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Abstract

Cellular automata and other discrete dynamical systems have
long been studied as models of emergent complexity. Recently,
neural cellular automata have been proposed as models to
investigate the emerge of a more general artificial intelligence,
thanks to their propensity to support properties such as
self-organization, emergence, and open-endedness. However,
understanding emergent complexity in large scale systems is
an open challenge. How can the important computations
leading to emergent complex structures and behaviors be
identified? In this work, we systematically investigate a form of
dimensionality reduction for 1-dimensional and 2-dimensional
cellular automata based on coarse-graining of macrostates into
smaller blocks. We discuss selected examples and provide the
entire exploration of coarse graining with different filtering
levels in the appendix (available also digitally at this link:
https://s4nyam.github.io/eca88/). We argue that being able
to capture emergent complexity in Al systems may pave the
way to open-ended evolution, a plausible path to reach artificial
general intelligence.
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Introduction

Recent advances in deep learning, such as large language
models, have shown promise in some tasks thought to
be possible only in biological intelligence.  However,
such systems remain rather rigid if compared to the
adaptivity and the open-endedness of living organisms
[1]. In fact, natural intelligence may be considered a
form of spontaneously self-organizing and ever evolving
complex system producing increasing levels of emergent
complexity [2]. Clune [3] describes the Al generating
algorithm approach as a possible alternative to creating

machines that can “automatically learn how to produce
general Al", as opposed to the “manual Al approach”
which is predominant in the Al community nowadays.
Natural evolution is the only generating algorithm that
has been able to produce general intelligence. Acrtificial
Life frameworks such as Cellular Automata (CA) have
long been used as models to understand computation,
life, and evolution.

Recent advances of such models, including continuous
CA [4, 5] and neural CA [6, 7], have been proposed as sub-
strates to study the emergence of a general intelligence
[8]. However, an open question is how to quantify the
emergent complexity of such artificial systems at different
scales, in order to guide evolution towards higher emer-
gent complexity. In this work, we consider Elementary
Cellular Automata (ECA), 2D CA based on Game of Life
rules, and an evolved multiple neighborhoods CA (MNCA)
rule. We perform a dimensionality reduction process us-
ing a coarse-graining technique [9], in order to identify
complex pattern formations and highlight them while fil-
tering out uninteresting computations happening in the
background. We utilize a frequency-based technique that
scans the space-time diagrams and collects frequencies of
different blocks, which are then used for coarse-graining
by effectively replacing blocks with frequency below a cer-
tain threshold with a meaningful state, in fact reducing
the dimensionality of the CA. Additionally, such coarse-
graining technique may allow identifying emergent com-
plexity at different scales. We highlight some example
results in our discussion (while leaving the full results for
the Appendix), with the aim of discussing the implications
of this approach for the long-term goal of understanding
how Al systems may become more open-ended, adaptive,
and general, through the emergence of complex behaviors
out of simple rules.

(© 2024 Author(s). This is an open access article licensed under the Creative Commons Attribution License 4.0.

(http://creativecommons.org/licenses/by/4.0/).
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Figure 1. Snapshot from the platform to study Binary FHCG for ECA. In this example, Rule 110 is depicted on the left.
In the centre, the frequency histogram for blocks of size 2x1 is shown. On the right, the resulting coarse graining with
the selected threshold. The rule, the initial state, and the threshold can be selected from the sliders at the top.

Background and Related Work

Cellular Automata

Cellular Automata are computational models character-
ized by a regular grid of cells, each capable of existing in
a discrete number of states. CA evole through discrete
time steps guided by simple rules dependent on neighbor-
ing cell states. Among them, Elementary Cellular Au-
tomata (ECA) stand out with their one-dimensional grid,
featuring binary cell states (on or off). Despite their sim-
plicity, ECAs exhibit remarkable complexity [10] as the
future state of each cell relies solely on its current state
and the states of its two neighboring cells, leading to
the emergence of intricate patterns. Stephen Wolfram
[11] classified their behavior in four qualitative classes: 1)
evolving to homogeneous states; 2) evolving to simple
and periodic patterns; 3) evolving to disordered patterns;
4) evolving to complex localized structures. It has been
demonstrated that, due to different types of equivalences,
there exist a set of 88 unique ECA rules (out of the 256
possible rules) [12].

The Game of Life (Gol) [13] is one of the most
renowned CA instances, operating on a two-dimensional
grid with cells in either alive or dead states. GoL evolves
through discrete generations based on specific rules in-
volving the eight adjacent neighbors’ states, leading to in-
triguing phenomena such as self-replicating structures and
gliders. Advancing further, Multi-Neighbor Cellular Au-
tomata (MNCA) [14] enable interactions with a broader
range of neighboring cells, allowing simulations of complex
phenomena like urban growth patterns, traffic flow, and
ecological dynamics, where local interactions with multi-
ple neighbors significantly influence macroscopic behavior
and emergent properties. These diverse branches of cellu-
lar automata find applications across disciplines, offering
valuable insights into complexity and emergent behavior,
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showcasing how elegance and simplicity can vyield a rich
tapestry of patterns and behaviors and contributing to
our understanding of complex systems in both natural and
artificial domains [10].

Complexity and Open-Endedness

Gaining insight into the emergent computation of a
complex system is not trivial, in particular by looking
at the activity of the simple components of the system.
In [15], Melanie Mitchell explains how a “computational
mechanics" framework may be employed to explain the
emergent complexity of a CA. In CA, particles and their
interactions may describe the computation embedded in
the space-time behavior, providing insights into how the
decentralized processing happens. Mitchell argues that
“the language of particles and their interactions form
an explanatory vocabulary for decentralised computation
in the context of one-dimensional cellular automata".
One popular way to approximate the behavior of a CA
and assess its complexity is through compression. For
example, in [16] they partition the 1D CA space through
compression. In [17], compression is used also for 2D and
3D CA. However, compression as proxy for complexity
has some issues, such as the fact that random or
chaotic states are the most incompressible, while complex
localized patterns have somewhat “intermediate" levels
of compressibility. For a review of different proposed
complexity metrics for CA and other complex systems,
please refer to [18], where the notion of complexity
as degree of hierarchy is of particular interest when
complexity emerging at different scales is of relevance.
One notable example of equal complexity at different
hierarchical scales is the implementation of the Game of
Life inside the Game of Life [19]. Recent works [9, 20,
21] show more advanced methods to capture and evaluate
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complex emerging behaviour. Such works propose
multiple approaches for both discrete CA and continuous
CA. In particular, the authors investigate coarse-graining
and artificial neural networks (Auto-Encoders) to quantify
complexity, conducting experiments to demonstrate the
metric's ability to automatically identify CA with complex
emerging patterns. The coase-graining method proposed
in [9], based on frequency-histograms, has been shown
to qualitatively approximate selected ECA rules to the
particle domain boundaries presented in [22, 18].

In this work, we systematically explore frequency-
histogram coarse graining for the entire ECA space, 2D
Game of Life, and an example of MNCA.

Algorithm 1 Auto Thresholds & processing FHCG of 1D

Cellular Automata

Data: State is the evolved ECA at current time step, p;
is probability of a cell i, a is threshold, counts(s;)
is count of occurrence of supercell i in state G

Result: Modified Automatons

foreach state do
calculate chunks on current state using block size

store chunks as supercells

end
> At this stage you should have collection of all chunks
for ECA state

foreach supercell do
o countg(s;)
‘ Pi = ZJES(IH) COLInt(;(SJ)

end
> Store unique Probabilities of each block type, block
types are shown below

NN B

foreach o in T hresholds do

s0-{;

Frequency-Histogram Coarse Graining

In order to capture and possibly quantify emergent
complexity in dynamical systems, it is beneficial to reduce
large systems into smaller sizes, while being able to
preserve important pattern formations and filter out
background computations.

The work in [9] introduces different coarse graining
methods, namely Frequency-Histogram Coarse Graining
(FHCG), Clustering, and Auto-Encoder based Coarse
Graining. Of particular interest due to its computational
simplicity is FHCG, where blocks of cells are mapped to
supercell states based on the probability of their occur-
rence in the CA space-time evolution. The frequency of
different configurations is computed and used to create
a frequency histogram. Supercells are then assigned new
states based on their frequencies, with a threshold de-
termining the mapping to either state 0 or 1 (in case of

if pi > a

if pj <
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binary coarse graining). It also allows for multiple-state
coarse graining.

Proposed Methods

We propose a new way to implement ECA with FHCG
such that emerging artefacts of ECA can be closely
analysed using FHCG. While we focus on most of the
results for analysis in ECA, the same methodology also
works for 2D CA (or more advanced Neural CA). Initially,
the evolved CA rule is chunked into small pieces of
fixed size. These chunks are akin to supercells and
hence can be assumed as a single entity which is further
replaced with a single cell. The way we replace these
supercells with one single cell is exactly what is calculated
by FHCG algorithm. Once the supercells are available
for the complete CA, the probability of occurrence for
each of those is calculated and replaced in the CA. For
example, in ECA a block of fixed size two would have
four different kind of binary occurrences (00, 01, 10, 11).
For each of those binary macro-symbols, the occurrence
probabilities are calculated. In other words, for all the four
different supercells, the corresponding occurrence count is
calculated (and hence the probability of each supercell).
As supercells are replaced based on their probabilities, we
then use a filtering threshold such that values higher than
the threshold get eliminated (replaced by 0) and below
are kept, i.e., the corresponding supercells stays active
(replaced by 1). Simply put, in a CA with large occurrence
of a certain type of cell pairs will yield higher probability of
occurrence of their corresponding supercells. By varying
the thresholds, the density of the particles (and hence the
attractor) can be adjusted, while varying the block size
will control the magnification.

Algorithm 1 explains the simple working of FHCG in
ECA. The Algorithm takes the current state of the ECA as
input, then scans each step of the evolved ECA to create
chunks of fixed block size. These binary blocks are sorted
to get correct labels and decimal value for the histogram
generation. Further, probabilities of occurrence of the
supercells are calculated and stored. These probabilities
are replaced with the available states (here 0 and 1)
accordingly to the chosen threshold. Finally, different
coarse grained states of the original CA is computed.

We use this proposed FHCG technique to study
complex behaviour in ECA for the unique 88 rules (by
considering their Minimum Equivalence [23]). We propose
a novel dataset consisting of all 88 rules visualised using
automatic thresholding for FHCG and corresponding CA
output.  Automatic thresholding decides how to set
the thresholds on the occurrence of probabilities for the
frequency histogram. For each of the four possible blocks
(for a block size 2 applied on ECA), we add a fraction ¢
to the highest probability value and assign it as one of the
three thresholds. A snapshot for the proposed method to
study ECA is shown in Figure 1.
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Figure 2: Example results from selected rules. Left: space-time diagram; Right: coarse-grained space-time diagram.

Discussion of Results and Conclusion

Our proposed coarse graining method is available at https:
//s4nyam.github.io/mncaportal. An extract of our full
results (presented in the Appendix) is depicted in Figure 2.
Our method of FHCG effectively compresses the cellular
automata representations while highlighting rare events,
making it easier to study interesting emergent behaviors
and their complexity. Such understanding is crucial
for studying emergent phenomena and understanding
the evolution in cellular automata and other dynamical
systems.

In particular, it can be seen that hidden structures can
be discovered in the underlying computation for several
rules, such as rule 18, 30, and 90 (class IlI) or rule
110 (class IV). In rule 54 (class IV), it can be easily
seen that diagonal particles are discovered. For rules
with simple periodic patterns as rule 9, 26, or 57 (class
I1), the background computations are filtered our and
the emergent patterns are extracted. In case of two-
dimensions, the gliders and other emergent computational
structures in the Game of Life, are simplified in a lower
dimension. While some granularity is lost, it can be
easily identified where the computations are ongoing (for
example a glider may be replaced by a more compact
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structure).  While for 1D CA, the entire space-time
diagram can be visualized in 2D, for 2D CA a sequence
of 2D snapshots would be needed (in Figure 2 we provide
a single snapshot), or alternatively a video sequence.

In general, coarse graining allows extracting valuable
insights from CA computations. In particular, it provides
an approximation that enables to speed-up calculations
related to attractors or pattern matching. Additionally,
it makes possible to highlight relevant irregularities or in
other words rare but important computations. Finally,
reducing the dimensionality of large scale systems may
allow observing emergent patterns of behavior not readily
accessible at the level of individual agents or cells. Coarse
graining methods extract the essential components of the
available information, by distilling the space-time diagram.

These techniques can be applied recursively and in
combination to study such systems at various scales,
providing valuable insights into their emergent properties
and overall complexity. Being able to identify and quantify
emergent complexity for large-scale evolving systems may
be a crucial step in achieving open-endedness. Novel
ways of guiding evolution and learning towards higher
complexity levels may be discovered, ultimately allowing
our artificial systems to become more adaptive.
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Appendix
In the following pages of the Appendix, we are presenting
a systematic investigation of coarse-graining for:

e The 88 Minimum Equivalent ECA rules
e The Game of Life
e An evolved MNCA rule.

Results for ECA are also available digitally at the
following link:

e https://s4nyam.github.io/eca88.

A portal which provides the pointers to all our code
implementations is available at the following link:

e https://s4nyam.github.io/mncaportal.

Starting from the next page, we present one rule per
page. Each page is structured as follows:

e The first row and first image displays the original CA
simulation with 1% initialisation. The CA size is 100,
and the rule is applied for 100 steps.

e Further, the second image shows the histogram plot
for each of the blocks, containing three different
thresholds. Note that the used block size is 2x1 for
1D CA and 2x2 for 2D CA.

e Further, the next three images show the coarse-
grained versions of the original CA simulation with
the corresponding thresholds applied in ascending
order.

e Similarly, for the second and third rows, the density
of initialisation is 20% and 50% respectively.

Note that for some rules, not all blocks are present in
the space-time diagram and therefore there are less bars in
the histogram and less coarse-graining results visualized.

The thresholds are obtained by adding a § of 0.005 to
the calculated probabilities. Please note that for some
rules, the resulting threshold includes two histogram bars
with almost identical values. This results in less coarse-
graining to visualize. An example is Rule 43 (Third row
with 50% initialisation in Table 38), where several bars
have almost identical frequency.

The following Appendix in PDF is also available at the
following link:

e https://s4nyam.github.io/mncaportal /appendix.pdf
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Table 2: FHCG plots for ECA Rule 1.
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Table 5: FHCG plots for ECA Rule 4.

Probability of occurrence of supercells vs (Decimal Values)
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Table 6: FHCG plots for ECA Rule 5.
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Table 7: FHCG plots for ECA Rule 6.

Probability of occurrence of supercells vs (Decimal Values)
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Table 8: FHCG plots for ECA Rule 7.

Probability of occurrence of supercells vs (Decimal Values)
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Table 9: FHCG plots for ECA Rule 8.

Probability of occurrence of supercells vs (Decimal Values)
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Table 10: FHCG plots for ECA Rule 9.

Jain and Nichele: Coarse Graining in CA. NMI, 3, 15-110, 2024

40

40

80

L ©
<
| o
I
T T °©
o o o o o
o~ < ©o ©
n .............“"...."....
o ..... le Rz lo
< -_m_“.._“.__. < = <
i i,
AN A AT ba
rs i FR LR
........“.....w.“.”....ﬁ...."..__....."...."..
: : : ; o S : o , : : °
o o o o o ° ) ° o o o ) ° o o
I < 3 2 I < @ @ & g IS 5]
n w @ m 2
[ ~ o ~ o ©
3 0 3 N =] ~
© S I} =] © =)
z S =z 3. e = = ¢
© & © E © e
£ ° ¥ £ ] X £ 2 ¥
S < S 5 o S G 4 S
j @ 3 i = = j7 = =
8 : : 8 G - F 2
" i . @ Y ”
s 1 3 S 8 = 8
2 i : 2 3 2 3
1 | > 9 ¢t 9 2
Y ! > O [ >
1
g ! s 8 £ 8 £
> 2 > 2 > 2
2 1 o a o @ o
(. 1 < — = — £
o 1 H o .M o “
] i s ¢ P 0
€ ~ = ! g € o< T8 € omwo g
v 0 1 =2 o T Vo =2 v O O~ =
g 23 1 ] g X323 &} L &88R S
5 =2 | > 5 anN~ > 5 N >
3 oo 3 3 osoo 5 3 soo 5
S AHd £ S A& £ g Ham £
= T2 § «w 23T § « "TD g
°o 22 a ° 222 a o 222 a
> vw > vwwn > uwaw
g g¢ 2 98¢ 2 969
= £ & =l £ = £ cc
8 FF 8 FFF S FFF
S S S
o [ o o
= [ = 1 = 1
a a a
ownowmno Scmomwomnmomo owmnon
B RRR S8~ R©B31MA R
SScSo s SScssSS3s o ssso

o

Il

T
r'r
Irfr

I

qﬁﬂq q_q1—_.—q_.1
——q—qqqqqqqqqqqqqq
Irl ——— reeh
Ty — 4

li

Ir
T
T
T
Ir
q‘

il ______ i
—_.— qqqqqqqqqq = [ qqqqqq—q—q:

qqqqqq——q qqqq” qqqq 1q 1 _. T qqqqqqqq |
i

T —qqqqq ——

I
ﬂﬂﬂ
Hﬂ HH r

T
Ir
T

T
Iy
Irlr
T

30

r —1 Iyl
Il [

[l

I
| [rere
S

© @©

T

80

y
60

40




20

40 A

60 2

801

1€

=}

o

=} o o o

1=}

Table 11: FHCG plots for ECA Rule 10.
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Table 12: FHCG plots for ECA Rule 11.

Jain and Nichele: Coarse Graining in CA. NMI, 3, 15-110, 2024
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Table 13: FHCG plots for ECA Rule 12.

Probability of occurrence of supercells vs (Decimal Values)
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Table 14: FHCG plots for ECA Rule 13.

Probability of occurrence of supercells vs (Decimal Values)
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Table 15: FHCG plots for ECA Rule 14.
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Table 16: FHCG plots for ECA Rule 15.

Probability of occurrence of supercells vs (Decimal Values)
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Table 17: FHCG plots for ECA Rule 18.
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Table 18: FHCG plots for ECA Rule 19.
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Table 19: FHCG plots for ECA Rule 22.
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Table 20: FHCG plots for ECA Rule 23.

Probability of occurrence of supercells vs (Decimal Values)
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Table 21: FHCG plots for ECA Rule 24.

Probability of occurrence of supercells vs (Decimal Values)
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Table 22: FHCG plots for ECA Rule 25.
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Table 23: FHCG plots for ECA Rule 26.
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Table 24: FHCG plots for ECA Rule 27.
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Table 25: FHCG plots for ECA Rule 28.
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Table 26: FHCG plots for ECA Rule 29.

Jain and Nichele: Coarse Graining in CA. NMI, 3, 15-110, 2024
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Table 27: FHCG plots for ECA Rule 30.

o Probability of occurrence of supercells vs (Decimal Values)
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Table 28: FHCG plots for ECA Rule 32.
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Jain and Nichele: Coarse Graining in CA. NMI, 3, 15-110, 2024
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Table 29: FHCG plots for ECA Rule 33.
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Table 30: FHCG plots for ECA Rule 34.

Probability of occurrence of supercells vs (Decimal Values)
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Table 31: FHCG plots for ECA Rule 35.

Probability of occurrence of supercells vs (Decimal Values)
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Table 32: FHCG plots for ECA Rule 36.

Probability of occurrence of supercells vs (Decimal Values)
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Table 33: FHCG plots for ECA Rule 37.

Jain and Nichele: Coarse Graining in CA. NMI, 3, 15-110, 2024
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Table 34: FHCG plots for ECA Rule 38.

Probability of occurrence of supercells vs (Decimal Values)
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Table 35: FHCG plots for ECA Rule 40.
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Table 36: FHCG plots for ECA Rule 41.

Probability of occurrence of supercells vs (Decimal Values)

| o | o l o
< < <
| o | o o
I & &
T t o T u u o T U v - O
o o o o o o o o o o (=]
~N < ©o «© ~N © © < ©o 0
].-r.-r.f.-.‘o
<
Lo
I
T T T U o
o o o o
o~ < ©o ©
{ o
<
Lo
., 4
T T T T o
o o o o o
& < 3 2
©
D 0
0 2 Q
< N N
= S S
S € S. S €
S 5 A
2 2 2
G x G ~ 5 ~
14 H 14 g ¢ H
" 2 3 = [ 3
= c <
» w »
] 8 8
2 2 El
T T ]
g g g
2 > el
© & ©
£ £ £
5 5 3
o o o
S S s
5 b k]
P P P
coo ¢ © %o 4 ono 19
o o 2 @ O~ 2 n o ® 32
822 q 28R s S8 8 S
s29 > N > N >
299 E 292 T 299 T
A& A E S M £ a6 £
S ] S
333 g 333 N 338 8
£ cc a £ £ c o £ c a
i i G @
go9 goQ goy9
£ cc £ << £c=< 0
FFEF FFEF FFEF
' " '
LI L) LI
i i i

0.90
0.85
0.80 1

0.85 1
0.80 1

0.85 1
0.80 1

NOWMOoOWONOWONSIOno

NROONNTIMMANHHOOS

Scoococcocococoocoocooo
95U3.14N220 Jo AJjIgeqold

ALl N PO S A L e |
et sl
o A —..:..vo L..qm. . m.1m. —W ﬂ H..h..ﬂ.. 1ﬂ..11mh..1...qv0
2 2l qmqw—_m_ﬁ ) qq. i :wm....:..q“.., +q.. g
& el s
- E frar 8 [PA L .q._“” I —f_, I 0j-s
A i st Il
i : I, Ftiddetie e ol
[ < e < 1... 1.. rpe N w..11.m. qm.1ﬂ.. re
i ...._,_q:,,,,n,.wﬁ.,ﬂm e
- kel dol | [ Ry FLL A Pt
i = e s -
i el el e
[ 1 T [l



YA

20

404

60 -

80

occurrence

s

Probability

of occurrence

2z

Probabili

of occurrence

>

Probabilit:

Table 37: FHCG plots for ECA Rule 42.

Probability of occurrence of supercells vs (Decimal Values)
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Table 38: FHCG plots for ECA Rule 43.
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Table 39: FHCG plots for ECA Rule 44.

Probability of occurrence of supercells vs (Decimal Values)
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Table 40: FHCG plots for ECA Rule 45.

o Probability of occurrence of supercells vs (Decimal Values)
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Table 41: FHCG plots for ECA Rule 46.

Probability of occurrence of supercells vs (Decimal Values)
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Table 42: FHCG plots for ECA Rule 50.

Probability of occurrence of supercells vs (Decimal Values)
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Table 43: FHCG plots for ECA Rule 51.
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Table 44: FHCG plots for ECA Rule 54.
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Table 45: FHCG plots for ECA Rule 56.
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Table 46: FHCG plots for ECA Rule 57.
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Table 47: FHCG plots for ECA Rule 58.

o Probability of occurrence of supercells vs (Decimal Values)
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Table 48: FHCG plots for ECA Rule
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Table 49: FHCG plots for ECA Rule 62.
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Table 50: FHCG plots for ECA Rule 72.
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Table 51: FHCG plots for ECA Rule 73.

Jain and Nichele: Coarse Graining in CA. NMI, 3, 15-110, 2024
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Probability of occurrence of supercells vs (Decimal Values)
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Table 52: FHCG plots for ECA Rule 74.

o Probability of occurrence of supercells vs (Decimal Values)

Te———
=== Threshold 1: 0.0150
—=~ Threshold 2: 0.0150

Threshold: 0.015

_-_ hreshold: 0.015

o — ~
Decimal Values of the binary values in block

o Probability of occurrence of supercells vs (Decimal Values)

—== Threshold 1: 0.1646
=== Threshold 2: 0.1454
Threshold 3: 0.0452

Threshold: 0.1646

- ~
Decimal Values of the binary values in block

o Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.2360
—==- Threshold 2: 0.1968
Threshold 3: 0.0566

Threshold: 0.236

— m
Decimal Values of the binary values in block

0

20

40

60 1

80 1
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Table 53: FHCG plots for ECA Rule 76.

Probability of occurrence of supercells vs (Decimal Values)

Threshold: 0.025

~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

—== Threshold 1: 0.1848
=== Threshold 2: 0.1448
Threshold 3: 0.0254

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.3440
—== Threshold 2: 0.3044
Threshold 3: 0.0272

Threshold: 0.344

— ~ m
Decimal Values of the binary values in block

0
201
40+
60 1
80
0 Zb 40
0 0 0
201 204 201
404 404 401
60 60 - 604
80 80 80 1
0 Zb 4‘0 0 20 4b 0 20
0 0
201 201
40 404
60 1 60 1
801 801
0 Zb 4‘0 0 20 40

40
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Table 54: FHCG plots for ECA Rule 77.
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Probability of occurrence
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80

Probability of occurrence

.9
0.85{ === Threshold 1: 0.1300
0.804 === Threshold 2: 0.1250
0.759 T —
0es ] .
0eo] I —
055 [ —
050 I —
0] I —
00 [ —
03] I —
030] —— 501 601
05 [ —
0201 I —
0.201
0.15 Thre Threshold: 0.13 80 4 804
o == AARARE
0101 == —
005 | [ENNENNN . [
oy | I | B | =
° N " y y y y
Decimal Values of the binary values in block 0 20 40 ) 20 40
Probability of occurrence of supercells vs (Decimal Values) 0+ 0
0.90 7 E = |
0.85{ --- Threshold 1: 0.4580 E
0.804 === Threshold 2: 0.0512
1 Threshold 3: 0.0358
0.75 reshol 204 2
0.704
0.65 1
0.60
0.55 201 w0
0501 Threshold: 0.458
60 4 60
80 4 80
- o m T T T
Decimal Values of the binary values in block 0 20 40 0 40
0,90 Probability of occurrence of supercells vs (Decimal Values) 0= opr - —r o
0.854 === Threshold 1: 0.4024
0.804 —-- Threshold 2: 0.1074
1 Threshold 3: 0.0474
0.75 204 20 i
401 40 40
60 4 60 60
80 1 80 4 80
- ~ o . . | .
Decimal Values of the binary values in block 0 20 40 0 20 40 20 40
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Table 55: FHCG plots for ECA Rule 78.

o Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.4950
—=- Threshold 2: 0.0246

m
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

—== Threshold 1: 0.3706
=== Threshold 2: 0.0914
Threshold 3: 0.0370

- ~
Decimal Values of the binary values in block

o Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.4196
—== Threshold 2: 0.1484
Threshold 3: 0.0110

Threshold: 0.4196

— ~
Decimal Values of the binary values in block

20 4

40 4

60 1

80 1

20 20
401 40
60 60
80 80

0 20 40 0 20 40
‘T T 0 bt T
20 20
40 40
60 60
80 80

0 20 40 0 20 40
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Table 56: FHCG plots for ECA Rule 90.

o Probability of occurrence of supercells vs (Decimal Values)

0.85
0.80 1
0.751
0.70 1
0.65 4
0.60 1
0.551
0.50 1
0.45 4
0.40 1
0.354
0.30 1
0.251
0.20 1
0.154
0.101
0.05
0.00 -

—=- Threshold 1: 0.1486
—=—- Threshold 2: 0.0768

Threshold: 0.1486

o — ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.2582
=== Threshold 2: 0.2442
Threshold 3: 0.2396

o - ~
Decimal Values of the binary values in block

o Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.2620
=== Threshold 2: 0.2476
Threshold 3: 0.2452

— ~
Decimal Values of the binary values in block
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$20Z ‘0TT-GT 'S N VD Ul Buluien 8sieo) :ajaydiy pue uier



L

20

40 A

60

801

LIT

20

40

60 1

80 1

B -

il

L

20

R Al d A ddd A A A A A A ] o I: g

80

Probability of occurrence Probability of occurrence

Probability of occurrence

Table 57: FHCG plots for ECA Rule 94.

Probability of occurrence of supercells vs (Decimal Values)

0.854 ——- Threshold 1: 0.2500
0.804 === Threshold 2: 0.0196
0.75 4 Threshold 3: 0.0100

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

0.9

0.85-1 ——- Threshold 1: 0.3250
0.804 === Threshold 2: 0.1650
0.75 4 Threshold 3: 0.0618

Threshold: 0.325

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

0.854 === Threshold 1: 0.2988
0.80{ ——- Threshold 2: 0.2214
0.754 Threshold 3: 0.0442

Threshold: 0.2988

o

— ~
Decimal Values of the binary values in block

0 0
201, 20
404 40
60 - 60 - 60
80 80 80
0 20 40 0 20 40 0 20 40
0"’"""“""‘.’_“
T H
- T H |
z : a =
20 : 204 =
H n
. L]
- - L]
. L]
- L]
4 H 4 L]
404 = H 404 &
- H "
- - L]
H H
- L]
H L]
601 = : 60| w
- H "
- - L]
: H
- L]
. L]
804 = : 80| =
- H n
z : H
- - L]
- H "
- - L]
T T
0 20 40 0
0T —
204
40
60 -
80 -
0 40 0 20 40 0 20 40
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Probability of occurrence Probability of occurrence

Probability of occurrence

0.90 9
0.85 1
0.80 1
0.751
0.704
0.65 4
0.60 1
0.551
0.50 1
0.45 4
0.40 1
0.354
0.30 1
0.251
0.20 1
0.154
0.101
0.05 1
0.00 -

0.90 q
0.85 1
0.80 1
0.754
0.70 1
0.65 1
0.60 1
0.55 1
0.50 1
0.45 1
0.40 4
0.354
0.301
0.25
0.20 4
0.154
0.10 1
0.05+
0.00 -

0.90 4
0.85 1
0.80 1
0.754
0.704
0.65 4
0.60 1
0.551
0.50 1
0.45 4
0.40 1
0.351
0.30 1
0.25 1
0.20 1
0.154
0.104
0.054
0.00 -

Table 58: FHCG plots for ECA Rule 104.

Probability of occurrence of supercells vs (Decimal Values)

Threshold: 0.0052

~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

———

=== Threshold 1: 0.0272

—=- Threshold 2: 0.0268

Threshold 3: 0.0260
—

Threshold: 0.0272

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

——
—-== Threshold 1: 0.0486
—=- Threshold 2: 0.0116

Threshold 3: 0.0110

Threshold: 0.0486

THIESHOmT 00116

— ~
Decimal Values of the binary values in block

0
20
404
60
801
0 20 40
0 L] 1§ 0 L] L§ o v L}
201 204 201
404 40 40
60 60 60 4
80 80 80 1
0 20 40 0 20 40 0 20 40
0 LA e n;p:a 0 LA e n;pa 0 La
201 204 204
404 40+ 401
60 1 60 1 60 1
80 80 80
0 20 0 0 20 40 0 20 40
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Table 59: FHCG plots for ECA Rule 105.

o Probability of occurrence of supercells vs (Decimal Values)

—==- Threshold 1: 0.2854
—== Threshold 2: 0.2246
Threshold 3: 0.0542

Threshold: 0.2854

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.2576
=== Threshold 2: 0.2524
Threshold 3: 0.2492

o - ~
Decimal Values of the binary values in block

o Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.2570
—==- Threshold 2: 0.2566
Threshold 3: 0.2422

Threshold: 0.2566 Threshold: 0.257

— ~
Decimal Values of the binary values in block

20

40 1

60 1

80 1

$20Z ‘0TT-GT 'S N VD Ul Buluien 8sieo) :ajaydiy pue uier



08

20

40 A

60

801

Probability of occurrence Probability of occurrence

Probability of occurrence

Table 60: FHCG plots for ECA Rule 106.

o Probability of occurrence of supercells vs (Decimal Values)

——
0.854 ——- Threshold 1: 0.0150
0.804 === Threshold 2: 0.0150

-— hreshold: 0.015 Threshold: 0.015

o — ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

0.9

0.854 === Threshold 1: 0.2040
0.804 === Threshold 2: 0.1990
0.754 Threshold 3: 0.1420

Threshold: 0.204

Threshold: 0.199

- ~
Decimal Values of the binary values in block

o Probability of occurrence of supercells vs (Decimal Values)

0.854 === Threshold 1: 0.2676
0.804 === Threshold 2: 0.2578
0.754 Threshold 3: 0.2192

— ~
Decimal Values of the binary values in block

20

40 4

60 1

80 1
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Table 61: FHCG plots for ECA Rule 108.

~
Decimal Values of the binary values in block

0.9

0.854 === Threshold 1: 0.1550
0.804 —=- Threshold 2: 0.1350
0.75 4 Threshold 3: 0.0650
0.70 41

0.651 s

) -

- ~
Decimal Values of the binary values in block

0.90 4

0.854 === Threshold 1: 0.2846
0.80{ ——- Threshold 2: 0.2248
0.754 Threshold 3: 0.0882

— ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

Threshold: 0.025

Probability of occurrence of supercells vs (Decimal Values)

Probability of occurrence of supercells vs (Decimal Values)

0

0
201
40+
60 1
80
0 Zb 40
0 E 0 0 [
201 204 201
404 E 404 401
60 60 - 604
80 80 80 1
0 EZb 4‘0 0 20 4b 0 20 40 -
0 ? H 0 0
201 E E 201 201
40 4 ? E 404 404
60 - 60 1 60 1
80 - 80 80
0 EZb E 4‘0 0 20 40 0 20 40
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Table 62: FHCG plots for ECA Rule 110.

0.90 Probability of occurrence of supercells vs (Decimal Values)
0.854 —=- Threshold 1: 0.1956
0.801 —==- Threshold 2: 0.1250
0.75 Threshold 3: 0.0790
0.70
0.65
0.60
0.551
0.50
0.45
0.40
0.35
0.30
0.25
0.20
0.15
0.10

Threshold: 0.125 -
"""""" TR

0.00 -

0

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

0.90 q

0.854 === Threshold 1: 0.2678
0.804 === Threshold 2: 0.2398
0.75 4 Threshold 3: 0.1838

- ~ o
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

0.854 === Threshold 1: 0.2450
0.80{ ——- Threshold 2: 0.2450
0.754 Threshold 3: 0.1908
0.70 4
0.65
0.60 1
0.551
0.50 1
0.45 1
0.40 4

0.351
0.304 ||
0.254 Threshold: 0.245 T

0.20
0.154
0.104
0.05 1
0.00 -

— ~
Decimal Values of the binary values in block

st - ee—f- |
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Table 63: FHCG plots for ECA Rule 122.

0
Probability of occurrence of supercells vs (Decimal Values)
0.85- === Threshold 1: 0.3800
20 0.804 === Threshold 2: 0.2500
0.759
0.70
@ 0.65
$ 0.60
R 1]
40 5 0.55
S 0.50
5 0.45
20.40 Threshold: 0.38
60 1 Fo03s{ s e 601
°
£ 0304 [N [ —
& Thr [
S ore] EmmER - i
0.201
801 o015 [N [N S — 804

3 3 3 3 o - ~ . .
Decimal Values of the binary values in block 0 20 40
00 Probability of occurrence of supercells vs (Decimal Values)
0.854 ——- Threshold 1: 0.3666
0.804 === Threshold 2: 0.1420
0.75 4 Threshold 3: 0.1404
0.70 4

- ik,
i Al

Threshold: 0.3666
——

Probability of occurrence
°
=
&

Threshold: 0.142

- ~
Decimal Values of the binary values in block

0
0.0 Probability of occurrence of supercells vs (Decimal Values)
0.854 === Threshold 1: 0.3516
20 0.801 ——- Threshold 2: 0.1428
0.75 4 Threshold 3: 0.1418
40
60
807 oid: 0.{418 | Threshold: 0.1428
010] S [
0.05 1
000 |INNNENS [N [N SRR
h' T T T T o — o~ m
0 20 40 60 80 Decimal Values of the binary values in block
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Table 64: FHCG plots for ECA Rule 126.

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.1718
=== Threshold 2: 0.0634
Threshold 3: 0.0600

Threshold: 0.1718
e

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

—== Threshold 1: 0.3706
=== Threshold 2: 0.1322
Threshold 3: 0.1314

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.3496
=== Threshold 2: 0.1402
Threshold 3: 0.1376

o — ~
Decimal Values of the binary values in block

TT.
Hlle 7t 24

1 T

$20Z ‘0TT-GT 'S N VD Ul Buluien 8sieo) :ajaydiy pue uier



G8

204

404

60 q

801

20

40

60

80

204

40 1

60

80 4

20

40

60

80

201

404

60+

804

=T T

20

40

60

80

Probability of occurrence Probability of occurrence
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0.90 9
0.85 1
0.80 1
0.751
0.704
0.65 4
0.60 1
0.551
0.50 1
0.45 4
0.40 1
0.354
0.30 1
0.251
0.20 1
0.154
0.10
0.05 1
0.00 -

0.90 q
0.85 1
0.80 1
0.754

Table 65: FHCG plots for ECA Rule 128.

Probability of occurrence of supercells vs (Decimal Values)

Threshold: 0.0052

~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

———

——- Threshold 1: 0.0068

—=- Threshold 2: 0.0064

~~~ Threshold 3: 0.0056
I— —

Threshold: 0.0064 Threshold: 0.0068

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

——
—-== Threshold 1: 0.0088
—-=- Threshold 2: 0.0084
~~~ Threshold 3: 0.0084

Threshold: 0.0084 Threshold: 0.0088

— ~
Decimal Values of the binary values in block

0
20
40
60 -
80
0 20 40
o T — 0 - -+~ 0 —
201 204 201
40 40 404
60 - 60 60 1
80 80 80 1
0 20 40 0 20 40 0 20 40
0 b L 0 -
204 20
404 401
60 - 60
80 - 80
0 20 0 0 20 40
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Table 66: FHCG plots for ECA Rule 130.

Probability of occurrence

Probability of occurrence of supercells vs (Decimal Values) 0
T ———
0.854 ——- Threshold 1: 0.0150
0.804 ——-- Threshold 2: 0.0150
0.75 4
20 4
0.70 1 0
0.65 4
0.60 4
0.55 1 404
0.50 4
0.45 4
0.40 1
0.354 60 4
0.304
0.251
0.204
0.15 4 80
0.104
0.05 1 hreshold: 0.015 Threshold: 0.015
0.00 - ; ‘
o - ~ . !
Decimal Values of the binary values in block 0 20 40
0.90 Probability of occurrence of supercells vs (Decimal Values) 0
0.854 —-- Threshold 1: 0.1354
0.804 —=—- Threshold 2: 0.1350
0.754 Threshold 3: 0.0056
0,70 ——— 20
) -
0es| RS
40
60 -
80 1
- ~ m . .
Decimal Values of the binary values in block 0 20 40
0.90 Probability of occurrence of supercells vs (Decimal Values) 0 — _—r
0.854 —=- Threshold 1: 0.1962
0.804 —-- Threshold 2: 0.1962
] Threshold 3: 0.0084
0.75 204
404
60 -
Threshold: 0.1962 Threshold: 0.1962
80 1
o m

— ~
Decimal Values of the binary values in block 0 20 40
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0.90 q
0.85 1
0.80 1
0.754
0.70 1
0.65 4
0.60 1

0.90 4
0.85 1
0.80 1
0.754
0.70 1
0.65 4
0.60 1
0.551
0.50 1
0.45 4
0.40 1
0.351
0.30 1
0.25 1

Table 67: FHCG plots for ECA Rule 132.

~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

—=- Threshold 1: 0.1452

=== Threshold 2: 0.1052

Threshold 3: 0.0056
—

~ TATrEsHoT

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.2260
—=—=- Threshold 2: 0.1860
Threshold 3: 0.0084

— ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

Threshold: 0.025

Threshold: 0.226

0

0
201
40+
60 1
80
0 Zb 40
0 0 0
201 204 201
40 40 407
60 60 - 604
80 80 80 1
0 Zb 4‘0 0 20 40 0 20 40
0 w - 0 T 0 - Bid
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40 404 401
60 1 60 1 60 1
801 80 1 80 1
v - - . . 181 |
0 20 40 0 20 40 0 20 40
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Table 68: FHCG plots for ECA Rule 134.

Probability of occurrence of supercells vs (Decimal Values)

0.85
0.80 1
0.751
0.70 1
0.65 4
0.60 1
0.551
0.50 1
0.45 4
0.40 1
0.354
0.30 1
0.251
0.20 1
0.154
0.101
0.05
0.00 -

0.90 4
0.85 1
0.80 1
0.754
0.70 1
0.65 4
0.60 1
0.551
0.50 1
0.45 4
0.40 1
0.351
0.30 1
0.25 1
0.20 1
0.154
0.104
0.05 1
0.00 -

Te———
=== Threshold 1: 0.0150
—=~ Threshold 2: 0.0150

hreshold: 0.015 Threshold: 0.015

o ~ =
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.1358
=== Threshold 2: 0.1250
Threshold 3: 0.0752

Threshold: 0.125

Threshold: 0.1358

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.1976
—== Threshold 2: 0.1884
Threshold 3: 0.1074

Threshold: 0.1976

0

— ~
Decimal Values of the binary values in block
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0.90 9
0.85 1
0.80 1
0.751
0.704
0.65 4
0.60 1
0.551
0.50 1
0.45 4
0.40 1
0.354
0.30 1
0.251
0.20 1
0.154
0.10
0.05 1
0.00 -

0.90 q
0.85 1
0.80 1
0.754

Table 69: FHCG plots for ECA Rule 136.

Probability of occurrence of supercells vs (Decimal Values)

Threshold: 0.0052

~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

———

—=- Threshold 1: 0.0072

——~- Threshold 2: 0.0068

~~~ Threshold 3: 0.0058
— —]

Threshold: 0.0068 Threshold: 0.0072

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

——
—-=- Threshold 1: 0.0104
—=- Threshold 2: 0.0102
=~ Threshold 3: 0.0102

Threshold: 0.0102 Threshold: 0.0104

— ~
Decimal Values of the binary values in block

0
20
40
60 -
80
0 20 40
0 ™" o 0 ™ o 0 b
201 204 201
40 404 40 4
60 60 604
80 80 80 1
0 Zb 4‘0 0 Z‘U 4b [ 2‘0 4b
0 T T Le o 0 T T L o
201 201
404 401
60 - 60 -
80 80
0 Zb 4‘0 0 2‘0 4b
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801

o

20

40 1

60 4

80

.

Probability of occurrence of supercells vs (Decimal Values) 0

T 0.25
0.204

0.101
0.05
0.00 -

0.05 1
0.00 -

Te———
=== Threshold 1: 0.0150
—=~ Threshold 2: 0.0150

Probability of occurrence of supercells vs (Decimal Values)

—== Threshold 1: 0.1354
=== Threshold 2: 0.1350
Threshold 3: 0.0550

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.2060
—==- Threshold 2: 0.2058
Threshold 3: 0.1952

Table 70: FHCG plots for ECA Rule 138.

207
40
60 -
80 -
hreshold: 0.015 Threshold: 0.015
° - ~ .
Decimal Values of the binary values in block 0 20

Threshold: 0.135 Threshold: 0.1354

- ~
Decimal Values of the binary values in block

— ~
Decimal Values of the binary values in block
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204

40 1

60

80 4

20

40

60

80

204

40

60+

804

20

40

60

80

Probability of occurrence

0.90 q
0.85 1
0.80 1
0.754
0.70 1
0.65 4
0.60 1

Probability of occurrence

Probability of occurrence

Table 71: FHCG plots for ECA Rule 140.

Probability of occurrence of supercells vs (Decimal Values)

Threshold: 0.025

~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.1650
=== Threshold 2: 0.1250
Threshold 3: 0.0058

Threshold: 0.165

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.2656
=== Threshold 2: 0.2450
Threshold 3: 0.0102

— ~
Decimal Values of the binary values in block

0
201
40+
60 1
80
0 Zb 40
0 T 0 T 0
201 204 201
404 404 401
60 60 - 604
80 80 80 1
0 Zb 4‘0 0 20 4b 0 20 40
0 1 T 0 0 1
201 204 204
40 404 401
60 1 60 1 60 1
801 80 1 80 1
0 Zb 4‘0 0 2‘0 40 0 20 740
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Probability of occurrence

N

Probability of occurrence

Table 72: FHCG plots for ECA Rule 142.

Probability of occurrence of supercells vs (Decimal Values)

T——
=== Threshold 1: 0.0150
—=~ Threshold 2: 0.0150

Threshold 3: 0.0148

Threshold: 0.015 Threshold: 0.015

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

—== Threshold 1: 0.1454
=== Threshold 2: 0.1446
Threshold 3: 0.1438

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.2580
=== Threshold 2: 0.2516
Threshold 3: 0.2504

— ~
Decimal Values of the binary values in block

0 0
20 1 201
401 40
60 60
80 80
0 4
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S
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fm
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; L
0 2‘0 4‘0 Gb 8b
0 = ﬂ 0
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A
s
-
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Probability of occurrence Probability of occurrence

Probability of occurrence

0.90 4
0.85 1
0.80 1
0.754
0.70 1
0.65 4
0.60 1
0.551
0.50 1

Table 73: FHCG plots for ECA Rule 146.

o Probability of occurrence of supercells vs (Decimal Values)

—=- Threshold 1: 0.1486

—
Decimal Values of the binary values in block

o Probability of occurrence of supercells vs (Decimal Values)

—== Threshold 1: 0.2550
=== Threshold 2: 0.2450
Threshold 3: 0.0170

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.2624
=== Threshold 2: 0.2572
Threshold 3: 0.0184

— ~
Decimal Values of the binary values in block

20

40

60

80

b dp
0 20 40 0 20 40
0 H 0
20 . 20 1
40 1 40 1
60 60 |
80 : 80 1
0 20 40 0 20 40
0 L T T 0
20 - 201
40 4 40 1
60 . 60 1
80 80 1
0 20 40 0 20 40
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Probability of occurrence Probability of occurrence

Probability of occurrence

Table 74: FHCG plots for ECA Rule 150.

% Probability of occurrence of supercells vs (Decimal Values)

0.85
0.80 1
0.751
0.70 1
0.65 4
0.60 1
0.551
0.50 1
0.45 4
0.40 1
0.354
0.30 1
0.251
0.20 1
0.154
0.104
0.05
0.00 -

0.90

0.85 1
0.80
0.754
0.70 1
0.65 4
0.60 1
0.55 1
0.50
0.45 1
0.40 4
0.354
0.30 4
0.254
0.20 4
0.154
0.10 1
0.05 4
0.00 -

0.90 4
0.85 1
0.80 1
0.754
0.70 1
0.65 4
0.60 1
0.551
0.50 1
0.45 4
0.40 1
0.351
0.30 1
0.254
0.20 1
0.154
0.104
0.05 1
0.00 -

—==- Threshold 1: 0.1886
=== Threshold 2: 0.0902
Threshold 3: 0.0902

[ Threshold: 0.1886
||

Ioid: 0.0902_| Threshold: 0 [N N

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

—== Threshold 1: 0.2588
=== Threshold 2: 0.2512
Threshold 3: 0.2440

Threshold: 0.2512 Threshold: 0.2588

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.2586
—== Threshold 2: 0.2518
Threshold 3: 0.2474

Threshold: 0.2518 Threshold: 0.2586

—
Decimal Values of the binary values in block

e

x:

L

e e

i,'.r\-:_\_-:'.'i_-ui-.
'lI l.'- ’

Ty

20 1

40 15

60

80 1

20

40
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0 20 40

Probability of occurrence Probability of occurrence

Probability of occurrence

Table 75: FHCG plots for ECA Rule 152.

Probability of occurrence of supercells vs (Decimal Values)
7 r—

—
—==- Threshold 1: 0.0150
—=~ Threshold 2: 0.0150

_==Thresho\d: 0.015 Threshold: 0.015

o — ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.1358
=== Threshold 2: 0.1352
Threshold 3: 0.0058

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.2076
—==- Threshold 2: 0.2058
Threshold 3: 0.0102

— ~
Decimal Values of the binary values in block

0
201
40+
60 1
80
0 Zb 4‘0
0 T 0 0
201 204 201
404 401 401
60 60 - 604
80 80 4 80 1
0 Zb 4‘0 0 2'0 4b 0 2‘0 4‘0
0 1 T 04 05
201 20
40 401
60 1 60
801 80
0 Zb 4‘0 0
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Table 76: FHCG plots for ECA Rule 154.

o Probability of occurrence of supercells vs (Decimal Values)

0.85

—=- Threshold 1: 0.1486

—
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.2622
=== Threshold 2: 0.2416
Threshold 3: 0.0794

- ~
Decimal Values of the binary values in block

o Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.2526
—== Threshold 2: 0.2444
Threshold 3: 0.2378

— ~
Decimal Values of the binary values in block

20

404

60

80

b dp
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0
201 A
40 |
601 A
80 |
il
60 80
60 80
] ™I
0 20 40 ] 60 80

Probability of occurrence of supercells vs (Decimal Values) 0

Probability of occurrence of supercells vs (Decimal Values) 0+

Table 77: FHCG plots for ECA Rule 156.

=== Threshold 1: 0.4852
—== Threshold 2: 0.0148

o — ~
Decimal Values of the binary values in block 0

—==- Threshold 1: 0.2998
=== Threshold 2: 0.0834
Threshold 3: 0.0556

- ~ ™
Decimal Values of the binary values in block 0

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.3840
—==- Threshold 2: 0.0598
Threshold 3: 0.0588

0

=)

— ~
Decimal Values of the binary values in block

20

40

60

80
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204
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60 q

801

20

40 60 80

204

40 1

60

80 4

20

40 60 80

201

404

60+

804

T

20

40 60 80

Probability of occurrence Probability of occurrence

Probability of occurrence

0.90 9
0.85 1
0.80 1
0.751
0.704
0.65 4
0.60 1
0.551
0.50 1
0.45 4
0.40 1
0.354
0.30 1
0.251
0.20 1
0.154
0.10
0.05 1
0.00 -

0.90 q
0.85 1
0.80 1
0.754

Table 78: FHCG plots for ECA Rule 160.

Probability of occurrence of supercells vs (Decimal Values)
=

Threshold: 0.0052

~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

———

—=- Threshold 1: 0.0072

——=- Threshold 2: 0.0070

~~~ Threshold 3: 0.0056
— —]

Threshold: 0.007 Threshold: 0.0072

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

——
—-=- Threshold 1: 0.0122
—-=- Threshold 2: 0.0118
~~~ Threshold 3: 0.0084

Threshold: 0.0118 Threshold: 0.0122

— ~
Decimal Values of the binary values in block

0
20
40+
60 1
80
0 20 40
0 b L 3 0 L 0 b L 3
201 204 201
404 404 401
60 60 604
80 80 80 1
0 Zb 4‘0 0 Z‘U 4b 0 2‘0 4b
0 “_"F'TTT‘F“"‘ 0 “_"F'TTI"F“"' 0 “—"F'TTT‘F“"'
201 201 201
404 40+ 401
60 1 60 1 60 1
80 80 804
0 Zb 4‘0 0 2‘0 4b 0 2‘0 4‘0
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20

404
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Table 79: FHCG plots for ECA Rule 162.

Probability of occurrence Probability of occurrence

Probability of occurrence

Probability of occurrence of supercells vs (Decimal Values)

0.85
0.80 1
0.75 1
0.70 4
0.65
0.60 1
0.55 1
0.50 1
0.45 4
0.40 4
0.351
0.30 1
0.25 1
0.20 4
0.15 4
0.10 1
0.05
0.00 -

0.90 q
0.85 1
0.80 1
0.75
0.70 4
0.65
0.60 1
0.55 1
0.50 4
0.45 4
0.40 4
0.35 4
0.30 4
0.25 1
0.20 4
0.15 1
0.10
0.05 4
0.00 -

0.90 4
0.85 1
0.80 4
0.75
0.70 4
0.65
0.60 1
0.55 1

Te——
=== Threshold 1: 0.0150
—== Threshold 2: 0.0150

hreshold: 0.015 Threshold: 0.015

o - ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

—== Threshold 1: 0.1648
=== Threshold 2: 0.1648
Threshold 3: 0.0056

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.3536
=== Threshold 2: 0.3040
Threshold 3: 0.0084

o

- ~
Decimal Values of the binary values in block

0

40

60 1

80

20

40

404

60 1

801

20

40

40

60 1

801

20

40
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Table 80: FHCG plots for ECA Rule 164.

Probability of occurrence of supercells vs (Decimal Values)

Threshold: 0.025

~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

—=- Threshold 1: 0.1060

=== Threshold 2: 0.1052

Threshold 3: 0.0060
—

Threshold: 0.1052 Threshold: 0.106

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.1482
—=—=- Threshold 2: 0.1090
Threshold 3: 0.0114

— ~ m
Decimal Values of the binary values in block

20
0 0
20 20
40 40
60 60 4
80 80
20 0 20 40 0 20
b 0 LI ekl LI 0
20 20
40 404
60 60
80 80
20 0 20 40 0 20
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204

404

60 q

801

20

40 60 80

204

40 1

60

80 4

201

404

60+

804

20

40 60 80

20

40 60 80

Probability of occurrence Probability of occurrence

Probability of occurrence

0.90 9
0.85 1
0.80 1
0.751
0.704
0.65 4
0.60 1
0.551
0.50 1
0.45 4
0.40 1
0.354
0.30 1
0.251
0.20 1
0.154
0.10
0.05 1
0.00 -

Table 81: FHCG plots for ECA Rule 168.

Probability of occurrence of supercells vs (Decimal Values)

Threshold: 0.0052

~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

———

—-=- Threshold 1: 0.0074

—=~- Threshold 2: 0.0072

~~~ Threshold 3: 0.0062
— —]

Threshold: 0.0072 Threshold: 0.0074

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

——
—-=- Threshold 1: 0.0156
—=- Threshold 2: 0.0128
~~ - Threshold 3: 0.0124

Threshold: 0.0128 Threshold: 0.0156

— ~
Decimal Values of the binary values in block

0
20
40+
60 1
80
0 20 40
0 T 0 T 0 T b T
201 204 201
404 404 401
60 60 604
80 80 80 1
0 Zb 4‘0 0 Z‘U 4b 0 2‘0 4b
0 “_"F""TT‘F'“ 0 “—“F'r-‘Tr-F'“ 0 A.ﬁ‘.w
201 204 204
404 40+ 401
60 1 60 1 60 1
80 80 804
0 Zb 4‘0 0 2‘0 4b 0 2‘0 4‘0
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Table 82: FHCG plots for ECA Rule 170.

0
Probability of occurrence of supercells vs (Decimal Values) 0
T ———
0.854 ——- Threshold 1: 0.0150
20 0.804 —-- Threshold 2: 0.0150
0.75 4
0.70 4 20
g 0.65 4
201 § 0601
5 0.55 201
S 0.50
5 0.45
20.40
60 20351 60 4
4§ 030+
o 0.25
0.20 4
80 0.15 801
0.10 4
0.05 1 hreshold: 0.015 Threshold: 0.015
0.00 - ; ?
<Y - ~ . !
Decimal Values of the binary values in block 0 20 40
0.90 Probability of occurrence of supercells vs (Decimal Values) 0 .
0.85- —-- Threshold 1: 0.1450 k
0.804 === Threshold 2: 0.1450 -
0.75 4 Threshold 3: 0.0650 20 b -
404
Threshold: 0.145 Threshold: 0.145 804 . '..
0.05 4 i -_. -
0,00 NN [N SN SRS 3
- ~ = . "
Decimal Values of the binary values in block 0 20 40

Probability of occurrence of supercells vs (Decimal Values)

0.854 === Threshold 1: 0.2550
0.801 ——- Threshold 2: 0.2550

0.75 Threshold 3: 0.2550

- ~
Decimal Values of the binary values in block
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40

80
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40

60
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Probability of occurrence Probability of occurrence

Probability of occurrence

0.90 q
0.85 1
0.80 1
0.754
0.70 1
0.65 4
0.60 1
0.55 1
0.50 1
0.45 1
0.40 4
0.354
0.301
0.25
0.20 4
0.151
0.10 1

0.90 4
0.85 1
0.80 1
0.754
0.70 1
0.65 4
0.60 1
0.551
0.50 1
0.45
0.40 1
0.35
0.30 1
0.25 1
0.20 1
0.154
0.104
0.05+

0.00 -

Table 83: FHCG plots for ECA Rule 172.

Probability of occurrence of supercells vs (Decimal Values)

Threshold: 0.025

~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

—=- Threshold 1: 0.1258

=== Threshold 2: 0.1258

Threshold 3: 0.0068
—

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.1668
—== Threshold 2: 0.1274
Threshold 3: 0.0216

— ~
Decimal Values of the binary values in block

0
201
40
60 -
80
0 Zb 40
0 T 7 0 Tﬁ
20 201
40 404
60 60
80 1 80 1
v y y
0 20 40 0 20 40
”11111':!! "11 1'11" Tl“"l
201 204 204
40 404 401
60 1 60 1 60 1
801 80 1 80 1
0 Zb 4‘0 0 2‘0 4b [ 20 4b
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Table 84: FHCG plots for ECA Rule 178.

Probability of occurrence of supercells vs (Decimal Values)

0.854 ——- Threshold 1: 0.3800
0.804 === Threshold 2: 0.2500
0.75 1
0.70 4

0.40 1 Threshold: 0.38
—

o
]
g
e
5
3
S
8
5 0.451
2z
o
2
2
o
&

~
Decimal Values of the binary values in block

0.90 Probability of occurrence of supercells vs (Decimal Values)

0.854 ——- Threshold 1: 0.4664
0.804 === Threshold 2: 0.0520
0.75 4 Threshold 3: 0.0350
0.70 4
0.65
0.60 1
0.55 1
0.50 4 Threshold: 0.4664

Probability of occurrence

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

0.854 === Threshold 1: 0.4324
0.804 === Threshold 2: 0.0778

0.75 Threshold 3: 0.0770

Threshold: 0.4324

Probability of occurrence

- ~
Decimal Values of the binary values in block

60 1

801

404

60 1

801

40

40

60

80
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Table 85: FHCG plots for ECA Rule 184.

Probability of occurrence Probability of occurrence

Probability of occurrence

0.90 q

0.70 4
0.65
0.60 1
0.55 1
0.50 4
0.45 4
0.40 4
0.35 4
0.30 4
0.25 1
0.20 4
0.15 1
0.10
0.05 4
0.00 -

Probability of occurrence of supercells vs (Decimal Values)

T——
0.854 ——- Threshold 1: 0.0150
0.80 1 ——- Threshold 2: 0.0150
0.75 1
0.70 4
0.65
0.60 1
0.55 1
0.50 1
0.45 4
0.40 4
0.351
0.30 1
0.251
0.20 4
0.15 4
0.10 1
0.05
0.00 -

hreshold: 0.015 Threshold: 0.015

o - ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

0.854 ——- Threshold 1: 0.2038
0.804 === Threshold 2: 0.2038
0.754 Threshold 3: 0.0062
Threshold: 0.2038 Threshold: 0.2038

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

0.85 4 —=- Threshold 1: 0.4666
0.804 —-- Threshold 2: 0.0414
0.75 Threshold 3: 0.0414
0.509 Threshold: 0.4666

o

- ~
Decimal Values of the binary values in block

0

40

60 1

80 1

404

60 1

801

40

60 1

801

60 1

80

20

40
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Table 86: FHCG plots for ECA Rule 200.

Probability of occurrence of supercells vs (Decimal Values)

0.90 q
0.85 1
0.80 1
0.754
0.70 1
0.65 4
0.60 1
0.55 1
0.50 1
0.45 1
0.40 4
0.354
0.301
0.25
0.20 4
0.151
0.10
0.05 4
0.00 -

MR

Threshold: 0.0052

~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

——- Threshold 1: 0.0650

=== Threshold 2: 0.0462

Threshold 3: 0.0458
—

_Threshold: 0.0462 _ Threshold: 0.065

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.2450
—==- Threshold 2: 0.1068
Threshold 3: 0.1064

Threshold: 0.245

— ~
Decimal Values of the binary values in block

0
201
40+
60 1
80
0 Zb 4‘0
0 0 0
201 204 201
404 404 401
60 60 - 604
80 80 80 1
0 Zb 4‘0 0 2'0 4b 0 2‘0 40
0 0 0
201 204 204
40 404 401
60 1 60 1 60 1
801 80 1 80 1
0 Zb 40 0 2‘0 40 0 20 40
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Table 87: FHCG plots for ECA Rule 204.

Probability of occurrence of supercells vs (Decimal Values)

Threshold: 0.025

~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.1650
=== Threshold 2: 0.1250
Threshold 3: 0.0650

Threshold: 0.165
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- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.2450
=== Threshold 2: 0.2450
Threshold 3: 0.2450

— ~
Decimal Values of the binary values in block
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201

40
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80 1
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Table 88: FHCG plots for ECA Rule 232.

Probability of occurrence of supercells vs (Decimal Values)

0.90 q
0.85 1
0.80 1
0.754
0.70 1
0.65 4
0.60 1
0.55 1
0.50 1
0.45 1
0.40 4
0.354
0.301
0.25
0.20 4
0.151
0.10 1
0.05+
0.00 -

0.054
0.00 -

MR

Threshold: 0.0052

~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

—=—~ Threshold 1: 0.0848

——=- Threshold 2: 0.0656

Threshold 3: 0.0264
—

— _Threshold: 0.0656 - Threshold: 0.0848

- ~
Decimal Values of the binary values in block

Probability of occurrence of supercells vs (Decimal Values)

=== Threshold 1: 0.3638
—== Threshold 2: 0.0876
Threshold 3: 0.0278

: =
| PN S e EEORN

=) 0

— ~
Decimal Values of the binary values in block

0
201
40+
60 1
80
0 Zb 4‘0
o 0 0 _
201 204 201
404 404 401
60 60 - 604
80 80 80 1
0 Zb 4‘0 0 2'0 40 0 2‘0 40 -
0 0 b 0 L
201 204 204
40 404 401
60 1 60 1 60 1
801 80 1 80 1
0 Zb 4‘0 0 2‘0 4b 0 20 40
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Table 89: Game of Life from MNCA with standard B3/S23 rule. The figure shows high definition (above) and FHCG (below). The chosen handpicked threshold for
FHCG-Evo-MNCA is 0.011
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Table 90: Example of evolved rule from Evo-MNCA The values of the evolved genotype are shown on top of the image. The figure shows high definition (above) and
FHCG (below). The chosen handpicked threshold for FHCG-Evo-MNCA is 0.025

[[(0.451, 0.713, 0), (0.449, 0.663, 1), (0.191, 0.52, 1), (0.089, 0.296, 0)], [(0.332, 0.51, 0), (0.084, 0.307, 0),
(0.182, 0.465, 1)], [(0.799, 0.902, 0), (0.303, 0.456, 0), (0.835, 0.984, 1)]]
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101 g 101 10 1 10 1
[ [ - [] [] - [] []
[] []
[ [ . [ [ . [ [ .

..Fq'

e

T T T T
10 20 30 40

40

.

Evolved rule (FHCG)
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