where the fatigue crack
initiates at cycle numbers higher than around 10 the macroscopic
material response is predominantly elastic. In this regime, increased
fatigue lives are observed when specimens are subjected to cyclic
stresses of decreasing amplitudes, until many materials display an
infinite fatigue limit (also referred to as the endurance limit): a stress
amplitude level at which the fatigue life is seemingly infinite, mani-
festing itself as a plateau in the S-N diagram, at around 10° to 107 cycles.
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Since the early investigations, the assumption of infinite fatigue life
after 10° to 107 cycles has been refuted by explorations of the very high-
cycle fatigue range (VHCF) [3,4]. Yet, the existence of such a limit may
appropriately be assumed for many engineering purposes. Moreover,
experimental studies on the fatigue behavior of materials have revealed
intricate dependencies on different configurations of static and alter-
nating multiaxial stresses [5-7], their gradients induced by holes,
notches, grooves, or surface roughness [8-10], as well as on various
other factors, such as e.g. component size [11] and environmental
conditions [9,12-14].

Limiting the scope to consider only the dependency on local stress
histories, the stochastic nature of the phenomenon, evident from the
large scatter in results reported from experimental investigations, poses
a challenge to experimentalists who may rely on several parallel tests to
present reliable results. Properly constructing a single fatigue limit, let
alone an entire curve in the S-N diagram, requires several data points
captured at different stress levels, including data in the range of 10° to
108 cycles. Limiting the test frequency to e.g. 20 Hz to avoid heat gen-
eration in the specimens, the time required to run a single test ranges
from minutes to several days, depending on the stress amplitude.
Keeping in mind that fatigue depends on the mean stress level, experi-
mental test programs aiming to characterize the fatigue behavior of a
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Nomenclature
A Positive dimensionless model parameter
bo Infinite fatigue limit in repeated bending
b1 Infinite fatigue limit in fully reversed bending
C,K,L Positive dimensionless model parameters
D Fatigue damage parameter
Err Error index
fa Stress amplitude scale factor
H(x) Heaviside step function
h Step size of central differentiation scheme
I First invariant of the stress tensor
L Mean value of the first stress tensor invariant of stress cycle
m Hershey-Hosford exponent
P Stress cycle period
R Stress ratio of cyclic extrema
s Deviatoric stress tensor
Sia Amplitude of principal deviatoric stress tensor component
of stress cycle (i =1,2,3)
Sm Deviatoric mean stress of stress cycle
s Backstress-modified deviatoric stress tensor
§ij Backstress-modified deviatoric stress tensor components (i,

j=xY,2)

B Backstress-modified deviatoric stress tensor principal
components (i = 1,2,3)

So Model parameter in the units of stress

t Time variable

t Infinite fatigue limit in fully reversed torsion

te Time at failure (D = 1)

X,Y,2 Cartesian coordinates

a Deviatoric backstress tensor

B Endurance function

K Torsion-bending fatigue limit ratio

c Stress tensor

Gija Amplitude of stress tensor component of stress cycle

Gijm Mean value of stress tensor component of stress cycle

Cea Deviatoric effective stress amplitude of stress cycle

Omax,Omin Maximum and minimum stress during a uniaxial cyclic
stress

Ce Backstress-modified deviatoric effective stress

@ Phase constant

® Angular frequency of stress cycle

certain material can easily become very comprehensive. Therefore, the
material tests required for calibration of HCF models should be kept as
few and simple as possible for the model to have practical application.

Considering cyclic multiaxial stress histories, the traditional concept
of HCF analysis combines three model components: A fatigue limit
function, a cycle counting method, and a fatigue damage accumulation
law. The fatigue limit function defines the multiaxial endurance limit,
separating safe from unsafe stress configurations while providing a
measure of the multiaxial stress that is comparable to experimental data
which typically governs uniaxial stress. Whether the fatigue limit
function is formulated based on resolved stresses on material planes or
invariants of the stress tensor, the input to the traditional fatigue limit
functions is given in terms of cyclic mean stresses and stress amplitudes.
To deal with the ambiguities that arise when the special case of constant
amplitude loading does not apply, a cycle-counting method is employed
[15]. The rain-flow counting technique [16] is popularly used to reduce
randomly varying continuous stress histories into a finite number of
discrete cycles, allowing the calculation of cyclic mean stresses and
stress amplitudes for input in the fatigue limit function. Combined with a
damage accumulation rule, the fatigue life may be calculated through
the summation of the damage associated with each synthetic cycle.

Throughout the past century, researchers have dedicated consider-
able efforts to the development of models to keep up with the contem-
porary understanding of the phenomenological aspects of multiaxial
HCF, which has continuously matured through experimental observa-
tions. The scientific progress from the Mises-based formulations for
simple proportional alternating loading, to models including mean stress
effects, brittleness, and non-proportionality has been critically reviewed
in the literature (see e.g. Refs. [17-21]).

Despite these advancements, handling arbitrary multiaxial stress
histories remains a challenge for the traditional cycle counting-based
multiaxial HCF models due to their intrinsic presumption that any
multiaxial stress history consists of distinct cycles. Moreover, when
cycle-based analysis methods are implemented in a finite element (FE)
based framework, hardware resources related to memory and storage
can represent limiting factors when dealing with large or complex
analysis models. Accurately identifying the cyclic stress extrema in time
and space for a structure under complex loading may require high-
frequency FE results to be stored, resulting in vast amounts of data for
the subsequent fatigue analysis. A remedy to these issues can be to adopt

a modeling approach where the damage accumulates incrementally
through time, in line with concepts known from damage mechanics
[22]. Since the idea of cycle-counting is disregarded, such models are
able to make finite and infinite fatigue life predictions for multiaxial,
variable amplitude, and even non-cyclic stress histories. An example of
such a model is the continuum approach to high-cycle fatigue by Ottosen
et al. [23]. In this model, a Drucker-Prager endurance surface separates
stress space into a safe and an unsafe region. The fatigue damage ac-
cumulates incrementally when the stress state is located outside the
surface while moving away from it. Interestingly, this results in a
staircase-like damage development qualitatively similar to that seen in
traditional rain-flow cycle-counting. The damage accumulates until it
reaches a critical limit that corresponds to fatigue-induced material
failure in the form of a macroscopic crack. During the damage devel-
opment, the endurance surface follows the stress state in the deviatoric
plane. As a reasonable approximation to experimental observations
[24], this makes the model independent of the mean shear stress during
cyclic loading, and linearly dependent on the mean normal stress
through the pressure-dependent Drucker-Prager function. The model
employs a total of five model parameters that are fitted to experimental
fatigue data governing uniaxial stress states: two parameters dictate the
shape of the endurance function, one determines the backstress evolu-
tion, and the last two parameters govern the damage development. As
demonstrated by Lilja et al. [22], who implemented the model as a
user-material in LS-DYNA for the complete machinery FE-based simu-
lation of a rock drill, the continuum approach demonstrated faster
integration, less data storage, and easier usage compared to the tradi-
tional cycle counting-based method. The overall agreement for variable
amplitude loading was satisfactory, with the continuum approach
making somewhat more conservative predictions for certain load
sequences.

Since the original work was published, a number of modifications
and alternative practices have been proposed to broaden the model’s
applicability. Ottosen et al. [25] employed the Neuber parameter to
incorporate stress gradient effects, requiring only the ultimate strength
of the material as additional input, and avoiding the introduction of
additional calibration processes. This enhanced formulation was
employed in e.g. Ref. [26], where it was coupled with FE simulations of
detailed surface topographies to account for surface roughness in the
calculations of fatigue crack initiation lives. Frondelius et al. [27]
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adopted a classical von Mises yield criterion [28] and a nonlinear
isotropic and kinematic hardening model in their effort to develop a
unified continuum-based LCF and HCF model. An anisotropic expansion
of the original model was proposed by Holopainen et al. [29]. Consid-
ering the privileged direction of a transversely isotropic material, they
suggested a formulation where the stress tensor was decomposed into a
transverse and a longitudinal part. By introducing two additional model
parameters, a conditionally convex endurance function was constructed
from invariants of the decomposed stress tensors. Brighenti et al. [30]
employed two deviatoric and three full stress tensor invariants in their
highly generalized isotropic endurance function. While the agility of this
formulation is indisputable, the authors had to rely on using a genetic
algorithm to tailor the total of ten model parameters to each multiaxial
stress history that was considered in the study. Hence, the model does
not serve the usual purpose of multiaxial fatigue models as tools to
interpolate and extrapolate from relatively simple experimental tests.
Multiaxial stress states were also included in the calibration method
recently proposed by Ruiz et al. [31], where linear extrapolation of the
stable fatigue damage development was used to avoid the mathematical
challenge of developing closed-form expressions for complex cyclic
stress states in the finite fatigue life regime. This allowed them to include
in-phase (IP) and out-of-phase (OOP) multiaxial stress cycles in the
calibration of material parameters, which reportedly enhanced the
model behavior for complex stress states. Lindstrom [32] proposed a
modification where the original Drucker-Prager type endurance func-
tion was replaced by a generalized form that carried a quadratic de-
pendency on the first stress tensor invariant, inducing an elliptical Haigh
diagram which displays better agreement with the observed mean stress
dependency for ductile materials. This modified model was later
coupled with the stress-gradient enhancement of Ottosen et al. [25] and
implemented for an aircraft load spectrum to demonstrate the model’s
predictive capabilities toward experimental fatigue life data for
AA7075-T6 holeplate specimens [33]. Recently, Lindstrom et al. [34]
also applied the enhanced continuum approach [25] in the service-life
assessment of integral airframes milled from plates of aluminum alloy
AA7050-T7451, where they proposed yet another formulation for the
dependency on hydrostatic stress. This time, conforming to the rigorous
safety requirements that are requisite in aeronautical applications, a
smooth unit step sigmoid function was applied to ensure conservative-
ness in the compression-dominated regime.

Despite these efforts to expand the application range and to improve
the accuracy of the original model, to the best of our knowledge, no
attempts to reformulate its governing equations to account for the
relative difference between the fatigue capacities in normal stress and
shear stress are found in the literature. Like in the much-employed HCF
criterion of Sines [24], the original continuum approach of Ottosen et al.
[23] is formulated using a deviatoric effective stress amplitude term in
the fashion of von Mises [28]. The use of such a formulation implies a
fixed relationship between the fully reversed fatigue limits in torsion
and bending, xk =1/ V3 (see Eq. (6)) [17]. While this may be a reason-
able approximation for steels and aluminum alloys in the lower range of
the hard metal category (1/ V3 ~0.5774 < k < 0.8), the torsion-bending
fatigue limit ratio may approach 0.5 for mild metals, and unity for brittle
metals [35]. Hence, models that carry the von Mises-based formulation
are prone to highly conservative predictions for metals on the brittle side
of the spectrum, and even non-conservative predictions for highly
ductile materials.

Motivated by the empirical records of the behavior of mild metals, a
generalization of the original continuum approach to HCF modeling
[23] is presented in this study. The modified form employs a
non-quadratic deviatoric effective stress term to cover mild and semi--
hard metals in the range 0.5 < x < 0.5852. The new term introduces an
additional model parameter whose value can be identified by a simple
calibration to experimental data that is readily available in the literature
for many materials. In Section 2, a summary of the original model is
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given, before the proposed modification is described. Section 3 describes
the model’s parameter calibration procedure, as well as its reduction to a
simplified Hershey-Hosford-Sines criterion for proportional stress his-
tories. In Section 4, the predictive capabilities of the original and pro-
posed model are systematically tested towards proportional and
non-proportional multiaxial experimental infinite fatigue limits for a
generous selection of mild and semi-hard metals, followed by a discussion
concerning the results.

2. Theory
2.1. The original continuum approach to HCF modeling

In the continuum approach to HCF, proposed by Ottosen et al. [23], a
Drucker-Prager [36] endurance surface separates the stress space into
two domains: a safe domain, where fatigue damage cannot develop, and
an unsafe domain, where fatigue damage can develop under certain
conditions. The endurance function is modified by a deviatoric back-
stress tensor @, which shifts the endurance surface in the deviatoric
plane. To accumulate fatigue damage, the model employs a damage
scalar. Both the backstress and the damage evolution are written in in-
cremental form, and for their increments to be non-zero, two conditions
must be fulfilled: the current stress state must be (1) located outside the
endurance surface, and (2) moving away from the endurance surface in
stress space.

The function f defines the endurance surface when g = 0 [23]:

p=LG. van s, 8
So

Here, S, is the zero-mean stress endurance limit, and A is a positive
dimensionless parameter that describes the dependency on the first
stress tensor invariant, I; = tr(c). Moreover, o, is a deviatoric effective
stress measure that is a function of the backstress-modified stress devi-
ator s = s — a. In the fashion of von Mises [28], the deviatoric effective
stress is taken as

.=\ 2151 - \/ Gl G S 6 R @

wheres; > §, > 53 are the principal components of 5. From Egs. (1) and
(2), it follows that # < O corresponds to safe stress states inside the
endurance locus, and # > 0 is the unsafe regime outside the surface.

The purpose of introducing a deviatoric backstress correction is to
establish independence of the mean shear stress level, whose effects on
fatigue are neglected in the present model. While it has been pointed out
in Ref. [37] that some materials display up to 20 % reduction in the
torsional fatigue limit by the presence of large mean shear stresses, this
is commonly accepted as a valid approximation [17,24].

The concept is adopted from plasticity theory, where backstress
tensors are used to account for the Bauschinger effect of cyclic plasticity.
An obvious difference from its use in plasticity theory is the fact that the
high-cycle regime governs stress states that are elastic from a macro-
scopic point of view. Moreover, while the stress state in a plastic process
is confined to exist on a yield surface, the elastic stress state can be
located outside the endurance surface in the continuum approach to
HCF.

With the initial condition a(t =0) = 0, the backstress tensor is
written in incremental form as

da=H(p)H(dB)dpCs 3)

where C is a positive and dimensionless model parameter, and H(x) is
the Heaviside step function. As da is proportional to s, the endurance
surface center will move in the direction of the current stress state in the
deviatoric plane. For a cyclic stress path where the deviatoric mean
stress s, is non-zero and constant, the endurance surface will, during a
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transient phase, position itself around s, [23].

The damage scalar D exists in the continuous domain from the initial
undamaged state D(ty) = 0, until fatigue crack initiation at D(t;) = 1.
Unlike in approaches based on mesomechanics [38], the quantity cannot
be directly linked to a physical phenomenon on the micro- or mesoscale
in the material, and opposed to in damage mechanics where the damage
variable is often related to a relative change in the elastic stiffness, the
fatigue damage parameter does not influence the constitutive relation. It
is written in incremental form as

dD = H(p)H (dp)dpKe"” C))

By defining K and L as positive dimensionless material parameters, it
is given from Eq. (4) that D is strictly increasing when dD # 0, resulting
in non-recoverable damage. Note that dD is independent of the current
amount of damage D, in compliance with the linear Palmgren-Miner
damage accumulation hypothesis [39]. Upon access to the appropriate
material data, it is possible to adopt a non-linear formulation, as was
done by Kaleva et al. [40] who equipped the model with a
Lemaitre-Chaboche type damage law [41]. However, the ability to
compute the fatigue life by linear extrapolation of the stable damage
growth [31], is then forsaken.

The incremental quantities defined in Egs. (3) and (4) both include
the endurance function increment dg, which can be obtained by differ-
entiating f, and substituting da by the expression in Eq. (3). The
endurance function increment is then expressed analytically as
1 3%:ds

_2 1 Atr(do) 5)

d ==
p So+Co, |2 O,

With this, the original continuum approach to HCF modeling provides a
complete framework that complies with arbitrary stress histories, where
conventional cycle-counting methods are replaced by the time-
integration of the incremental expressions in Eqgs. (3) and (4), using
numerical integration schemes. The result is a model that combines the
three elements of conventional HCF analysis in a unified event-
independent formulation. For cyclic proportional stress states, the
original formulation reduces to the widely used criterion of Sines [24]
(hereby referred to as Mises-Sines). Consequently, the model inhibits
some of the Mises-Sines criterion’s limitations, such that the ratio be-
tween the fatigue limit in fully reversed torsion and bending,

et ®)

is confined to the value of 1/ V'3 = 0.5774. In the calibration procedure
proposed by Ottosen et al. [23], the parameters that describe the shape
of the endurance function, Sy and A, are calibrated to normal stress fa-
tigue limits with different mean stress levels, e.g. the fatigue limits in
fully reversed and pulsating bending, b_; and by. If by is defined as the
maximum absolute stress in bending for R = 6max/6min = 0, the associ-
ated stress amplitude is by /2, which yields So =b_; and A = 2b_;/ by —
1. Intuitively, this is in line with the geometric interpretation of A as the
slope of the Drucker-Prager cone. However, using single-component
uniaxial fatigue limits as input for a multiaxial HCF model represents
a drastic extrapolation of the experimental observations. In the appli-
cation of the original Sines criterion, the parameters Sy, and A are often
expressed in terms of the fatigue limits in fully reversed torsion and
repeated bending, as So = v/3t_; and A = 2(v/3t_; —bg /2)/ by [171.
These experimental limits are readily available in the literature for many
materials, and their use provides multiaxial diversity to the calibration
data, albeit at the expense of the predicted mean stress dependency in
normal stress, for materials where x # 1/ V3.

In the following section, we propose a modification to the original
continuum approach to HCF modeling, that for a specific range of mild
and semi-hard materials allows full utilization of the three infinite fa-
tigue limits b_, t_1, and by.
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2.2. Generalization for mild and semi-hard metals

The generalized formulation is introduced to the endurance func-
tion’s dependency on the backstress-reduced deviatoric stress tensor .
While the original endurance function employs a deviatoric term ac-
cording to that of von Mises [28], the current proposal adopts the
non-quadratic formulation of Hershey [42] and Hosford [43]. Keeping
the original definitions given in Egs. (1), (3) and (4), we replace Eq. (2)
with

7 ()

G, = (ﬁl — 5"+ 5 = 5[" + 15 —§1|m>$
where m is the Hershey-Hosford exponent. For m = 2 and m = 4, Eq. (7)
is equivalent to the von Mises formulation in Eq. (2), reducing the
generalized formulation to the original one, while for m = 1 and m— oo,
Eq. (7) is equivalent to the Tresca maximum stress criterion. The
Hershey-Hosford function is commonly applied in plasticity theory and
was proposed to account for crystallographic effects on the onset of yield
and plastic flow in isotropic materials [44]. In such a context, m is taken
as a constant that allows behavior between von Mises and Tresca in the
interval 1 < m < 2 (or equivalently 4 < m < oo) [44]. Particularly, it is
common to use Eq. (7) with m = 6 and m = 8 to model the behavior of
isotropic body-centered cubic (BCC) and face-centered cubic (FCC)
materials, respectively. The domain 2 < m < 4 is less frequently dis-
cussed in the literature. In this range, the Hershey-Hosford function
takes on a form where the limit in pure shear is larger than in the von
Mises formulation, with an extreme state at m~ 2.7670, while
remaining convex. Fig. 1 depicts the Hershey-Hosford loci in the space of
normalized plane stress for various values of m.

By applying the generalized deviatoric effective stress formulation to
the continuous-time fatigue model presented in Section 2.1, x is no
longer restricted to 1/v/3 =~ 0.5774, as in the original formulation. The
modification covers a range of mild metals with x from 0.5852 at m ~
2.7670, to 0.5 at m—oo. The relation between the torsion-bending fa-
tigue limit ratio «, and the Hershey-Hosford exponent m (see Eq. (17) in
Section 3) is demonstrated in Fig. 2.

A schematic representation of the endurance surfaces for three
different values of m is displayed in the positive principal stress space in
Fig. 3. The white/grey surface (m = 1.1218) depicts the model cali-
brated to NiCrMo steel 75/80 ton with x = 0.5188 [5,45] (cf. Section 4
for further information), displaying a shape close to Tresca. The light
blue surface (m = 2) is the original Drucker-Prager cone, while the dark

12 ———————=== —

s o i

k)

!
0.8 A
l_ \
) i
< 06 i
([
! 1
1 4
04 ¢+ i

- - -'m=2.7670 (max) H
| [T m =2 (von Mises) .

0.2 [ emrem=1.3 i

............. m :1 (Tresca) »

0 " " " "
0 02 04 06 0.8 1 1.2
o.lo
27e

Fig. 1. Loci of the Hershey-Hosford function in the space of normalized plane
stress for @ = 0.
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1 1
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¥ < Tresca | ,
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® 056 | i —
= 1 1
1
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0] 1 1
5054+ 1 " <
o 1 1
'.g 1 1
w | "
0.52 ! —
von Mises—>: i
1 1
0.5 ! !
1 1.5 2 2.5 3
Exponent, m

Fig. 2. Relation between the torsion-bending fatigue limit ratio «, and the
Hershey-Hosford exponent m.

m = 1.1218 (NiCrMo steel 75/80 ton)
m = 2 (original model)
Bl m = 27679 (max) I

Fig. 3. Schematic representation of endurance surfaces with different Hershey-
Hosford exponents, plotted in the positive principal stress space: m = 1.1218
(white/grey) corresponds to NiCrMo steel 75/80 ton [5,45], m = 2 (light blue)
represents the original model, and m = 2.7670 (dark blue) represents the
maximum exponent value (cf. Fig. 2). The latter two surfaces are intercepted by
normal planes to the o5-axis for illustrative purposes. (For interpretation of the
references to colour in this figure legend, the reader is referred to the Web
version of this article.)

blue surface (m = 2.7670) corresponds to the maximum value of x =
0.5852. Except for in the planes of unidirectional stress, where all the
surfaces intersect, the high-exponent surfaces encapsulate the
low-exponent surfaces. Thus, for illustrative purposes, the blue surfaces
are intercepted by planes normal to the o5-axis.

To complete the modification, the new formulation of  calls for an
updated expression for its increment df, which is the driving variable of
the incremental backstress da, defined in Eq. (3), and the incremental
damage variable dD, defined in Eq. (4). Differentiating Eq. (1) with
respect to time, and substituting with the expression for da yields the
general form which applies regardless the form of &,:
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1

dp= W (n( {50_?} [ds]T) +A tr(dd)) ®

From the chain rule, and the definition of the backstress-reduced
deviatoric stress s = s — a, we have

06, 0d6, @_ 06,
dos 05 ds O

(9.a)

d6, do, d5 00,
do 05 o 05

The gradient components of 05, /ds can be expressed analytically by
performing the partial derivatives using standard calculus. Alterna-
tively, the partial derivatives may be computed through numerical dif-
ferentiation. In this work, the following second-order accurate central
differentiation scheme was used:

(9.b)

aO'e Ue(s.m + h7 Syy: Sz S)»,w Sy:v su) — 0O, (sxx - h7 Syy7 S22y Sxyv sy:a sa)

~

S xx 2h

5

(10.a)

066 - U('(sx)m Syy + h7 Szzy Sxys Syzs szx) — 0O, (Sxxv Syy — /’l, Szz5 Sxys Syzs szx)

N 2h

5

(10.b)

aUg 0, (s.uv Syys Szz + h7 Sxys Syzs Su) — 0, (sxu Syys Sz — /’l, Sxys Syz szx)

05, 2h

(10.¢)

do, 0J0, ge(sxm Syys Sz Sxy +h, syz7svr) - o-e(sxxvsywszzvsxy —h, Syzvsu)

ﬁry a&\yx 4h
(10.d)

a(J'e _ (}{72 ~ O, (S)m Syys Szzy Sxyy Syz + h7 Su) - Ge(sx.xv Syyy Szzy Sxyy Syz — h7 su)

05, 05, 4h

(10.e)

ao—e _ 055 ~ 0. (sxx7 Syys Szzy Sayy Syzy Sze h) - Ge(sxxv Syys Szzy Sxyy Syzs Sox — h)

05, 08, an

(10.9)

In double-precision floating-point format, a step size h in the order of
107% was found appropriate to balance the truncation error and the
round-off error in the ill-conditioned differentiation scheme. Note that
the partial derivatives with respect to the symmetric shear terms are
calculated simultaneously and divided by two, for compliance with the
matrix notation of dc./ds. This procedure also guarantees that the
symmetry of the gradient is preserved. By calculating df according to Eq.
(8)-(10), we have established the complete framework for the modified
continuum approach for mild and semi-hard metals. The modified and
original endurance surfaces are displayed in Fig. 4 (a) and (b) as sections
in the deviatoric plane. For the specific stress increment that is illus-
trated, the two models display different behaviors: While ds yields an
endurance function increment df > 0 for m = 1.1218 in Fig. 4 (a), the
same deviatoric stress increment yields df < 0 for the original model in
Fig. 4 (b).

3. Model calibration and reduction to Hershey-Hosford-Sines
model

For proportional cyclic loading, it is possible to develop analytical
expressions to evaluate the continuum-based model directly, which
enables efficient calibration of the model parameters to experimental
fatigue limits. Closed-form expressions have been developed for cyclic
uniaxial tension-compression [23] and cyclic simple shear [46].
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0
B>0, df <0
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03

(b)

Fig. 4. State variable evolution in the deviatoric plane during a particular stress increment: (a) m = 1.1218 (corresponding to NiCrMo steel 75/80 ton [5,45]), (b)

m = 2 (original model). The grey lines represent constant values of > 0.

Just like the original formulation reduces to the invariant-based
Sines criterion for proportional stress, the modification presented
herein also reduces to a generalized Hershey-Hosford-Sines criterion
that covers the span 0.5 <k < 0.5852. The criterion can then be
expressed as an inequality where the left-hand side is the linear com-
bination of an effective deviatoric amplitude term and a hydrostatic
mean stress term:

Ceq +ALL < S an

Here, I ;, is the mean of the first stress tensor and o, , is the Hershey-
Hosford effective stress amplitude. To define the two stress terms, we
consider a proportional periodic stress cycle with period P. The cyclic
mean value I ,, is obtained as

tin = {minlt (0]t 01} a2

If the reduced Hershey-Hosford-Sines criterion is applied to non-
proportional stress histories in a cycle counting-based framework, its
amplitude o, , must be calculated using e.g. the concept of the minimum
five-dimensional hypersphere [47]. Otherwise, the proportional stress
history allows us to simply express o,, in terms of the principal devia-
toric stress amplitudes:

st — sna" + [sns — 5ol 4 s — s}
\a 92.a a 3.a 3a a
Gun= . a3

where m = 2 or 4 reduces Eq. (11) to the original Mises-Sines criterion.

As we introduce the new exponent parameter, we adhere to the
approach of Ottosen et al. [23], by obtaining A and Sy from infinite
fatigue limits of uniaxial stress with different mean stress levels, further
using the fatigue limit in fully reversed torsion to obtain the value of m.
We start by establishing the cyclic stress histories o(t< P) for the
different experimental fatigue limits to obtain the expressions for I
and 6,4, from Egs. (12) and (13).

Fully reversed bending, b_;:
o =b_, Sin(wt) Oca = b,
=> 14)
(72:()'3:0 Il,m:O
Repeated bending, by:

61 = bo(1 +sin(wt)) /2 Gea =bo/2

(15)
Liw=b/2

o, =03=0

Fully reversed torsion, t_;:

t_y sin(wr)
01 = max
—t_; sin(wr) -
o = [ (14277
6:=0 L = [+ a6)
t_y sin(wr) fim =0
03 = min
—t_y sin(wr)

We proceed by substituting o, , and I ;, from Eq. (14) into Eq. (11) to
obtain Sy =b_,, and from Eq. (15) into Eq. (11) to obtain A =2b_; /by —
1. Lastly, 6., and I ,, from Eq. (16) are substituted into Eq. (11), which
gives

— T
_b71

k=rt= (1421 an

The transcendental equation above is not easily solved for m using
direct methods. Hence, we apply any suitable non-linear numerical
approximation technique [48] to obtain m from the input of the material
parameter 0.5 < x < 0.5852. For materials with « > 0.5852, an exponent
m = 2.7670 can be used as a conservative approximation.

For proportional cyclic loading, it is possible to develop analytical
expressions to evaluate the model directly, which enables efficient
calibration of the model parameters to experimental fatigue limits.
Closed-form expressions have been developed for cyclic uniaxial
stresses, and because the proposed generalization does not alter the
model behavior in uniaxial loading, this methodology can be directly
applied to calibrate the remaining model parameters C, K, and L for
application in finite fatigue life analysis. For further details regarding
this, cf. Ottosen et al. [23].

4. Results and discussion
4.1. Database for experimental validation

As the endurance surface represents the infinite fatigue limit in stress
space, the current proposal, which modifies the shape of this surface,
was rigorously tested against multiaxial infinite fatigue life data from
experimental tests on mild and semi-hard metals, adopted from the open-
access FatLim database [45]. The database contains an extensive
collection of infinite fatigue limit data from the literature, obtained from
testing on smooth unnotched specimens subjected to combined har-
monic and static loading. At the time of access (cf. [45]), the full set
included a total of 551 experimental fatigue limits, distributed among 50
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different materials with « ratios from 0.5188 to 0.9490. Due to the vast
collection of data collected from various sources, the experimental fa-
tigue limits in this study were taken directly from the FatLim database,
instead of consulting the primary sources. However, random checks
were conducted to verify the reported values against the results pub-
lished in the original source.

The majority of materials in FatLim fall within the classifications
hard or brittle metals, for which the currently available continuum for-
mulations are unsuited. To facilitate a fair trial for the fatigue models,
their predictive capabilities should be tested against experimental data
obtained from tests on the materials that they intend to represent; in the
present case, on materials that fall within the categories of mild and semi-
hard metals. The Hershey-Hosford generalization allows proper
parameter fitting to materials in the range 0.5 < x < 0.5852, but also
provides a better approximation for the remaining domain of «,
compared to the original model. Hence, the validation was limited to
include materials with «-ratios up to 0.6, which provided a rich exper-
imental dataset, without extending the model’s intended application
range too far.

The surface stresses induced by bending and torsion during fatigue
limit tests are respectively taken as measures of the fatigue limits asso-
ciated with normal stress and pure shear stress. It is also possible to
obtain the normal stress fatigue limit through axial push-pull tests, but
the obtained measurements differ from those obtained in bending due to
the effects of size and stress gradients. Although various conversion
models exist [49], the present validation aims to measure the perfor-
mance of the proposed modification without contamination from other
models. To ensure consistency in the experimental relationship «, the
experimental data from two materials that were tested in axial push-pull
were disregarded.

The resulting dataset contained 65 experimental fatigue limits for
eight different ductile materials. Among these data, 16 instances cor-
responded to the fatigue limits in fully reversed bending (b_;) and tor-
sion (t_1) of each material. Moreover, four data points were single-
channel non-zero mean stress fatigue limits in either pure bending or
pure torsion. The remaining 45 datapoints were multiaxial stress cycles
of combined bending and torsion, out of which 35 governed in-phase
loading, and 10 governed out-of-phase loading with phase differences
@ = 45°, 60° or 90°.

All experimental cyclic stress states in the dataset are fully described
by
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Gy (1) =Oryn + Ory 0 @ sin(wt — ) (18.b)

Oy =0, =0y, =0, =0 (18.c)
where the constants 6yxm, Oxca> Oxym> Oxya, and ¢ of each test are re-
ported in Appendix A, and o is the constant angular frequency of each
test.

Fig. 5 (a) exhibits all 65 experimental fatigue limits in the space of
Oxx,a and 0y q. In Fig. 5 (b) the normalized experimental datapoints that
govern in-phase (\varphi = 0) combinations of fully reversed bending
and torsion with zero mean stress (6xxm = 0xym = 0) are displayed,
along swith the endurance limit of the original model, and the endur-
ance limit range of the proposed generalization.

4.2. Prediction error

The model parameters are calibrated to the experimental fatigue
limits, b_1, by, and t_;, which are obtained from tests on coupons re-
ported in the literature. For each material, predictions made by the
calibrated models are compared to experimental results governing
multiaxial loading, on the same type of coupon. Hence, the size effect is
limited to the differences among the stress distributions induced by the
applied loads at the coupon level.

When evaluating fatigue models, it is common to adopt an error
index considering the deviation between an experimental reference
stress amplitude, and the model’s prediction of the equivalent stress (see
e.g. Ref. [17,18,21]). Referencing the cycle-based form in Eq. (11), this
index is typically a measure of the relative difference between the
left-hand side and the right-hand side of the inequality.

For the continuum-based formulation in Eq. (1), the maximum value
of So(1 +p) during a steady-state cycle would be analogous to the left-
hand side in the cycle-based formulation in Eq. (11). However, adopt-
ing an error index approach based on equivalent stress becomes inade-
quate due to the cyclic motion of the endurance surface in stress space.
In the continuum approach, and its current modification, the parameters
C, K and L govern the transient phase and the steady-state evolution
during constant amplitude cyclic loading. However, only the steady-
state phase has a perceptible influence on the predicted fatigue life. As
pointed out in Ref. [32], in the context of parameter fitting, these three
parameters co-vary to produce the same model fitness for a range of

ue(1) = G + Oyra ® sin(r) (18.3) parameter sets, whereas C, which controls the transient evolution
through its appearance in the incremental backstress, can be regarded as
a numerical stability parameter rather than a true material parameter.
500 | 0.7
0.6% _ .
400 1 *
— v 0.5Y v A\\I/«\ o 30NCD16 [51]
6_“ 300 - A\ D o 0.1%C steel [51]
s © 2 04 S 0 0.4%C steel (spheroid.) [35]
= & v © N = 3%Ni steel (30/35 ton) [35]
>200% = | 0.3 \ v NiCrMo steel (75/80 ton) [35]
& g 5 S v NiCr steel (95/105 ton) [35]
S0 & 0.2 S * XC18[52]
100 ‘QQ e v 0.1 Proposed modification ‘ 4 Mild steel [53]
Ly & — — - Original model \
0 D)3 O——0—~ 0 .
0 200 400 600 800 0 02 04 06 08 1 1.2
o [MPa] o /b
Xx,a xx,a -1

(a)

(b)

Fig. 5. Experimental fatigue limits from Ref. [45]: (a) All bending-torsion experimental tests, (b) Normalized experimental data for in-phase bending-torsion with
zero mean stress, with the endurance limit of the original model (dashed), and the range of the proposed modification (green). Original publications are indicated in
legend. (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)
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For increasing values of C, the backstress evolution practically ap-
proaches a fully kinematic behavior where the stress state barely escapes
the endurance surface during on-loading. Thus, despite that the cali-
brated parameter C has no link to the material on its own, it indepen-
dently and significantly influences the equivalent stress measure
So(1 +p) whenever the model prediction is conservative, resulting in
falsely accurate predictions for parameter sets C, K, L with higher values
of C.

To assess the model’s predictive capabilities to the experimental
infinite life fatigue limits in the dataset from the FatLim database, a scale
factor-based error index was adopted. f, was taken as the scale factor to
the stress amplitude that causes the experimental stress state to corre-
spond with the endurance limit. An error index in which negative values
correspond to non-conservative predictions was then established as

Err=(1-f,) ¢ 100% 19

To calculate Err, an algorithmic approach was used to determine f, to
a precision of less than 1072 for each experimental datapoint in the
dataset. For datapoints of out-of-phase stress cycles, a fourth-order
Runge-Kutta numerical integration scheme [50] was employed to
calculate the maximum value of f during a steady-state cycle for each
trail of f,. With reference to the above discussion, the numerical stability
parameter was assigned an arbitrary high value C = 10* in all the fatigue
limit calculations to ensure brevity of the transient phase. It should be
further noted that the fatigue limit predictions do not require calibration
of the model parameters K and L, as the fatigue damage development is
irrelevant for this purpose. For datapoints of in-phase stress cycles, the
closed-form solution presented in Section 3 was employed to accelerate
the calculations.

Fig. 6 shows the two models’ distributions of predicted errors for the
experimental infinite fatigue limits in the FatLim dataset. The b_; fa-
tigue limits, which are used in the calibration of both models are
excluded from the histogram data as these datapoints represent Err = 0
% for both models. Data representing in-phase and out-of-phase stress
cycles with phase shifts of 45° 60° and 90° are represented with
different shades in the stacked column histograms. Evident from the
profiles of the plots, the proposed modification (Fig. 6 (a)) displays
enhanced accuracy in comparison to the original model (Fig. 6 (b)). This
is also seen in the standard deviation, which decreased from 6.87 % to
6.41 %. Out of the 57 predictions, the total number of non-conservative
results was reduced from 23 to 19. This is reflected in the mean error,
which is conservatively shifted from +0.222 % to +0.862 %.

The maximum absolute errors were reduced on both the conservative
and the non-conservative sides, although the effect of using the proposed

Proposed modification

20 ~
P
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O
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modification must be regarded as moderate. On the conservative side,
three instances display error indices larger than +10 % for both models.
These three instances are the only tests in the dataset that govern the
combination of fully reversed shear stress and static normal stress,
which may reveal a weakness that the models share. On the non-
conservative side, the original model makes three predictions with
Err < —10 %: two cases of out-of-phase 90° loading, and one of in-phase
loading. The in-phase case represents the pure torsional fatigue limit,
with Err = —11.3 %, and since this limit is used in the calibration of the
endurance limit exponent m, the error is eliminated by using the
modified formulation. The two most severe non-conservative pre-
dictions are found for cases of out-of-phase 90° loading, where the
original model produced error indices of Err = —25.8% and —17.1%,
and the modified model correspondingly produced Err = —25.7% and
—17.1%. These instances of out-of-phase 90° loading represent stress
paths that are nearly tangential to the endurance surface. It has previ-
ously been reported by Lindstrom et al. [46], in a study of finite fatigue
lives, that the original model predicts highly non-conservative finite
fatigue lives for such stress histories. After studying the model’s
behavior for rotary stress, they concluded that the mispredictions likely
stem from the inability to predict damage accumulation for strictly
tangential stress increments where df = 0. It was suggested that a
modification to the governing equations to produce nonzero damage
increments under tangential stress would likely be a remedy for the
shortcomings related to such stress cycles. However, in the present
work, the models were tested against infinite, rather than finite fatigue
limits. Under these conditions, the model depends only on the presence
of a positive nonzero df, and not on the relationship between the
tangential and normal components of ds. Despite this, both models
predicted non-conservative error indices of considerable magnitude for
the near-tangential stress histories. This result indicates that a modifi-
cation based on the approach theorized in the discussion of Lindstrom
et al. [46] would not fully solve the model’s issues related to rotary stress
cycles.

Although the continuum approach to high-cycle fatigue is capable of
considering both finite and infinite fatigue lives, the experimental
validation presented here governed only infinite fatigue limits. Upon
access to experimental S-N curves for bending, torsion, and combined
bending-torsion, it would have been possible to also validate the models’
extrapolation capabilities to the finite fatigue life domain. Unfortu-
nately, to the best of the authors’ knowledge, such experimental data do
not exist in the literature for the materials in question. Nevertheless,
since the parameters of the endurance function are entirely defined in
terms of infinite fatigue life data, testing the models’ interpolation

Original model
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Fig. 6. Histogram of stacked columns displaying predicted errors to the experimental data in the dataset from FatLim for (a) the proposed modification, and (b) the

original model.
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capabilities towards a rich database of infinite fatigue life data is
considered to be a solid validation of the proposed modification. The
analysis demonstrates that the proposed modification is an enhance-
ment of the original model, which increases the model’s accuracy for
shear stress-dominated stress paths. The model’s application requires
only minor alterations to the original implementation, and the new
exponent parameter m is easily calibrated to experimental data without
interfering with the other model parameters. The fact that the modifi-
cation only affects the deviatoric term in f, also allows it to be used in
conjunction with other alternative formulations, such as the mean stress
modifications proposed by Lindstrom et al. [32,34].

5. Conclusion

This study presents a generalization of the continuum approach to
high-cycle fatigue modeling by Ottosen et al. [23], with applications for
mild and semi-hard materials. To overcome the original model’s inherent
implication that the ratio between the fatigue limits in fully reversed
torsion and bending is 1/ V3 ~ 0.5774 for all materials, a modification
was introduced to the backstress-reduced deviatoric effective stress
term, where the von Mises-like function of the original model was
replaced by a generalized non-quadratic formulation that holds an
exponent model parameter. An analytical relationship was established
between the exponent parameter and the torsion-bending fatigue limit
ratio, which facilitates the model’s calibration to materials with
torsion-bending fatigue limit ratios between 0.5 and 0.5852. In the same
way that the original model reduces to the Mises-Sines criterion for
proportional stress histories, the proposed modification reduces to a new
Hershey-Hosford-Sines fatigue limit criterion, which has practical ap-
plications beyond its use in the continuum approach. This is a first step
to solving the problem related to the fixed torsion-bending fatigue limit
ratio, and proof that alternative deviatoric functions can be applied to
solve the issue.

The continuum-based models were systematically validated towards
multiaxial experimental infinite fatigue limits from eight different ma-
terials with torsion-bending fatigue limit ratios between 0.5 and 0.6.
Application of the modified formulation resulted in increased accuracy
in the prediction of the multiaxial fatigue limit, reducing the error
standard deviation, the absolute extremal errors, as well as the total
number of non-conservative predictions. Although the overall
improvement was rather moderate, the enhancement was more signifi-
cant for highly ductile materials where the torsion-bending fatigue
limits were close to 0.5. This was illustrated by the predictions made for
a NiCrMo 75/80-ton steel, where non-conservative prediction errors of
up to 11.3 % were eliminated by using the modified formulation.

There is potential for improvement through further research as both
models seem to underestimate the fatigue capacity for stress cycles of
combined fully reversed shear stress and static normal stress, and
overestimate the fatigue capacity for out-of-phase bending and torsion

Appendix A. Experimental validation data
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with phase differences of 90° where the stress paths are near-tangential
to the endurance surface. To model the behavior of materials that
display sensitivity to changes in the cyclic mean shear stress requires a
revised formulation of the backstress evolution. Further experimental
work is required to construct full S-N curves in bending, torsion, and
combined bending-torsion for ductile materials, to study the accuracy of
the models in the finite fatigue life domain.

In this work, the fatigue limits in bending and torsion were directly
taken as the fatigue limits in normal and shear stress, respectively, dis-
regarding the effects of stress gradients. In Ref. [25], Ottosen et al.
present an enhanced form of the continuum approach to high-cycle fa-
tigue which considers stress gradient effects through simple modifica-
tions of the model parameters, where the triaxial relative stress gradient
is defined using an effective stress term on the von Mises form. While the
implementation of this extension is straightforward for the generalized
model proposed herein, future work should investigate whether the
formulation of the triaxial relative stress gradient could employ a
non-quadratic effective stress term as well. Furthermore, efforts are
dedicated towards a modification to the continuum approach of
high-cycle fatigue that covers the remaining domain of the
torsion-bending fatigue limit ratios from 0.5852 to 1, in order to accu-
rately model the behavior of brittle metallic material.
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The dataset from FatLim that was used in the experimental validation in Section 4 is reproduced in Table A.1, along with the primary source, the
associated calibrated model parameters, and the prediction errors of the original model and the proposed modification.

Table A.1
Experimental validation: Dataset [45], model parameters, and prediction errors.

Material Prim. source Oxxa Gxxm Oxya Cxym @ b1 tq K So A m Err Mod. Err Orig.
[MPa] [MPa] [MPa] [MPa] [’ [MPa] [MPa] [-] [MPa] [-] [-] [%] [%]

30NCD16 [51] 550 450 0 0 0 695 415 0.5971 695 0.3365 2.7670 1.17 1.17

525 510 0 0 0 0.31 0.31

535 600 0 0 0 7.84 7.84

0 300 395 0 0 12.0 13.2

(continued on next page)
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Table A.1 (continued)
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Material Prim. source Oxxa Oxxm Oxya Oxym @ b1 tq K So m Err Mod. Err Orig.
[MPa] [MPa] [MPa] [MPa] [’] [MPa] [MPa] [-] [MPa] [-] [%] [%]

455 300 263 200 0 7.40 7.74

465 300 269 200 90 0.00 0.00

0 450 395 0 0 19.5 20.6

415 450 240 0 0 7.12 7.46

405 450 234 0 90 0.00 0.00

0 600 350 0 0 17.6 18.7

370 600 214 0 0 5.51 5.85

390 600 225 0 90 0.00 0.00

0 0 415 0 0 1.99 3.31

520 520 0 0 0 0.00 0.00

0.1%C steel [35] 262.6 0 35.5 0 0 268.7 151.4  0.5635 268.7 1.6304 0.40 0.37

242.5 0 69.5 0 0 1.00 0.75

205.4 0 103.5 0 0 2.20 1.44

146.7 0 128.2 0 0 0.53 -0.97

78.8 0 146.7 0 0 1.15 —1.00

0 0 151.4 0 0 0.00 —2.47

0.4%C steel (spheroid.) [35] 274.9 0 37.1 0 0 274.9 156.0 0.5675 274.9 1.7128 2.64 2.63

248.7 0 71.0 0 0 1.07 0.92

208.5 0 105.0 0 0 1.16 0.64

154.4 0 132.8 0 0 1.78 0.77

78.8 0 146.7 0 0 -1.78 -3.33

0 0 156.0 0 0 0.00 -1.74

3%Ni steel (30/35 ton) [35] 327.4 0 43.2 0 0 3429 205.4 0.5990 3429 2.7670 -2.11 —-2.10

304.3 0 88.0 0 0 -0.82 -0.75

265.6 0 132.8 0 0 2.14 2.41

190.0 0 165.3 0 0 -0.47 0.21

103.5 0 194.6 0 0 1.63 2.75

0 0 205.4 0 0 2.30 3.62

NiCrMo steel (75/80 ton) [35] 625.5 0 83.4 0 0 661.0 3429 0.5188 661.0 1.1218 —2.50 -2.97

546.7 0 157.5 0 0 —6.02 -8.19

506.6 0 253.3 0 0 5.77 1.37

355.2 0 307.3 0 0 4.12 —-3.30

183.8 0 342.9 0 0 3.60 —6.32

0 0 342.9 0 0 0.00 -11.3

NiCr steel (95/105 ton) [35] 790.7 0 106.6 0 0 772.2 452.5  0.5860 772.2 2.7670 4.89 4.90

735.1 0 211.6 0 0 5.93 5.99

608.5 0 302.7 0 0 3.60 3.86

429.4 0 372.2 0 0 -0.37 0.31

225.5 0 418.5 0 0 —2.89 -1.72

0 0 452.5 0 0 0.13 1.47

XC18 [52] 246 0 138 0 0 332 186  0.5602 332 1.5727 4.31 3.21

246 0 138 0 45 -3.18 —4.21

264 0 148 0 90 —25.7 —25.8

0 0 186 0 0 0.00 -3.05

Mild steel [53] 222.9 0 46.2 0 0 235.4 137.3  0.5833 235.4 2.3445 0.58 0.60

180.2 0 90.1 0 0 1.02 1.25

99.8 0 120.5 0 0 —2.48 -1.75

191.3 0 95.7 0 60 —6.67 —6.52

103.6 0 125.0 0 60 —5.47 —4.73

230.2 0 47.7 0 90 —1.69 -1.77

201.0 0 100.5 0 90 -17.1 -17.1

108.9 0 131.4 0 90 -3.99 —2.87

0 0 137.3 0 0 0.00 1.01
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