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ABSTRACT

Mechanical metamaterials and metastructures exhibit superior effective mechanical properties, such as enhanced
energy dissipation and resistance against impact loads, beyond those of natural materials. Metastructures with
the ability to manipulate wave propagation are particularly desirable in numerous applications, such as actua-
tors, dampers, and lightweight impact resistant systems with structural tunability and recoverability. Specif-
ically, multi-stable structural forms have attracted considerable attention in the design of architected multi-
materials, metamaterials, and morphing structures. To design such systems, a recently developed mechanical
metamaterial/metastructure known as negative stiffness honeycomb, composed of arrays of curved double-
beams (CDBs), is proposed. Here, we develop an analytical model to predict the dynamic response of the CDB
metastructures, architected with a periodic array of the CDBs, and subjected to impact by a striker. The analytical
model is developed using the Euler-Lagrange theorem and the snap-buckling phenomena in the honeycomb have
been examined. The derived closed-form solutions were in good agreement with those of the numerical finite
element model at different bistability ratios, defined as the ratio of beam apex height to its thickness. The
findings demonstrated that the bistability ratio had a noticeable influence on the buckling response of the
metastructure and the desired negativity in the stiffness matrix, while the snap-back buckling phenomena may be

realised at high bistability ratios.

1. Introduction

The terms ‘metamaterial’ and ‘metastructure’, used interchangeably
at times, refer to a broad class of structured materials and composites
that can be tailored to have desired subwavelength characteristics not
readily found in natural materials. The properties of metamaterials and
metastructures stem from characteristics that pertain to their consti-
tuting unit cells rather than atomic or molecular micro- or nano-
structures. Auxetic, chiral, acoustic, labyrinthine, and phononic are
classes of metamaterials, to name a few. In an acoustic metamaterial, for
instance, the resonant frequency of the cells depends on their inertia and
restoring force (stiffness) thus the relevant wavelength at the resonant
frequency of the unit cell is of an order larger than its dimensions
(Kochmann and Bertoldi, 2017; Ma and Sheng, 2016). Dependence of
features on unit cell properties results in manifesting controllable
characteristics such as in wave dispersion giving rise to functionalities
such as chirality (Lakes, 2001; Frenzel et al., 2017), negative Poisson’s
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ratio (Wu et al., 2019; Zheng et al., 2021), doubly-negative meta-
material of effective mass density and bulk modulus (Brunet et al.,
2015), and energy entrapment (Shan, 2015) due to negative stiffness.
These properties are related to classes such as auxetic (i.e. having
negative Poisson’s ratio) (Baughman, 2003; Alderson and Alderson,
2007; Chen et al., 2021, 2022; Jalali et al., 2022; Sareh and Guest, 2014,
2015a, 2015b, 2015¢c; Lu et al., 2024), single- and multiple-resonator
acoustic/phononic (Fallah et al., 2015; Gorshkov et al., 2017; Gorsh-
kov et al., 2021, 2023) (i.e. having negative effective mass density), and
negative stiffness mechanical metamaterials (Fang et al., 2006; Lakes
etal., 2001). Features like negative Poisson’s ratio and negative stiffness
bring about enhanced toughness, improved in-plane transverse shear
resistance, and augmented impact energy absorption and wave guiding,
while negative stiffness establishes an essential feature of the multi-
stable structural elements. Although the theoretical foundations for
achieving these features have existed for a long time, the realisation is
rather recent.

The advent of advanced additive manufacturing technologies,
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Nomenclature

Latin upper-case

Aj; Displacement field amplitude of the j odd modes for the i
curved beam; [1]

A Displacement field amplitude of the k™ even modes for the
i" curved beam; [1]

A Closed surface Area; [m?]

G Integration coefficients; [1]

E Young’s Modulus; [Pa]

G Mass of the striker; [kg]

I Second moment of area; [mz]

Ly Characteristic length of the structure; [m]

M Bending moment per unit length; [N]

Ny Membrane force per unit length; [N/m]

P Transverse load; [N]

P Dimensionless transverse load; [N]

P, Reaction force at boundaries; [N]

T Kinetic energy; [J]

Ts Kinetic energy of the struts; [J]

Ty Kinetic energy of the curved beam; [J]

Tt Kinetic energy of the striker; [J]

Uy Bending strain energy; [J]

Un Membrane strain energy; [J]

U Elastic potential energy; [J]

Vv Striker velocity; [m/s]

Vo Velocity of the striker at the onset of impact; [m/s]

v External work done; [J]

Wo Original configuration of the curved beam; [m]

Latin lower-case

a; —b; Displacement coefficient; [1]

b Beam width; [m]

d Deformation of mid-span; [m]

fxy, t) Pressure load; [Pa]

h Rise of the curved beam; [m]

h Bistability ratio; [1]
ki Stiffness of the i" member; [N/m]
lo Beam span; [m]
m Mass of the lattice struts and buckled beams; [kg]
mp; Inertia mass of the i curved beam; [kg]
Ds Scaled dimensionless load; [1]
Membrane force; [N]
s Length of the curved beam after deformation; [m]
So Initial length of the curved beam; [m]
tii Duration of the i phase; [s]
t' Time scale for mass of the lattice; [s]
t; Time scale for mass of the curved beam; [s]
w; Displacement field of the odd modes; [1]
Wi Displacement field of the even modes; [1]

Greek upper- and lower-case

A Dimensionless mid-point displacement of the curved beam;
fm]

A Total dimensionless displacement of the structure; [m]

€ Perturbation parameter; [1]
Curvature; [m™!]

I Mass per unit area; [kg/m?|

U Mass per unit area of the beam; [kg/m?]

Py Beam density; [kg/m?]

T Section thickness; [m]

T Scaled time; [1]

Teh Horizontal stiffeners thickness; [m]

W Membrane Stiffness coefficient; [s72]

A Perturbed vibration frequency of the beam; [Hz]

Ao Vibration frequency of the beam; [Hz]

M First vibration pseudo frequency of the beam; [Hz]

A2 Second vibration pseudo frequency of the beam; [Hz]

o Eigenvalues; [1]

o; Modal frequencies of the j* mode; [1]

o Modal frequencies of the k" mode; [1]

recently developed and commonly employed to fabricate multifunc-
tional structural frameworks of complex internal microstructures, has
made it possible to create physical models of designs with desired fea-
tures such as bistability/multi-stability. The development of such multi-
stable structural forms, alongside a better understanding of fundamental
nonlinear theories of continuum mechanics (Truesdell and Toupin,
1960; Toupin, 2013; Truesdell, 1968; Yavari et al., 2000; Yavari, 2008),
has facilitated the fabrication of lightweight, impact-resistant structures
with high load-bearing capacity composed of slender structural ele-
ments. These adaptive forms undergo shape change while providing
appreciably high strength, thus offering a basis for the design of
morphing structures. To this end, various methods exist to render multi-
stability in structural elements feasible, such as through applying pre-
stress (Daynes et al., 2008; Fulcher et al., 2014), introducing thermal
effects (Jeong et al., 2019; Chen et al., 2023), or initial curvature (Street
and Seffen, 2007; Chen et al., 2023). In this regard, Vangbo (Vangbo,
1998) and Qiu and Lang (Qiu, 2003; Qiu et al., 2004) proposed an
analytical model for mechanically-bistable curved beams with a pre-
fabricated geometric profile, similar to that of a conventional beam,
which is deformed into the first Euler’s buckling mode when subjected
to an external concentrated force (actuation) at its mid-span. Analytical
investigations were validated by microscale experimental models using
an actuator. Cazottes et al. (Cazottes et al., 2009) studied the same
problem for a curved single-beam (CSB) with the force applied at
different locations. Camescasse (Camescasse et al., 2013) investigated

the static actuation of an arch with initial constant curvature. They
discussed that for the reduced two degree-of-freedom model, the equi-
librium path in the transition from one stable equilibrium position to
another follows an unstable region of bistable energy. Other experi-
mental studies on the CSB (Restrepo et al.,, 2015) and bistable CDB
composites made of individual or bi-materials (Chen, 2020) investigated
the bistability of the lattices under static loading conditions.

Being no longer a tantalizing dream, microstructured materials with
multi-stable states were printed to serve a variety of applications. Me-
chanical systems that exhibit bistability are ideal candidates for appli-
cations in areas such as autonomous systems and robotics (Sareh et al.,
2018; Mooney and Johnson, 2013; Alonso-Mora et al., 2015; Chen et al.,
2023) as well as product design (Lv et al., 2014; Sareh, 2019; Liu et al.,
2019). Experimental evidence has demonstrated that the desired bist-
ability in the CDBs provides two distinct stable positions. A mode
transition that occurs in the buckled beam from one stable position to
another is accompanied by the reduction of the force level which results
in the release of the stored strain energy (Cazottes et al., 2009; Cames-
casse et al., 2013). This contributes to the tunability of such systems.

Many composites are deemed untunable, meaning that their dy-
namic properties cannot be altered without changing the microstruc-
ture. In metamaterials of negative stiffness, tunable wave propagation is
often achieved by constructing a periodic lattice of the constituent cells
i.e., tessellating the unit cell incorporating bistable beams whereby the
periodic boundary conditions and Bloch-Floquet principle may be used.
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This is not the only way to achieve tunability in a composite as tunability
in a heterogeneous medium may also be achieved through the intro-
duction of random inclusions. For example, Konarski (Konarski et al.,
2020) developed a multi-scale material model with randomly dispersed
spherical negative stiffness inclusions for the dynamic behaviour of the
matrix material against acoustic perturbations. Brunet et al. (Brunet
et al., 2015) designed a new class of 3D negative acoustic index non-
periodic metamaterial made of porous soft silicon rubbers, in which
the negative acoustic index emanates from the low-frequency reso-
nances of sub-wavelength particles.

Due to the desired recoverability and potential tunability, bistable
beam structures could be integrated into mechanical systems that,
sequentially, store and release energy elastically, with little or no energy
dissipated plastically thus no damage incurred. Such properties provide
resilience and robustness against repeated impacts, enabling them to
recover from an initial impact and respond to subsequent impacts, hence
increasing the life cycle of the structure. Under the circumstances of
repeated impacts, the transverse displacement of the structural element
approaches that which would have occurred if a load of equal magnitude
had been exerted statically, a phenomenon referred to as the pseudo-
shakedown (Jones, 2014). Examples of recoverable systems are the
recently fabricated negative stiffness honeycomb metastructures
(NSHM) which, when subjected to lateral unidirectional loads, exhibit
close to zero Poisson’s ratio and negative stiffness as the most important
attributes (Correa et al., 2015). NSHM refers to a decrease in the load
magnitude following a jump in the displacement field of the honeycomb
structure. While the response of the NSHM cells, as investigated by
(Correa et al., 2015), was found to be similar to the hexagonal honey-
comb structure, the NSHM lattice featured considerably higher recov-
erability (i.e. negligible plastic deformation) compared to its
conventional hexagonal honeycomb counterparts. Under the circum-
stances where frequent collisions are inevitable, a structure made of
these cells can be a viable choice.

The ability to modulate the material properties of a medium in time
and space breaks parity-time symmetry, enabling non-reciprocal elastic
wave phenomena (Goldsberry and Haberman, 2018). Examining the
tunability of the NSHM made of the CDBs, the authors of (Goldsberry
and Haberman, 2018) sought the Bloch wave solutions in the NSHM
subjected to an affine, uniaxial macroscopic pre-strain values of f = 0,
0.0101, 0.0207, and 0.0252, whereby the prescribed macroscopic
deformation gradient F;j = u;; +8; (with §; being the Kronecker delta)
1 0
0 1-p
of the bandgap frequencies range decreased with the increase in pre-
strain. Pre-strain below the point of instability in the NSHM lattice en-
ables the tunability of bulk elastic wave propagation. Chen et al. (Chen,
2020) experimentally investigated the cyclic quasi-static and plate
impact loading of the composite NS structural element, whereby the
CDBs made of very soft material (Thermoplastic Polyurethane) were
compounded with Polyamide bars. The former results revealed that the
force threshold of the prototypes having a low thickness in the rigid
elements was reduced by less than 5% after 10 cycles, offering high
recoverability of the composite element. Furthermore, the compressive
strength of the NSHM lattice made of two cells was higher than the
combined compressive strength of the single-material negative stiffness
structure. Considering the plate impact tests, the acceleration threshold
causing the full compression was significantly amplified with the in-
crease of the impactor height beyond 0.45 m. Meaud (Meaud, 2018)
examined the elastic wave propagation in a two-dimensional periodic
lattice including alternative patterns of linear and nonlinear bistable
springs.

From the load-displacement viewpoint, the snap-through instability
phenomenon is associated with the sudden jump in the displacement in
the load-control curve. A counterpart phenomenon referred to as the
snap-back, however, occurs in the displacement-control curve when the

was expressed as F = { } , and showed that the size and extrema
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load reduces suddenly even without an increase in the prescribed
displacement (Sun et al., 2019). The curved beam profile undergoing
snap-back reverses from bulge down to bulge up. In the lattice made of
multiple arrangements of the bistable beams in a modular pattern, the
force landscape of the snap-buckling chain mechanisms exhibits erratic
curves, altering between various equilibrium states leading to the evo-
lution of the energy entrapment. Subsequently, the lattice exhibits
hysteresis upon loading—unloading cycles.

Researchers (Sun et al., 2019; Rafsanjani et al., 2015) examined the
instability of an RVE (representative volume element) mechanical sys-
tem comprising two or more cosine-shaped, curved beams paired
vertically in series, wherein the top beam was thinner than the bottom
one. The hysteresis of the structure was examined under displacement-
control loading whereupon its difference with the load-control loading
was elucidated. Upon stretching at the edges, the curvature of the top
slim beam changed while that of the bottom beam remained relatively
constant. For a lattice made of such an RVE, wherein the middle beams
were shorter than the top and bottom ones, curvature reversing was
observed in both the middle shorter beams and the top, thick, longer
beam, while the shape of the bottom beam remained unchanged in the
various loading scenarios. In a similar study (Chen and Jin, 2020), the
snap-back phenomenon was observed in the thick hyperelastic columns
where both force and displacement levels were reduced after the onset of
loading.

Recently, there has been a resurgence of interest in the structural
mechanics of honeycomb structures, owing, not only to their superior
relative high stiffness and strength but also to efficient specific energy
absorption during accidental impacts (Gibson and Ashby, 2001;
Tancogne-Dejean et al., 2016). These structures feature a large constant
plateau in their stress-deformation path between the initial yield and a
densification phase. Although the relative density is a prime factor
(Tancogne-Dejean et al., 2016; Gibson and Ashby, 1997; Hu et al., 2018)
in the mechanical performance of honeycombs, other factors such as cell
wall angle, loading conditions, cell structure, and geometry also play
important roles. For instance, hexagonal honeycomb structures sub-
jected to compressive loading exhibit different buckling modes
depending on the loading condition. In uniaxial compression, two kinds
of cell collapse appear and alternate in the loading direction as a result of
cell wall buckling, while in biaxial compression the buckled cell pattern
entails two orthogonal axes of symmetry (Okumura et al., 2002).

A range of analytical (Okumura et al., 2002; Hu and Yu, 2010),
experimental (Hou et al., 2012; Hou et al., 2011), and numerical (Hou
etal., 2012; Zou et al., 2009) investigations have been carried out on the
mechanical behaviour of hexagonal honeycomb structures. Zheng et al
(Zheng et al., 2005) presented a finite element model for the dynamic
crushing of hexagonal honeycomb structures. Hu et al. (Hu et al., 2013;
Hu and Yu, 2013) investigated the same problem, experimentally as well
as computationally, but with the influence of the cell wall angle and
impact velocity on the crushing behaviour included. They showed that
in the honeycombs experiencing high-velocity impacts, a localised
crushing band occurs at the loading band normal to the impact direction,
which propagates layer by layer to the supporting ends, while the
honeycombs with increased cell wall angles, at impact velocities above
40 m/s, undergo deformation modes similar to that of high-velocity
impacts, regardless of the initial impact velocity. By assuming the
beam element behaviour for the members, Ouyang et al. (Ouyang et al.,
2018) studied the stress concentration in defective octagonal honey-
combs (with missing cell walls along a row) subject to uniaxial tension.
They found that the stresses in the cell walls decrease exponentially with
increasing distance from the centre of the defect.

Previous studies (Emam, 2002; Nayfeh and Emam, 2008) analysed
the static post-buckling response and dynamic vibration of buckled
clamped-clamped beams subject to harmonic excitations, theoretically
and experimentally. Using the multi-mode Galerkin discretisation, the
period-doubling bifurcation, snap-through, and quasi-periodic motions
were examined. The effective nonlinearity, or the quotient of the
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Fig. 1. (a) The schematics of NSHM composed of curved double-beams (CDBs) and straight stiffeners for analytical study. (b) Buckling modes of a curved single-
beam (CSB) with axisymmetric boundary conditions. (c¢) Buckling modes of a CDB with a mid-point stiffener with axisymmetric boundary conditions. (d) Defor-
mation of a CSB subjected to a concentrated transverse load (Mehreganian et al., 2021).

functional of displacement field over a closed surface to the vibrational
frequency, remained negative below the critical buckling level (buckled
displacement at mid-span). The latter work derived exact solutions to
the post-buckling of the beams with different boundary conditions. Li
et al. (Li et al., 2004) investigated the vibration of a thermally buckled
beam with geometric nonlinear effects retained in the buckling and post-
buckling analyses.

Despite the interesting studies mentioned above, research on the
dynamic response of the NSHM is still in its infancy, given most studies
have focused on conventional honeycombs as lattice structures subject
to static loading. This work proposes an analytical model to delineate

the impact resistance of the NSHM with potential application in the
design of recoverable protective structural forms.

The dissemination of this paper is organised into five sections.
Following this introduction, the fundamental mathematical expressions
for the response of the bistable curved beam are developed. In Section 3,
the equations of motion are derived using the extended Hamilton’s
principle and an analytical solution is sought for an impact-loaded
honeycomb structure, which is designed from the modular pattern of
the CDBs with guided supports (zero rotations and free translations),
using perturbation techniques on the derived conservation of energy
equations. Section 4 develops the numerical Finite Element models to
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examine the validity of the analytical model. Finally, Section 5 presents
the conclusions of the study.

2. Structural mechanics of the NSHM

The metastructure model assessed here, as depicted in Fig. 1a, is
composed of a finite collection of constituent cells with two cells located
in each column (along the direction of the load) and an arbitrary number
in each row. Each cell is architected with two pairs of curved beams,
interconnected via horizontal stiffeners and vertical struts. The model
design is similar to that proposed previously by researchers in the field
(Correa et al., 2015; Goldsberry and Haberman, 2018). The symmetry of
the model reduces the mathematical treatment to consideration of only
one cell along the horizontal direction (perpendicular to the loading
direction) but includes all the curved beam pairs along the loading
direction.

The structure is subject to an impact load by a striker of mass G and
impact velocity V. It is assumed that the structure remains purely
elastic throughout the motion. Nevertheless, the influence of finite dis-
placements, or geometry changes, is retained in the analyses, which
gives rise to the evolution of the membrane (catenary) forces. The so-
emerged membrane forces resist out-of-plane deformation and alle-
viate its maximum displacement at the expense of higher in-plane
stresses (Mehreganian et al., 2018).

The so-fabricated curved beams have a sinusoidal profile that mimics
a monolithic Euler-Bernouli beam buckled into its first Euler buckling
mode (see Fig. 1b). Upon the application of the load, the curved beam
pairs (CDBs) exhibit bistability (Qiu et al., 2004), i.e., they jump
abruptly from mode 1 to 3 without undergoing mode 2 (see Fig. 1c). The
bistability condition can be satisfied when the bistability ratio h is large
enough (h > 2) and the curved beams are made into a pair by clamping
at the centre (Qiu et al., 2004; Mehreganian et al., 2021). Therefore, the
deformation of the CDBs may be assumed to be homogeneous with no
relative displacements between the curved beams in the CDB. Further-
more, the pairing of the beams ensures that mode 2 is constrained and
subsequently the influence of this mode can be ignored in the theoretical
analyses.

Under static loading, the deformation of the NSHM model, according
to the experimental and numerical evidence (Correa et al., 2015), may
be broken down into four distinct stages, namely (i) snap-through
buckling of the upright beams at the top layer, (ii) downward move-
ment of the struts, while, simultaneously, the CDBs underneath the
corresponding strut undergo transverse deformation, (iii) snap-through
in the inverted beams of the upper row, and (iv) snap-through buckling
of the upright CDBs in the bottom layer which is accompanied by full
compression of the structure. At each stage throughout the motion, the
kinematic admissibility of the displacement field and the stress state are
ensured so that there are no ‘jumps’ in the deformation.

It is straightforward to show that the original configuration of a
curved beam fixed at each end must have the first Euler’s buckling mode
profile, expressible as (Qiu et al., 2004):

Wozg(lfcos(zl%)), 1)

where h and [y are the rise and the initial length of the beam, respec-
tively. Such a profile is a condition that can satisfy the bistability cri-
terion. The respective profiles of the beam in its original and deformed
configurations are illustrated in Fig. 1d.

The structural system may be regarded as a discrete, purely elastic
system of n degrees of freedom representative of the deformations of the
CDBs. Following (Qiu et al., 2004), the displacement field of the curved
beam w is decomposed into a linear combination of modal displace-
ments, i.e.w =} ;w; + >, W, each component of which, upon using the
mode superposition method, is expressible as:
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w; = hA; (1 —cos (%) ) 2

for the modal frequencies of w; = 2nz where j = 2n —1, with n being
an integer representing the mode number of the displacement profile,
and

2 2sin | 2
1= cos (22 +M , 3
lo l() Wy

where wy = 2.867,4.957, --- for mode numbers k = 2, 4,6, ---. The modal
frequencies of even subscripts are calculated from the solution to the
axial compression of a clamped straight beam to a stable position, i.e.,

the condition tan(wy/2) = wi/2. Thus, w = 3 o A; (1 —cos (%‘) )

Such a curved beam with the profile of Eq. (2) is paired in each cell
and restrained with roller boundary conditions whereby only transverse
deformations are permissible throughout the motion, the CDB pair
constrain rotations that would otherwise admit asymmetric modes from
the solution, as the centre clamp transfers the rotational degree of
freedom of either beam centre to an axial DOF of the lower beam.

Interestingly, the consequence of pairing the curved beams is to
disregard the mode shapes of even numbers in the mathematical anal-
ysis, hence simplifying the analysis significantly with consideration of
Eq. (2) as the basis of the buckling response of the NSHM due to impact.
Upon loading, the lateral displacement at the mid-span of the beam
becomes d = Wy(lp/2) —w(lp/2). Subsequently, the expression for
bending and membrane strain energies, U, and U, are, respectively,
given by:

Wi = hA]\

EL [ (PW, Pw\’
U, == A 4
A (6x2 6x2> s Q)
lo
U, = —/ pds, %)
0

where the parameter s represents the arc length i.e., the new length of
the curved beam upon deformation. To evaluate Eq. (5), by using the
dxy/1 + ()

moderate deformations

=~ dx<1 +i (%’")2 ), we have:

fo 1 (dw\?
sf/o <1+2<dx) dx. (6)
The initial length of the beam, i.e. s, = (72h® + 413)/(4lo), is obtained

by replacing w with W, in Eq. (6). The membrane force induced by the
change of beam length is determined as

p:Eb?<1 —5) %)
0

Egs. (2), (4)-(7) construct the basis for the mathematical procedure
to verify the buckling response of the CDB. The relative displacements
between the vertical struts and the curved beams are assumed negligible
by postulating that they behave as inextensible struts. Furthermore, it is
assumed that the horizontal stiffeners remain undeformed during the
deformation. The presence of the horizontal stiffeners causes the CDB
pairs to be tied on either side and to eliminate the lateral deformations in
the system, thus rendering the deformations homogeneous. The down-
ward motion of the NSHM structure is thus solely associated with the
local snap-through (snap-back) of the curved beam pairs in each layer.
Based on the research by (Qiu et al., 2004; Correa et al., 2015; Nayfeh
and Emam, 2008) and/or by applying Buckingham’s II-theorem, a
dimensionless set of parameters can be derived as follows:

approximation ds =
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Fig. 2. (a) Interaction of the bistability and deformation on the beam tangent stiffness. (b) Influence of the beam bistability ratio on the elastic strain energy of the

beam expressed as U = [PdA, derived from Eq. (15).
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The parameter h in Eq. (8b), developed by Qiuetal. (Qiuetal., 2004)
and later adopted and used by others as Correa et al. (Correa et al.,
2015), represents the bistability ratio which permits a rational com-
parison between the amount of stored energy due to the deflections of
different lattices to be made. It must be appreciated that although the
elements in the set of dimensionless parameters may take different
forms, the cardinality of the set of these parameters is unique. The
relative significance of various dimensionless parameters may be found
by other means (Li and Jones, 2000). Here, because of the importance of
beam characteristic lengths, in particular, the beam apex height and
thickness, the non-dimensional expressions for structural strength,
stiffness, strain energies, and force, have been related to these
parameters.

Substituting Egs. (8) Egs. (4)-(7), the dimensionless parameters of
Egs. (8a-j) are calculated as:

A=1-2)" A, 9)

R i
S(HZ,I ek ao

-2
_ 3h (D% © 59
P=s (4_Zjlwa-f ' an

where 5, = wf/1672 +1=1s0/l. (12)

It is assumed that the as-fabricated curved beam is stress-free at A =
0; therefore, the leading-order terms of Egs. (4)-(5) are expressed,
respectively, as:

— ot/ 2 « 0IA7

Uy :T(TAI) Y (13

— 12 85°

Um:A—ZO(E—;_Z). (14)
T ®? + 161

The expressions above establish the fundamental ingredients for
solving the problem of curved beam buckling in the case of static
loading. By utilising the Lagrange-Dirichlet theorem, the total potential
energy IT which corresponds to the strain energies and the work done,
considering every mode of deformation, is stable and has a strict mini-
mum (Bazant and Cedolin, 2010; Szilard, 2004; Wadee et al., 2020).

Furthermore, the equilibrium expression of the system can be derived
from the stationarity condition of the system. In the case of dynamic
loading, however, the kinetic energy (corresponding to inertia force
terms) must also be included in the formulation of the total energy II.
For a single beam, it can be demonstrated that the force-displacement
and stiffness of the beam obey the following relations (Mehreganian
et al., 2021)

PA((12(A = 1)(A —2)F 4 16) + 472 )T )

P=
85, ’

(15)

(4 +333A% —6A + 20" )T + 2

k= - (16)
21 E]

Fig. 2 illustrates the influence of the bistability ratio h and the
transverse displacement of the single curved beam on its tangent stiff-
ness (Eq. (16)).

For convenience, further dimensionless numbers are introduced as
follows.

2 omloo omly — G . T g = my,

Mo M0 G T 0 =8 g, =0y =T

Er D7 T w TE ST 0T T " T
(17a-h)

The dynamic response of the NSHM during the impact loading con-
sists of the n main phases of motion, as expounded in detail in the sequel,
where n represents the number of CDBs in the direction of the load.

3. Striker impact on the NSHM

This section deals with the analyses of the dynamic response in the
NSHM due to the impact of a striker of a particular mass and geometry.
The type of contact is assumed to be hard contact (normal behaviour)
with penalty frictional formulation (tangential behaviour). In the
following subsections, the distinct phases of motion are analysed in
detail.

A considerable body of literature exists on the dynamic response of
plate and beam elements subjected to impact by a heavy mass striker
(Jones, 2014; Johnson et al., 2009; Dean et al., 2011; Jones, 2012). For
simplicity in the mathematical treatments, the material behaviour of
such structural elements is, however, assumed to be either linear elastic
or rigid-perfectly plastic (Mehreganian et al., 2018; Jones, 1989; Meh-
reganian et al., 2018; Jones, 2014). More often than not, the buckling of
the structural members admits large displacements in which case the
influence of finite displacements or geometry changes is non-negligible
and nonlinear elastic analysis is required.

Before proceeding to the impact analysis of the NSHM, it is note-
worthy to consider an arbitrarily shaped surface element bounded by an
oriented closed path in the Cartesian coordinate system. Using Green’s
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theorem, the equation of motion in its force vector field is converted into
a functional of energy conservation, wherein the total internal energy

rate & is at equilibrium with the external work rate &. As is customary,
the overdot notation accounts for differentiation with respect to time.
For an arbitrarily shaped plate (and a beam as a special case) when the
shear strain and rotatory inertia effects are disregarded (Jones, 1989;
Jones, 1971; Jones and Walters, 1983), we have:

—GVV — /ﬂw“WdAJr/f(x,y,t)WdZ = /(M—',—]\/Xw)deC7 (18)
A A A

where N, is the membrane force per unit length, and w and V represent
the velocities of the surface element and the striker, respectively. The
expression on the left-hand side signifies the external work rate with the
first term being the rate of change in the kinetic energy of the striker,
and with the second and third terms giving the work due to pressure
field )A‘(x, y,t) according to the Lagrange-D’Alembert principle’s inertia
force. The expression on the right-hand side gives the strain energy rate
in the continuous deformation fields due to bending and membrane
actions, respectively. Eq. (1) reduces to the equilibrium equation for
Euler-Bernoulli beams by considering the variation in the generalized
coordinate y to be negligible.

Given the impact duration is of the order much less than the natural
period of the structure, the influence of viscoelasticity can be dis-
regarded. Thus, the motion unequivocally resembles the forced vibra-
tion of a system comprised of linear springs (horizontal stiffeners) and
nonlinear bistable springs (CDBs) interconnected in a given topology.
The viscoelastic forces alter the constitutive equations, inducing mode
coupling in the formulation of the lattice energy balance equations.
Furthermore, as the CDBs in the lattice are slender, the effects of shear
deformations and rotatory inertia are negligible.

3.1. First phase of motion (0 <t < tg;)

Upon impact, the striker exerts a force on the top surface of the
lattice at t = 0 and remains in contact with it for a duration of t; = t;;,
as the striker travels with the same velocity as the structure at the point
of contact. Contrary to the buckling order in the static analysis, it turns
out that the buckling of the CDBs initiates with the uppermost beams in
the first (top) layer at the onset of impact loading. Subsequently, the
CDBs buckle sequentially in order from the top to the bottom layer. Due
to the geometry of the model, the induced axial deformation of the struts
in each layer is associated with the buckling of the upright/inverted
CDBs in the retrospective lattice column. The ensuing mathematical
analysis may be pursued in two cases, namely: (i) the sequential buck-
ling of the beams leading to the partial or full compression of the NSHM,
or (ii) the response of the structure being brought about by the simul-
taneous buckling of the CDBs. From the numerical observations of the
moderate velocity impacts considered, it transpires that the deformation
of the lattice was driven by the dynamic buckling of the CDBs at each
stage, while the simultaneous vibrations of the CDBs in the other layers
were comparatively insignificant. Thus, in this work, we examine the
first case scenario which, while offering simplicity to the mathematical
treatment, preserves the accuracy of the solution.

With the mode-2 deformations and rotational degrees of freedom
(DoFs) at each end of the CDB being constrained, the velocity profile of
each would become independent of the other. Under such a circum-
stance, the governing equations of the multi-DoF system having n gen-
eral modes of vibrations boil down to those of n single-DoF systems. The
buckling of the i beam lasts for a duration of ty; from the time point of
ty ;1. At the point of transition in time between the buckling of each
beam with the next one, the kinematic conditions of the velocity and
displacement fields apply.

It may be assumed that the vertical bars behave as rigid bodies with
no axial elongation/compression during the motion. An idealisation of
the structure renders it to be visualised as a system of four lumped
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masses and springs connected by these bars. As the striker collides with
the metastructure, the velocity of each lumped mass is equivalent to that
of the mid-point of the CDBs.

Following D’Alembert’s principle, as discussed earlier, and using
Green'’s function on the principle of virtual velocities, the external forces
(kinetic energy of the striker, inertia forces, and the work done by the
striker) are equated, at every instant of time, to the total strain energy
(bending and membrane) of the structure. The Lagrangian function IT is
ensued, by enforcing a time integration of Eq. (1) and furnishing it into:

(AW, A0),1) = U+ T+ Ty + T, = 7, a9

where U = U, +U, represents the total strain energy of the meta-
structure assuming no energy is stored through the shear deformation,
and T, and T, represent the kinetic energies as follows. The kinetic
energy of the striker is given as Ty = %Et*zAf, where A, =37 1A
denotes the total transverse displacement of the lattice. The total kinetic
energy of the metastructure accounts for those of the interconnecting
horizontal CDBs and vertical struts T; and that of the curved beams Tj.
The buckling of the curved beam in the lower layer induces two types of
deformations: (i) the axial deformation of the vertical bars, and (ii) the
rotation of the horizontal stiffeners at the joints between them, the
curved beam, and the vertical bars. The vertical struts and horizontal
stiffeners are assumed as rigid, inextensible elements, which travel at the
same velocity as the curved beam in the lower layer. Hence, in the first
phase of motion, the formulation of the kinetic energies considering the
buckling of the CDB of the top layer accounts for the kinetic energies of
the beam and striker only. Nevertheless, in the subsequent phases of
motion, the mass of such rigid elements contributes to the kinetic energy
formulations for the CDBs underneath.
The kinetic energy of the i curved beam is expressed as
.

Ty == [ Wi udA,, (20)
2 A

where y, = bp, represents the mass per unit area of the beam. Since
dA; = 7dsy, dsy is determined by replacing w with Wj in the expression
of ds. Upon substituting Eq. (1) into Eq. (6) with the subsequent sub-
stitution of Eq. (2) into Eq. (20), we obtain

Ty, = myh’ Z S/Afw (21a)
J=1.59,
(550 + 1o) /850, j=1
S =4 5/4— 125, =3 (21b)
3/4. =579,

where my, = pysob7 and p, are the mass and density of the CDBs,
respectively. The parameter S; for other modes can be determined by
substituting Egs. (1)-(3) into Eq. (20) and evaluating the integral. The
work done by the striker due to the conservative force P is expressed as
7", = PhA;. Using Eq. (17a-h), the dimensionless form of the total work
done, kinetic, and strain energies are, respectively, expressed as:

W =PA,, (22)
1 %2 2
Ty, = mit S, (23)
=159
T,.i=26" Y A, (24)
=159
4 2 442
5 _ 0 1 w WA
Uy = T(A],i - 5) + ijz 7 (25)
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Fig. 3. Influence of bistability ratio on (a) the membrane stiffness, and (b) the modal frequency of vibration.
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Fig. 4. (a) Phase-plane plot of the model given different bistability ratios. (b) Variation of the kinetic energy parameter F, = 2p;A(t) —[1/2yA*(t) + 12A%(1)] with h.

— 122 857
Uy = ,\—20 (S_z - %) . (26)
T w?} + 161

In Eq. (24), Ty; represents the portion of the kinetic energy of the

the action functional " = f: TT;dt is satisfied provided that 5.2 = 0, the

necessary and sufficient condition for which is the Euler-Lagrange
expression as:

striker that induces the motion of the corresponding beam. Substituting 3_ﬁz _d 0_ﬁz —0 (28)
Egs. (22)-(26) into Eq. (19) yields: 0Aj; dtoA;;
= a2 2 Ly, _ - w} _
W= (2G+ms)i A + Z (a)j — po )Aj_,» 1P Ajy— A1~ 4P, 27
j=159, J=123,.. j=159,
such that
where the over-bar indicates the non-dimensional form of the quantity, Y . PR
while subscripts j and i refer to the mode and CDBs number, respectively. o(TT,) = ((a)l —par) A 1op 1 ) m+S o wj —pw; A+2P | 0A;.
We may also drop the second index as the terms of displacement and 2 4 =59 13 2
velocities are identical for the CDBs in each layer. Using Hamilton’s (29)

principle, the requirement that the trajectory A(t) is a stationary point of

By applying Eq. (28), a number of nonhomogeneous ordinary
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differential equations (ODEs) are recovered with respect to every mode
of deformation. From the results of numerical studies in the sequel, with
the notion that mode 2 is constrained as assumed in (Mehreganian et al.,
2021) it transpires that the predominant mode of beam deflection in the
CDB is the first mode (Qiu et al., 2004), thus the influence of higher
modes may be neglected in the study. Notably, in the static analysis,
modes 2 and 3 yield linear force-displacement curves independent of
the bistability ratio. Similarly, the consideration of higher modes (j=
5,9,13,---) gave rise to a marginal difference in the theoretical results of
(Qiu et al., 2004). Regarding the top beam buckling, the form of the first
ODE (Eq. (28)) is furnished as:

AAL(1) + A (1) + epA (1) = Zp,, (30)

where Q = B /31, and

2407
Y= - oeo 31
2P/

il 32
P=35 (32)
do = [22=8 33)

(&)
¢ =2(2G+Sm)”. (34

The parameter y may be visualised as the (membrane) stiffness of the
system. When y = 0, the theoretical solution boils down to a linearised
ODE with a harmonic vibrational frequency of 4. The case of y > 0
corresponds to nonlinear hardening whereas for y < 0, the system is
softening because with the increase in displacement, the system be-
comes softer (Feldgun et al., 2016). The former circumstance commonly
occurs in the initially flat isotropic beams and plates subjected to
transverse loading. The parameter €, is a small perturbation number
which may be chosen arbitrarily, herein selected as €, = (h/ly)°. The
influence of bistability ratio h on the modal frequency 4, and membrane
stiffness y is compared in Fig. 3.

It turns out that the ODE in Eq. (30) represents the inhomogeneous
form of Duffing equation, representing the nonlinear forced oscillation
of a spring. Using the separation of variables, the form of ODE boils
down to A’(t) = 2ps22A(t) —[1/2peoA*(t) + A2A%(t)] +c with the inte-
gration constant being ¢ = 2 (ﬁ weo +at +5 7ps), determined from
the kinematic conditions at the onset of impact. With y < 0, the phase
plane forms a saddle at the midpoint (Fig. 4).

A numerical scheme e.g. an iterative method may be pursued for the
solution of Eq. (30) by initially disregarding the nonlinear term
eowA3(t), resulting in a general linearised solution with the displace-

ment field denoted as Ago)(t). The next iteration is sought by the sub-

stitution of A(lo)(t) in lieu of the nonlinear component of Eq. (30).
However, such a solution entails secular terms (such as tsin(t)), whose
presence brings about in non-harmonic diverging vibrations, whereby
an unbounded growth of the amplitude emerges over time. Thus, the
closed-form solution, representative of the physical harmonic vibration
of the beam, is sought via the Poincaré-Lindstedt method (Mehreganian
et al., 2019). To this end, the displacement field A, (t) may be perturbed
using

Ai(0) = €bA O (1) + €l V(1) + €64, () + O(}), 35)
where the superscript denotes the order of the perturbed term of the

displacement field. Similarly, the time and frequency of vibration would
be truncated as

A= Egﬂo + €pd; + Egﬂz + O(ES), (36)
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T =M. 37)

The terms 4; (i > 1) denote vibration pseudo-frequencies as they
harmonise the displacement field vibration by increasing the frequency
of the perturbed terms thus reducing their amplitudes, the exact values
of which are determined explicitly from the solution of the displacement
field. Substituting Egs. (36) and (37) into Eq. (35), and ignoring higher-
order terms, yields a polynomial in terms of €;. To this end, the co-
efficients of the eg) should vanish to satisfy the differential equation,
which results unequivocally in three sets of ODEs expressed as:

AO(0) +4,-0(7) = p,, (38)

= (/13 <A1<])(T) +A1"“)(1)> +2,10/11A1--<°>(1)+y/(Al<“>(T))3> =0, (39

2
e? <3y/A1 W) (A1 7)) + 24004, O (1) + 2200A, -V (1) + 234,70 (z)

+42 (Al"(z)('r) +A,@(2) ) ) =0.

(40)
The initial conditions at the onset of impact for the solution of Eq.
(38) are A(1°>(0) =0.5 and A~1<0) equal to the magnitude of the initial
modal velocity. The initial modal velocity field is obtained by satisfying
the conservation of linear momentum by equating the momentum of the
striker having a velocity V, = hV, immediately before the impact with
the combined total momentum of the striker and the metastructure
immediately after the impact, i.e. A, (0) = —GV,/[(2G — fi)4o). The

solution of Eq. (38) then gives the dimensionless displacement as:

sin(t)GVy  cos(1)

Al(o)(f):Ps(I*COS(T))*m 3

(41D

Substituting Eq. (41) into Eq. (39), while making use of Egs. (31)-
(33), we determine the next term of the displacement field as:

3 1 8404
A D(7) = 2150 —py+— |w— 021 3
17(1) 32 a5 Pt V- p

1 1
— = )sin(z) + aicos(t) )T + Cycos() + Cysin(r) +—— | 8(3a]
2 644,

1
—pi+ps—1/4) (ps - 5) weos(r)® —8 <a1 (af —3p* + 3p,
N 2 3 2
2 sin(t) + 8ajp; — 8p; + 8p;

1 16
—2py )l[/cox(‘[)z —24 (p: — 5) (;alplvy/xin(r) + (a% —5p% +p,

1 8404
_ Z) + ; 1 )cos(r) — 16y (ajsin(t) + 4aip, + 12p} — 8p?
+2p,) ) ,

(42)
where @ = —GVy/[(2G — i)Ao), while the integration constants are
determined, by applying the initial kinematic conditions as:

_ (152a3p, + 136p} — 12a; — 76p +22p, — 1)y
: 642 ’
43)

ay (4yp} + 4yp, — 1640A; + 3y)
1645

C, = .
Obviously if a; # 0, or p, # 3, the term ((p; — 3)sin(z) +aycos(z) )z

corresponds to a secular term. The condition to render the vibration

harmonic is thus recovered by equating its coefficient to zero, giving:
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Fig. 5. Surface interaction of the load and striker mass with the pseudo frequencies of the CDBs: (a) the first, and (b) the second vibration pseudo-frequencies.

3y (5p2 —ps +a} +1)

M= 84

(44)

Referring to Eq. (40), the second perturbed term is sought by
substituting Eqs. (42) and (41) into Eq. (40) and applying the same
procedure. The solution to the further term of the displacement field
boils down to:

A,® (7) =f (1) + Cycos(t) + Cssin(z) + (azcos(}r) +ascos(27)

1
983044,

+bysin(37) +ascos(5t) +ascos(4t) 4 bysin(57) +basin(27)

181
+bssin(4t) +ascos(t) +besin(t) + 156672 (l—pj —10p?
(10, 143 b (46t 29 +4+23a,

17N T3 ps

34 34
where the parameters a; —ag and b; —bg are expressed in Appendix A as
Egs. (A. 52)-(A. 61). The integration constants C4 and Cs are evaluated,
in a similar fashion to the above, by dictating the kinematic conditions of
the displacement and velocity fields at the onset of impact, as:

20\ o
T VP )

(45)

4643
17

1
614425

+ (10248a; 4 2973)p? — (94324} + 6354a; + 366)p, + 3004]
95p;

541p? , 221 9942
—3)y? +12752(—— —(al—m Py —

(( —51912p] + 42444p? + ( — 204484; — 16158)p?

- 69a°

797 1594 1594

+33 Moy +3072( py — = ,12/1/1 +/12
6376 oY Ps 5 ot 5

(46)

ap

1284,

Cs=— ( — 1157p} + 676p; — (1926a; + 412)p>

15\ ,
16)"’

- Dhy

143
+ (232a§ +T)ps + 154} — 6aj — 47)

430(9a3 + 1189p?
B 3

— 581p;

— 128234, — 642202

The function entailing the secular term f(r) is expressed as:

10

128p, — 64
flr) = (Xl ,%)mm(r) + (Yl 7%) cos(), (48)
where
8L | L, 5 3502313122 5 1,
" s |V (””D:+54aj*+ 27 P g, 2 5
+g s 15, 224 91, 53 1\  A(128p, — 64)4;
277 T 6 D T a7y 54 T 43p, 864 162
244W/10)“1 (psa + % +2?P%7%P? saaPs — 488)
81 '
(49)
Y, =1 / (9830445 (( — 495360a;pt + 322560a,p°
+ (— 29952047 — 119808a, )p> + ( — 184324; + 5760a;)p,
55 23
+ 11520a; — 4608a; — 720a; )y* — 9216404 (?“pf " +a;
3
fa)wfzmsugalzf.
(50)
Through algebraic manipulation, with X, =X; — (128p; —64) A,/

1281y = Rocos(¢p) and Y, = Y, — “"12 = Rysin(¢), while ¢ = tan1Y,/X>,
the expression for the second v1brat10r1 pseudo-frequency can be deter-
mined as (51). The interactions of the striker mass and load coefficient
with the pseudo-frequencies are plotted in Fig. 5.

4(X1p5 - %X] + alYl)j.o

A =
2T 4l 4 —dp, + 1

(51)

3.2. Subsequent phases of motion (tg; <t < tg;11)

Following the full compression of the upper CDB at the top layer, at
transition time t;; the lower CDB of the top layer initiates buckling
while the stiffness of the upper CDB is completely lost and its corre-
sponding energy components are eliminated from the Euler-Lagrange
energy function . It transpires that the form of the ODE (Eq. (30))
and the ensuing Poincaré-Lindstedt ODEs remain valid but entail the
displacement field A;, in lieu of A;. It is assumed that the striker
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Table 1
Characteristic dimensions of the NSHM models.

Parameter Magnitude (mm) Parameter Magnitude (mm)
Hy 16.5 I 57

H, 24 Iy 16.5

H, 3 T5 2.5

h 4,6,7,8,10,12 Teh 1.75

hep 3 Tp, T4 2

hy 12 Tw 3

remains in contact with the lattice surface during the subsequent phases
of motion, while its velocity V, now accounts for the total velocity of the

lattice CDBs underneath, or A(7) = —244, (). The kinematic conditions
of the displacement and velocity fields between the two CDBs must be
satisfied at the transition time t; ;. In a similar manner, following the full
snap-back of the inverted beam in the top layer at t;,, the CDB in the
bottom layer undergoes buckling while its initial kinematic conditions
are derived from those of the previously buckled CDB. The expression of
the displacement field for the successive CDBs is derived by the substi-
tution of 73,7 = A(t — tq;) in place of 7 into Eqgs. (41), (42), and (45). The
total displacement of the lattice is defined as the cumulative displace-
ments of the CDB pairs in the post-buckled state.

4. Numerical analysis and discussion

The accuracy of the analytical model for the response of an indi-
vidual CDB pair underlies the response of the entire lattice. Several
three-dimensional finite element (FE) models were thus set up in ABA-
QUS® Explicit to validate the analytical model, in two folds. In the first,
we examined the response of the individual CDB considering the impact
of a striker with velocities V= 0.5, 0.75, 1, 2, and 4 m/s, G =1 and 2 kg,
and a CDB apex height of 8 mm. In the second, the influence of the
bistability ratio h = h/t on the impact resistance of the models was
examined both numerically and analytically.

The striker in both models was designed as a rigid capsule, having a
10 mm radius of projection and a cylindrical height of 35 mm, which
was discretised with 36 R3D3 discrete rigid elements. The striker com-
prises a hemispherical nose and a cylindrical extension of the body. The
striker’s lateral motion and rotations were constrained and it was
permitted to move in the vertical direction only. The particular choice of
this shape is due to the fact that a point impact is more likely to occur
than a distributed one, besides any nose shape could be plausible, but a
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simple one indicates a more suitable point of departure. In practical
applications, the impact is seldom uniformly spread over the entire
lattice surface and is normally restricted to a localised area.

Both the single beam and the lattice were made of polyamide 11 with
Young’s modulus of 1582 MPa, a Poisson’s ratio of 0.33, and a mass
density of 1.04 g.cm~3. This material is favourable as it is classified as a
lightweight, isotropic, ductile, and highly flexible material. The models
here were assumed to be perfectly elastic with the prescribed geometric
nonlinearities. The FE models were discretised with a minimum element
size of 0.7 mm of S4R shell elements and a thickness of 15 mm. This gave
a total of 34,564 S4R elements for the lattice, and the element length-to-
beam thickness ratio as one-third. The S4R elements are general, doubly
curved shell elements with reduced integration and hourglass control for
which 17 Simpson integration points through the thickness were pre-
scribed. These elements’ deformation was controlled with finite mem-
brane strains. The relevant geometric parameters of the CDB were the
same in both models, as stated in Table 1. A penalty contact type with a
coefficient of friction of 0.3 was assumed for each contact pair of the
structural elements in both models. By default, the shell offset and
thickness were accounted for by contact constraints in ABAQUS. The
models using conventional S4R shell elements and continuum shell el-
ements (SC8R, which are 8-node hexahedron shell elements with finite
membrane strains (Corp, 2005) exhibit a faster rate of convergence than
those modelled with C3D8R continuum elements (which are 8-node
linear elements, referred to as the ‘brick’ elements) or M3D4R mem-
brane elements (Mehreganian et al., 2021).

The lattice structure was designed with three constituent cells in the
horizontal direction and two in the vertical direction, the configuration,
and dimensions of which are set out in Fig. 6. The NSH lattice was
subject to an impact loading by the (same) striker but with a 5-kg mass
and the impact velocity of 2 m/s in a Dynamic/Explicit model, to yield a
momentum equivalent to a high-velocity projectile with a 20-g mass and
a 500-m/s speed thus provided the strain rate sensitivity effects are
discarded, the choice of the impactor highlights two purposes, ((i) the
validity of the analytical model due to impact by the ‘local’ (conforming)
impactors, and (ii) a benchmark analysis for the impact response of the
NSHM due to the striker impacts of various velocities. For the individual
CDB, the beam pair was clamped at either side, while the lattice was
fixed at the bottom. The sides of the lattice were prescribed symmetric
boundary conditions.

According to the static analyses conducted by researchers (Restrepo
et al., 2015; Correa et al., 2015; Mehreganian et al., 2021), the force-
—deformation landscape of the lattice is characterised by three regimes.
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Fig. 6. (a) Geometric parameters of the NSHM lattice. (b) Schematics of the finite element model (with h= 3).
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Fig. 7. (a) Force-displacement of the NSHM lattices with periodic boundary conditions (PBC) and symmetric (Symm.) boundary conditions. Regime I corresponds to
the initial deformation of the lattice, regime II represents the initiation of the phase transformation from mode 1 to 3, while regime III is characterised by the snap
through to the inverted beams. (b) Influence of the number of unit cells on the lattice with PBC response.
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Fig. 8. Comparison of the analytical and numerical results of the normalised
maximum deformation A, for an individual CDB pair.

Regimes I and III are governed by positive stiffness as they are attributed
to the deformations in stable configurations, with the potential energy at
the point of local minima. Regime II corresponds to the negative slope
which corresponds to the phase transition from mode one to three (see
Fig. 7a). As the configuration of the CDB during this phase is unstable, it
immediately transforms into the stable equilibrium phase (regime III)
with the CDB profile reversing. This lattice was loaded transversely at
the top surface with a loading rate of 0.01 mmy/s, in line with the static
analyses performed experimentally (Correa et al., 2015).

For microscale periodic lattices, the Representative Volume Element
(RVE) can be prescribed with the periodic boundary conditions (PBC),

which is specified by displacement differences of the pair of two oppo-
site parallel boundary surfaces of a repeated unit cell (Al Kassem and
Weichert, 2009; Tian et al., 2019; Bouaoune et al., 2016), and may be
applied on the surface node of the model through a linear multi-point
constraint. The displacement difference on a pair of parallel opposite

k- _ 0 -
W =& ("f Fox )
g AxK, with the indices k+ and k — identifying the k™ pair of two
opposite parallel boundary surfaces of an RVE composite, when each

k+ _
i

k™ boundary surfaces can be written as u

point x]’“ on a boundary d¢™ of the RVE is associated with a unique point
xf’ on the opposing part d¢~ of the RVE (Tian et al., 2019).

It can be postulated from Fig. 7 that, despite the relatively coinci-
dental curves of the NSHM lattices with the PBC to those without PBC,
the latter aids minimisation of vibration jumps in the structure (at
A: 1.35), a phenomenon which occurs due to the residual vibrations of
the beams in the lower layers in the first stage of deformation, while
these beams’ buckling is yet to emerge. At the same time, snap-through
buckling of the beams in other layers initiates. In the force-displacement
plots of the structure, this is characterised by a sudden fluctuation in the
force without any changes in the deformation. For the simulations of the
dynamic problem of the RVE composite using the Explicit FE solver,
Garoz et al (Garoz et al., 2019) prescribed dummy nodes of prescribed
mass and the associated PBC linear constraints were applied. These
nodes were detached from the model and served as reference points.

In addition, similar to the results of (Al Kassem and Weichert, 2009),
the difference between the PBC and the results with homogenous
boundary conditions (HBC, our case in dynamic impact analysis) is

12
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Fig. 9. Analytical versus numerical force-time histories of models with (a) h=3,(b)h =4,and (c) h = 5.

minimal. As the cases have marginal differences, the homogeneous
boundary conditions are still valid for the structures of meso- and higher
length-scales such as the model under consideration here. It should also
be noted that the models with HBCs are more computationally efficient
and less time-consuming to run than those with the PBCs, particularly
when dealing with dynamic problems which must be solved using the
conditionally stable Explicit solver.

The influence of the number of unit cells included on the response of
the NSHM lattice to the transverse load is depicted in Fig. 7, where the
notation “mbn” denotes the structural arrangement with m constituent
cells in the horizontal direction and n cells in the vertical direction.
Except for the first peak, the magnitude of the load and the associated
displacement for all lattice sizes virtually converge to the same curve.
While the displacement associated with the first peak of different lattice
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sizes reduces with the increase in the number of constituent cells in the
horizontal direction, the first peak magnitudes of the load remain rela-
tively unaltered. It should further be noted that the displacement dif-
ference boundary conditions for the PBC may not always guarantee the
traction continuity conditions (Al Kassem and Weichert, 2009). Despite
the differences in the FE solver computations due to the influence of
mesh size and element type, the force-displacement convergence is still
satisfied.

Finally, in the case of mass impact problems, specifically, those
associated with the striker impacts, the PBC will become irrelevant, as it
ensures the stress continuity at parallel opposite boundaries, while due
to the localisation of the impact and distinguishably different stress
evolution at the contact interface compared to other types of laterally
induced motion by loading the NSHM statically or via periodic dynamic
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Fig. 10. Comparison of the lattice acceleration determine analytically with the numerical one for (a) h = 5 and h = 6, and (b) h = 3.5 and h = 4.

excitations continuity is violated more often than not.

As plotted in Fig. 8, the analytical model captures the maximum
displacement field in the individual CDB pair with high precision. In the
case where the greatest difference between the two models emerges,
beyond the striker’s initial momentum of the 2 N.s, the striker induces
saddle-node bifurcation (snap-through) wherein the CDB undergoes a
phase transformation from a stable state to an unstable one. In the lower
bound of the abscissa in the figure (A;< 0.5), however, small dynamic
perturbations occur, and the first peak in the displacement history oc-
curs at the first phase of motion.

In Fig. 9a-c, we compare the analytical versus numerical predictions
of the force—time histories of the lattices with h = 3,4, and 5, respec-
tively. The analytical plots account for three phases of motion while the
striker is in contact with the lattice. Although the frequencies of the
response curve from the two plots (Analytical vs FE) differ, apart from
the first 3 ms of the model with i = 3, the force-time histories are
consistent. The captured peak force from the FE models also shows good
agreement with that of the analytical one, with the percentage of error
being 6.3%,7.9%, and 2.6% for h=3.4, and 5, respectively, which is
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bounded to 8% in all cases. It should, however, be recognised that the
response in the lattice is more complex and the CDBs in each constituent
cell undergo residual vibrations erratically, leading to the erratic shape
of the ordinate in Fig. 9. However, the analytical model can capture the
generic trend of the first peaks in the initial phase followed by the re-
sidual ones in subsequent phases. In the lattice with a CDB of a lower
bistability ratio, it is interesting to observe more irregular force
fluctuations.

A comparison of the acceleration of the CDBs with those of the
analytical results is drawn in Fig. 10. Except for the initial estimation of
the ordinate during the first cycle (the first 1 ms), the transient inertia
from the analytical model corroborates favourably with the numerical
counterparts. The analytical model predicts the critical points (peaks) of
the inertia with good precision. Notably, as discernible from Fig. 11, due
to the increase in stiffness, the magnitude of the permanent displace-
ment (A;) of the structure reduces as the initial curvature (bistability
ratio) increases. The ordinate of Fig. 11 is determined from the deriva-
tive of the total elastic strain energy of the lattice with respect to A,
which is then normalised and scaled by the number of the CDBs. The
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Fig. 12. Schematics of the lattice profile
shape and Mises stresses in the lattice with
h = 2: (a) the initial curvature change and
buckling; (b) the snap-back of the lower
CDB in the first layer; (¢ & d) the snap-
buckling of the inverted beams of the
lower layer; (e & f) the full snapping
deformation of the top beams in the lower
and upper levels; (g & i) the full
compression of the NSH lattice with de-
formations and Mises stresses of the
model, respectively. (h & j) the deforma-
tion and Mises stress distribution in the
lattice with i = 3.5 at the point of middle
beams snapping phenomena, respectively.
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general trends in Fig. 11a-c is a smooth approach of the force to a local
maximum the position of which shifts to the left at the expense of a high
h, followed by an oscillatory reduction. Interestingly, the local maxima
of the force P; reach a maximum limit up to 187 N with the increase of
the bistability ratio, up to h = 4; though P, attenuates subsequently as h
increases further. Such a trend may be elucidated with reference to the
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()

magnitude of the curved beam stiffness as presented in Fig. 2.
As illustrated in Fig. 11, significant fluctuations in the magnitude of
the force are observed within a small variation of the displacement field

in the vicinity of the maximum displacement limit for h = 2, 3.5, and 4 in
Fig. 11a and h = 4 —6 in Fig. 11b; the oscillations in P, diminish in the
models with amplified h. These variations may have arisen because of
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the small vibrations of the CDBs in the top layer at the associated time
points without undergoing snap-through/snap-back. The magnitude of
the strain energy, although escalating monotonically in all models, os-
cillates temporarily due to such vibrations. Furthermore, some non-
homogeneous deformations of the CDBs arise during the lattice defor-
mation inducing relative displacements within the CDBs, particularly in

0.015
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t[s]

Fig. 13. Transient reaction force plots P, in the boundaries of the lattice, where the contour legends represent the Mises stress magnitudes of the lattice. (a) Force-
displacement plots of h = 2 and 3.5 models. (b) Force-displacement plots of h = 4 and 5 models (the two schematics at 0.005s and 0.02s of sub-figure ‘a’ share the
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the models of higher h. The buckling order of the beams varies accord-
ingly and at the initial velocity of 2 m/s, only the uppermost beams of
metastructures with i > 4 experience buckling. Upon the impact of the
striker, the presence of deformation modes other than modes 1 and 3 is
discerned in the lattice employing 2 x 2 cells, analysed in Fig. 11c for
the sake of comparison. This was primarily associated with the buckling
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Fig. 14. The loading-unloading cycle of the lattice response upon striker impact for h = 4 and h = 5.

of the beams across the central (vertical) axis of symmetry, while the
CDBs of the lowest level remained undeformed. Such a response would
induce rotations in the horizontal and vertical struts on either side of the
central axis. While the rotation of the vertical struts may be associated
with mode 2 being not fully constrained, this rotation was only observed
in one model. Evidently, the height of the centre clamp can affect the
degree of constraints imposed on the CDBs in each layer, while the in-
crease in the height of the centre clamp also indicates the overall in-
crease in the lattice height. In the region close to the two stable
positions, the motion of the CDBs is independent of the centre clamp
height. Nevertheless, according to (Qiu et al.,, 2004), the force-
—displacement plots of the CDBs with mode 2 fully constrained, i.e. with
the optimised gap between the beam pairs, the stiffness and geometry of
the centre clamp, and the beam length/thickness ratios, are very close to
the ones in which mode 2 is partially-constrained. Thus, while further
studies are required to investigate the optimum lattice topology to
eliminate the interference of other modes with the predominant mode of
vibration, the analytical results developed in the previous section can
provide a sound assessment of the lattice response. Lastly, with an in-
crease in cell numbers in parallel to 3 and more, the CDBs at the bottom
layer remained intact and thus the overall elastic vibrations of the CDBs
in the bottom layers (unbuckled beams) due to the impact on the upper
layers are bounded.

The bistability of the lattice also aids in higher energy entrapment of
the structure. The boundary conditions and the number of cells do not
influence the sub-wavelength energy entrapment trends with the bist-
ability ratio, a common feature of multistable architected meta-
materials/metastructures (Shan, 2015).

Fig. 11d draws comparisons of the lattices made of 2 x 2 cells with
and without the horizontal beams. The response of the latter model is
characterised by a monotonic increase of the load whilst that of the
former undergoes a snap-back buckling response, in tandem with a
pronounced reduction of the maximum transverse displacement at the
expense of the higher loading magnitude. In contrast to the general
pattern of the loads with the stiffeners, the loading distinctively in-
creases monotonically in the model without them, while the path of the
load curve reveals infinitesimal vibrations. The presence of stiffeners is
therefore crucial for the desired phenomena of snap-back and snap-
through which aid in energy entrapment in the metastructure.

The profile shapes and Mises stresses of the 2 x 3 lattice with h = 2
(the only model that underwent full compression) is illustrated in
Fig. 12. Within the initial time limit of 10 ms, the uppermost CDBs
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undergo a curvature reverse while the remaining CDBs retain their
original shape or will be on the verge of buckling. By time t = 13.2 ms,
the loading would have reached its maximum limit, followed by the
snapping back of the inverted double-curved beams of the top level. The
transfer of the dilatational waves from the contact interface between the
striker and the lattice forces snap-back buckling in the inverted beams of
the lower level until full compression at t = 23.2 ms occurs. Clearly, due
to the flexibility of the lattice, the contact point of the striker with the
lattice exhibits some deformations giving an initial conical profile shape.
The captured axial deformation of the curved beam relative to the
transverse counterpart was considerably diminutive.

In Fig. 13, the non-dimensional reaction force P, captured at the
midpoint of the bottom support is compared for various bistability ra-
tios. Such a parameter is likewise scaled according to the number of
CDBs. The lower the bistability ratios (h < 4), the higher the number of
fluctuations of reaction forces over the time history of motion, The
models with elevated P, exhibit a higher oscillation frequency as well.
The time point of the separation of the striker from the structure was
monitored as 265 ms for h = 3.5 and 2 ms for h = 4. As such, higher
bistability ratios yield higher lattice stiffness which in turn lowers the
duration of the impact. Upon detachment of the striker from the lattice,
the stored energy is released and results in the residual vibrations in the
CDBs (Fig. 13b) hence the spectrum of the force oscillates about zero
(the local minimum of the equilibrium point) before all the stresses
within he system vanish. As observed, the duration of such oscillations is
prolonged with the models of lower h. According to Fig. 13b, at the time
points of 5 ms and 18.6 ms, respectively, snap-back buckling occurs for
the models h = 5 and h = 4, although the top beam of the lower level
and the inverted beams of the top level of the latter design undergo
snapping at t = 13.4 ms, corresponding to the minimum magnitude of
the force. The highest displacement in the CDBs is associated with the
middle-inverted beam of the top level. Interestingly, except for the
model h = 2, no CDBs in the lowest level exhibited curvature change.

As the striker and the lattice remain in contact up to rest, the striker’s
kinetic energy is fully transferred to the strain energy of the lattice which
manifests in its transverse deformations, until all the kinetic energy of
the striker is transferred and its momentum vanishes. Thereafter, the
unloading phase initiates (Fig. 14), when the lattice relieves the stored
energy and recovers to its original shape, pushing the striker back (up-
wards) in the opposite direction. This is depicted by the reduction of the
reaction force to zero but with fluctuations around this stable position
(Fig. 13).
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5. Concluding remarks

This work deals with the impact resistance of a metamaterial lattice
structure referred to as the Negative Stiffness Honeycomb Metastructure
(NSHM) model made of isotropic material. Utilising the Euler-Lagrange

equations of motion and the Poincaré-Lindstedt perturbation

analytical solutions were derived and compared against parametric
finite element numerical models. It was shown that the CDBs would
generally experience bistability due to a transition from mode 1 to mode
3. The transient dynamics of the forces revealed higher oscillations in
the magnitude and frequency of vibration with the models having lower
bistability ratios. The profile shape of such models (e.g.

remained symmetric with full compression under impact
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forces throughout the motion.

The overall response of the lattice structure made of such beams

technique,

complicated.
5 h = 2)
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response of the models was also characterised by infinitesimal vibrations

without buckling, corresponding to the models of high h.

Although higher modes of deformations were ignored in the study,
the analytical models showed reasonable corroboration with the nu-

becomes more complex as relative displacements between the beams
may occur which correspond to other deformation modes. It should also
be emphasised that, in practice, the buckling phases are interspersed
with rotations and displacements of the beams. Thus, introducing a
more sophisticated model by retaining the higher modes would be at the
expense of higher levels of mathematical complexity and simulation
time. Such an approach would give rise to an infinitesimal improvement
of the model accuracy while rendering the analyses unnecessarily
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The parameters of Eq. (45) are given as.
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