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Introduction

Metrics and connections are two of the cornerstones upon which our description of

differential geometry is built, hence it is desirable to extend these notions to the realm

of quantum spaces. By quantum spaces, we mean a class of appropriately defined non-

commutative algebras, which we interpret as quantizations of functions on the underlying

classical spaces. There are various possible perspectives on this problem and we recall
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some of them below. The goal of this paper is to introduce certain appropriate analogues
of the Fubini-Study metrics and the corresponding Levi-Civita connections for the quan-
tum projective spaces. This generalizes certain results of [12] obtained in the case of the
quantum two-sphere.

Given a (unital) non-commutative algebra A, one possible approach to introduce a
metric is the theory of compact quantum metric spaces [16], developed by Rieffel following
the ideas of Connes. In this theory one introduces a metric on the state space of A in
terms of an appropriately defined Dirac operator, which should satisfy some properties.
Such Dirac operators are readily available for quantum projective spaces, see [3]. Roughly
speaking, what is being quantized in this approach is the distance between points, since
in the commutative situation the points can be identified with the pure states. Instead
we are looking for a quantization of the metric tensor, since we want to have some notion
of compatibility between a connection and a metric. For this reason we adopt a more
algebraic approach, which is explained for instance in the recent book [1] by Beggs and
Majid.

Let us recall some of the ideas of this approach, which we refer to as quantum Rie-
mannian geometry. Given an algebra A, we begin by introducing a differential calculus
Q°® over A, with its degree-one part denoted by Q!. Then a quantum metric can be
defined as an element g € Q! ®4 Q! satisfying an appropriate invertibility condition.
Using the differential calculus, we can also define connections in the standard algebraic
sense. In particular, given a connection V on Q!, there is a standard notion of torsion
as well. To formulate an analogue of the compatibility of V with the metric g there are
two possibilities: 1) a weak version which uses the notion of cotorsion, due to Majid; 2)
a strong version that requires V to be a bimodule connection. In the classical case the
second version coincides with the usual metric compatibility, while the first version is a
weaker property (to be recalled later).

This setup can be applied to the quantum projective spaces, which we regard as
a family within the class of quantum irreducible flag manifolds. It turns out that all
the quantum spaces in this class admit canonical differential calculi £2°, introduced by
Heckenberger and Kolb in [6,7]. We refer to these calculi as canonical since, as soon as
some natural conditions are imposed, they are uniquely defined. These quantum spaces
and their differential calculi admit a uniform description, which we adopt in this paper,
making simplifications relative to the quantum projective spaces only when needed. We
expect that the results obtained in this paper will hold more generally for all quantum
irreducible flag manifolds, with those obtained here providing important steps in this
direction.

Having the calculi Q°® at our disposal, we can discuss quantum metrics and connections
on them. We denote by B the algebra of a generic quantum projective space and write
Q = Q! Our first main result is the existence of quantum metrics in the sense of
Definition 3.5, which also requires the existence of appropriate inverse metrics.
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Theorem (Theorem 6.11). Any quantum projective space B admits a quantum metric
g € Q®p Q. Moreover, in the classical limit it reduces to the Fubini-Study metric.

Next, we look at connections on the first-order differential calculi 2. We show the
existence of some particular connections and investigate the properties of torsion and
cotorsion. The latter involves the quantum metric g introduced above. In particular, the
condition of cotorsion freeness should be seen as a weaker notion of compatibility with
the metric (see Definition 3.11 and the remarks after that). Our second main result is
the following.

Theorem (Theorem 7.7). Any quantum projective space B admits a connection V : ) —
QRpQ which is torsion free and cotorsion free. Moreover, in the classical limit it reduces
to the Levi-Civita connection for the Fubini-Study metric on the cotangent bundle.

A connection which is torsion and cotorsion free is called a weak quantum Levi-Civita
connection in [1], since the ordinary Levi-Civita connection (on the tangent bundle) can
be characterized as the unique connection which is torsion free and compatible with the
metric. It is natural to ask whether V is a bimodule connection and if the condition of
metric compatibility holds in the strong form. Indeed, this turns out to be the case.

Theorem (Theorem 8./). The connection V : Q@ — Q@5 Q is a bimodule connection and
is compatible with the quantum metric, in the sense that Vg = 0.

In this case we say that V is a quantum Levi-Civita connection, in perfect agreement
with the classical description. Hence we find that, in the case of quantum projective
spaces, the classical theory can be lifted to the quantum realm in a fairly satisfactory
way.

Our results generalize those of [12] for the quantum two-sphere (the simplest case of
a quantum projective space), with the notable difference that the conditions of being a
bimodule connection and metric compatibility in the strong form were not investigated.

A quantum metric and a connection are the main ingredients needed to study further
aspects of quantum Riemannian geometry, as discussed in [1]. This program is carried out
further in [12], where it is shown for instance that the quantum two-sphere satisfies an
analogue of the Einstein condition: this means that the quantum metric is proportional
to an appropriately defined Ricci tensor, defined using the curvature of the connection.
We conjecture that this will hold for all quantum projective spaces, and more generally
for all quantum irreducible flag manifolds. We plan to tackle this problem in future
research.

Let us also discuss how our results compare to the existing literature on connections
for quantum projective spaces. A lot of attention has been reserved to the case of line
bundles, for instance we mention [9,8] for their focus on complex geometry. More relevant
for us is the paper [15], where the theory of quantum principal bundles is used to intro-
duce a connection on the cotangent bundle, using a non-canonical calculus on the total
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space (the quantum special unitary group, in this case). We point out that no further
properties of these connections are explored, and extensive use is made of the explicit
algebraic relations, making it hard to generalize to arbitrary quantum flag manifolds.

We should mention that the connections introduced in [15] turn out to coincide with
those we describe here. This follows from the recent results of [4], where representation-
theoretic methods are used to prove the following result: there exists a unique covariant
connection on the Heckenberger-Kolb calculus €2 over a quantum irreducible flag man-
ifold. Moreover they show that this connection is torsion free. It should be possible to
extend these techniques to study some further aspects, a plan which is currently under
investigation.

However, one notable drawback of the representation-theoretic approach is that it
does not give explicit formulae for the connections. On the other hand, in this paper
we provide explicit formulae, which for instance allow us to straightforwardly check the
classical limit. Another bonus is that our approach is essentially self-contained, since we
only use the relations in the Heckenberger-Kolb calculus €2, plus general identities of
categorical nature.

Finally let us say something about uniqueness of the structures presented in this
paper, since in the classical case the Levi-Civita connection is the unique connection
which is torsion free and compatible with the metric. This is also the case here, as long
as we insist that everything should be covariant, that is compatible with the quantum
group (co)action. In this case uniqueness follows from representation theory, essentially
as in the classical case: as already mentioned, the results from [4] show that there is
a unique covariant connection on 2; by similar arguments, one shows that coinvariant
quantum metrics are unique up to a scalar. However, what is not clear from this point
of view is why the connection and the quantum metric should be compatible, which is
one of the goals we achieve in this paper.

Let us now discuss the organization of this paper. The first four sections contain
various background material, presented in a form suitable for our needs. In Section 1
we recall some basic facts about compact quantum groups, while in Section 2 we recall
various identities holding in the setting of rigid braided monoidal categories, which we
use throughout the text. In Section 3 we give the precise definitions involving differential
calculi, quantum metrics and connections. In Section 4 we describe the quantum irre-
ducible flag manifolds following [7], with some small changes. Section 5 is also largely
explanatory, as we recall the description of the Heckenberger-Kolb calculi for quantum
irreducible flag manifolds, but we also prove various alternative expressions for some of
the relations of the calculi.

The next three sections contain the proofs of our main results. In Section 6 we intro-
duce the quantum metrics, discuss some of their properties and finally prove the existence
of appropriate inverse metrics. In Section 7 we introduce two connections on the holo-
morphic and antiholomorphic part of the calculi. Their direct sum gives a connection
which we show to be torsion free and cotorsion free. In Section 8 we show that this is a
bimodule connection and verify the property of metric compatibility in the strong form.
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Many technical computations are relegated to the appendices, to make the main text
more readable. In Appendix A we recall various results about projective spaces, to facil-
itate the comparison with the quantum case. In Appendix B we prove various properties
satisfied by the maps S and S, which we use to rewrite some of the relations of the
Heckenberger-Kolb calculus. In Appendix C we prove many of the technical identities
that are used in the main text. Finally in Appendix D we introduce various bimodule
maps, some used to define the inverse metrics and some to check the bimodule property
of the connections.

Acknowledgments I would like to thank Réamonn O Buachalla for various discussions
and his comments on a preliminary version of this paper.

1. Quantum groups
In this section we review some background material on compact quantum groups.
1.1. Quantized enveloping algebras

We use the conventions of the book [10], since they are used in our main reference
[7]. Let g be a complex simple Lie algebra. Given a real number ¢ such that 0 < ¢ < 1,
the quantized enveloping algebra U,(g) is a certain Hopf algebra deformation of the
enveloping algebra U(g), defined as follows. It has generators {K;, E;, F;}/_, with
r := rank(g) and relations as in [10, Section 6.1.2]. In particular, the comultiplication,
antipode and counit are given by

AK) =K, ®K;, AE)=E®K+1®E, AF)=F®l+K '®F,
S(Ki) =K', S(E)=-EK,', S(F)=-KF,
e(Ki) =1, e(E;) =0, e(F;)=0.

Given A = Y"1, n;a; we write Ky := K" - K. Let p := % > as0 @ be the half-sum
of the positive roots of g. Then we have S?(X) = KQPXKQ_pl for any X € Uy(g).

We also consider a s-structure on Ugy(g), which in the classical case corresponds to
the compact real form u of g. We can take for instance

K!=K,;,, E/=KF, F'=EK"
The precise formulae are not very important here, as any equivalent *-structure works
equally well for our purposes. We write U, (1) := (U,(g),*) when we consider Uy,(g)
endowed with the x-structure corresponding to the compact real form.
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1.2. Quantized coordinate rings

The quantized coordinate ring C4[G| is defined as a subspace of the linear dual U, (g)*.
We take the span of all the matrix coefficients of the finite-dimensional irreducible rep-
resentations V(A) (see below). It becomes a Hopf algebra by duality in the following
manner: given X,Y € Uy(g) and a,b € C,4[G] we define

(@b)(X) := (a @ HAX), A@)(X®Y):=a(XY),
S(a)(X) = a(S(X)), 1(X):=e(X), e(a):=a(l).

Moreover it becomes a Hopf x-algebra by setting
a*(X) = a(S(X)*).

We write C,[U] := (C4[G], *) for C4[G] endowed with this *-structure.
We have a left action > and a right action < of Uy(g) on C4[G] given by

(X>a)(Y):=a(YX), (a<X)Y):=a(XY).
Using the action of Uy(g) on C,[G] we can define quantum homogeneous spaces.
1.8. Matriz coefficients

The representation theory of U,(g) is essentially the same as that of U(g), hence of g.
In particular we have analogues of the highest weight modules V() for any dominant
weight A, which we denote by the same symbol. Given a finite-dimensional representation
V., we define its matriz coefficients by

(e} )(X) = f(Xv), [feV', veV, X eUys)

These elements span C,[G], according to the description given above.
We say that an inner product (-,-) on V is U, (u)-invariant if it satisfies

(Xv,w) = (v, X*w), Yv,weV, VX € Uy(u).

Here we use the s-structure of Uy(u). It is well-known that an U,(u)-invariant inner
product exists on every representation V(A), and it is unique up to a constant. We
typically write {v;}; for an orthonormal weight basis of V(\) with respect to (-, ), and
write \; for the weight of v;. We also denote by {f}; the corresponding dual basis of
V(A)*.
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2. Categorical preliminaries

The category of finite-dimensional U, (g)-modules is braided monoidal, that is we have
a tensor product and an analogue of the flip map. We use some of the language of tensor
categories to make our computations more natural, with [5] as our main reference.

2.1. Braiding

A braiding on a monoidal category is the choice of a natural isomorphism X ® Y =
Y ® X for each pair of objects X and Y, satisfying the hexagon relations [5, Definition
8.1.1]. Tt is a generalization of the flip map in the category of vector spaces.

For the category of finite-dimensional U,(g)-modules we write the braiding as

Ruw: VoW sWaelV.
An important relation satisfied by the braiding is the braid equation, which is

(Rw.z ®idy ) (idw ® Ry.z)(Ryw ®idz) = (idz ® Ryw)(Rv.z ® idw)(idy ® Rw.z),

acting on V@ W ® Z for any modules V, W, Z. In the following we employ a leg-notation
for the action on tensor products, in terms of which the braid equation reads

A N A A N A

(Rw,z)12(Rv,2)23(Rv,w )12 = (Rv,w)23(Rv,2)12(Rw, 2) 23- (2.1)

A braiding on the category of finite-dimensional U,(g)-modules is not quite unique.
We adopt the same choice as [7], which is described as follows. Consider two simple
modules V(A) and V(1) and choose a highest weight vector vy for the first and a lowest
weight vector v, for the second. Then the braiding is completely determined by

Ry (), () (03 @ vagp) = ¢ vy ® 0.

Here (-, -) denotes the usual non-degenerate symmetric bilinear form on the dual of the
Cartan subalgebra of g (rescaled so that («, ) = 2 for short roots «, for definiteness).
Indeed, vy ® vy, is a cyclic vector for V(A) @ V(u), hence FAQV(A)VV(H) is completely
determined by the action on this vector and the fact that it is a U,(g)-module map.

2.2. Duality

The notion of duality in a monoidal category is captured by the existence of evaluation
and coevaluation morphisms. In our setting these are maps

evy : V'@V - C, coevy :C -V V™,
evi, :VeV*—=C, coevy:C—=V"®V,
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satisfying certain duality relations to be recalled below. Here V is a finite-dimensional
Uq(g)-module and V* is its linear dual. The maps evy and coevy are related to the
existence of a left dual, while evi, and coev{, to the existence of a right dual. In the
case of U,(g), the property S?(X) = KQPXK;pl guarantees that the two duals can be
identified.

Let us now discuss the explicit formulae for the category of finite-dimensional U,(g)-
modules. Take a weight basis {v;}; of V, with \; the weight of v;, and a dual basis {f*};
of V*. Then the evaluation and coevaluation maps are given by

evv(fi ® ’Uj) = (5;7 coevy = Z’Ui &® fi,

eV,v(Ui ® f]) — q(297)\i)53, coer, — Zq—(2p,>\i)fi ® v;.

The factor ¢(27*?) comes from the action of K, and is related to the square of the
antipode.
In the following we are going to fix a simple module V and write

=evy, E :=ev}, C:=coevy, C :=coevy.
We use the leg-notation for the action of these morphisms on tensor products. We write

Ei,i"‘l(wl®--'®wi—1®f®v®wi+2®-~-®wn)
=E(f@0uw @ - Qw1 QWito @ - - - wy,

with v € V and f € V*, while for the coevaluation we write

Gt @ @uwp)=w1 @ Qw1 @Y 0, @ @w; @+ @ wy.
J

Similarly in the case of E' and C'. Using the leg-notation, the duality relations of [5,
Section 2.10] for the evaluation and coevaluation morphisms can be written as

Ex3Cy =id, E2Cy =id,

(2.2)
E),C, =id, E,C) =id.

We also have various compatibility relations with the braiding IQV}W, since the latter
is a natural isomorphism in both entries. For the evaluation morphisms we have

Ei2 = Eas(Ry+ w)i2(Rvw)2s,  Easz = Era(Rwv)as(Rw.v+ )12,

2
S (2.3)
E12 - E23(RV,W)12(

(R
Rv-w)as,  Eay = Elo(Rwv-)as(Rwv o

Similarly, for the coevaluations morphisms we have
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C = (I?W,V*)23(: wy)12Ce, Ca= (I?V,W)12(§\A/*,W)23C17 (2.4)
Ci = (Rwv)2s(Rwv-)12Ch,  Cy = (Ry+ w)i2(Rv,w)23Cy.
Finally we need the following identity, valid for a simple module V.
Lemma 2.1. Let V = V() be a simple module. Then we have
EoRyy. = g~ WM2FE, (2.5)

Proof. Observe that both Eo ﬁvy* and E’ are morphisms from V ® V* to C. Since V is
a simple module, we must have E o FAQ\/,V* = cE’ for some ¢ € C. To find the constant we
evaluate both sides at v; ® f!, where v; is a highest weight vector of V = V(\) and f!
is its dual. In our conventions for the braiding we have Ry v+ (v; ® f1) = ¢~ MV fl @ ;.
Then

EoRyy-(v1 ® f1) = ¢ MVE(f @ vy) = ¢ M.
On the other hand we have E'(v; @ f1) = ¢(?#*1) = ¢(27}) Hence ¢ = ¢~ M 20, g
3. Differential calculi, metric and connections
In this section we collect various definitions about differential calculi and connections.
3.1. Differential calculi

In this section A denotes an arbitrary algebra. The definitions recalled here are fairly
standard and one possible reference is [10].

Definition 3.1. A differential calculus over A is a differential graded algebra (2¢,d) such
that Q% = A and which is generated by the elements a,db with a,b € A.

If A is a x-algebra, we say that (Q°,d) is a x-differential calculus if in addition the *-
structure of A extends to an involutive conjugate-linear map on °, such that da* = (da)*
and (w A x)* = (—1)PIx* Aw* for all w € QP and x € Q9.

The concrete definition of a differential calculus usually begins with the description
of its degree-one part. This leads to the following definition.

Definition 3.2. A first order differential calculus (FODC) over A is an A-bimodule €
with a linear map d : A — € which obeys the Leibniz rule

d(ab) = dab + adb, a,be€ A,

and such that Q is generated as a left A-module by the elements da with a € A.
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Given any FODC (,d), there exists a universal differential calculus such that its
degree-one part is 2. The universal property in this case is the following.

Definition 3.3. The universal differential calculus associated to a FODC (£2,d) over A
is the unique differential calculus (Q¢,d,) over A with Q! = Q, d,|4a = d and such
that the following property is satisfied: for any differential calculus (I'®,d’) with 't = Q
and d’|4 = d, there exists a map of differential graded algebras ¢ : Q8 — I'* such that

(ZS‘A@Q = ld

The universal differential calculus can be constructed as a quotient of the tensor
algebra of the A-bimodule Q!, with differential d,(agpda; A --- A day,,) = dagda; A -+ A
da,. Any differential calculus can be obtained as a quotient of the universal differential
calculus.

Finally we recall the notion of induced calculus over a subalgebra.

Definition 3.4. Let B C A be a subalgebra and (€2,d) a FODC over A. Then the induced
FODC over B is defined by Q| = span{b;dbs : b1, by € B} and with differential d| 5.

3.2. Metrics

We now recall the notion of quantum metric as stated in [1, Definition 1.15]. Notice
that invertibility is part of the definition.

Definition 3.5. A (generalized) quantum metric is an element g € Q' ® 4 Q! which is
invertible, in the sense that there exists a bimodule map (-,-) : 2! ®4 Q! — A such that

(w7g(1))g(2) —w= g(l)(g(2)7w)
for all w € O, where we write ¢ = ¢ @ ¢(@.

Remark 3.6. From the categorical point of view, a quantum metric makes Q! into a
self-dual object in the monoidal category of A-bimodules.

Notice that the definition of a quantum metric only uses Q', the degree-one part of
Q°. To impose an analogue of the symmetry condition we also use Q2.

Definition 3.7. A quantum metric g € Q' ® 4 Q! is symmetric if we have A(g) = 0, where
A Q@ Q! — Q2 denotes the wedge product of one-forms.

Finally, in the case when A is a %-algebra and Q° is a *-differential calculus, we can
require the metric to be real in the following sense.

Definition 3.8. A quantum metric g € Q' @4 Q' is real if we have ¢ = g, where  :=
flip o (* ® %) is given by the *-structure composed with the flip map.
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3.3. Connections

The notion of connection on a module is quite standard. We are only going to consider
left connections, so we omit “left” after the definition.

Definition 3.9. A (left) connection on a (left) A-module F is a linear map Vg : E —
0! @4 E which obeys the (left) Leibniz rule, that is

VEe(ae) =da®e+aVg(e), ac A eck.
For the left A-module E = Q' we can define additional properties.

Definition 3.10. The torsion of a connection V : Q! — Q! @4 Q! is the left A-module
map Ty : Q' — Q2 defined by

TV =AoV —d.
A connection is called torsion free if Ty = 0.
Now suppose that Q' admits a quantum metric g € Q' ®4 Q' as in Definition 3.5.
Then we can consider the cotorsion of the connection V with respect to g, a notion

introduced by Majid in [11] as a weaker version of metric compatibility.

Definition 3.11. The cotorsion of a connection V : Q' — Q! ® 4 Q! with quantum metric
g€ Q' ®4 Q' is the element coTy € 02 @4 Q' defined by

coTy := (d®id — (A®id) o (id ® V))g.
A connection is called cotorsion free if coTy = 0.

Remark 3.12. Let M be a smooth manifold with metric g. Consider a connection V on
M, defined in the usual sense as acting on vector fields. Define a connection V* by

XY, 2)) =9(VxY,Z) + g(Y,Vx Z).

Here XY, Z are vector fields on M. As discussed in [1, Corollary 5.70], the cotorsion of
the connection V can be identified with the torsion of the connection V* defined above.
In particular, if V is torsion free then the cotorsion free condition gives

(ng)(Y7 Z) = (ng)(Xv Z)

for all vector fields X,Y, Z. This is a weaker condition than (Vxg)(Y,Z) = 0, which is
the standard metric compatibility condition with respect to the metric g.
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In the classical case, the Levi-Civita connection is the unique connection on the tan-
gent bundle of a smooth manifold which is torsion free and compatible with the metric.
This motivates the following definition, see [1, Definition 8.2].

Definition 3.13. A weak quantum Levi-Civita connection is a connection V : Q' — Q' ®4
Q! which is torsion free and cotorsion free.

To introduce a strong version we need bimodule connections, which we now recall.
3.4. Bimodule connections

Classically a connection on Q! naturally extends to a connection on the tensor product
Q' @4 Q'. In the quantum case this lifting requires the connection to be a bimodule
connection, defined as in [1, Definition 3.66].

Definition 3.14. A (left) bimodule connection on an A-bimodule E is a (left) connection
Vg : E = Q! ®4 F together with an A-bimodule map og : E®4 Q' — Q' ®4 E such
that

VEe(ea) =op(e®da)+ Ve(e)a, e€E, ac A.

The bimodule map og, called the generalized braiding, is not additional data for the
connection. Indeed, if it exists it is uniquely determined by the condition above.

A bimodule connection V : Q! — Q! @4 Q! can be extended to a connection on
O @4 Q! by the Leibniz rule and the generalized braiding, see [1, Theorem 3.78]. In
particular, given a quantum metric g € Q! ® 4 Q' we can consider

Vg=(V®id)g+ (¢ ®id)(id ® V)g.
This naturally leads to the following definition.

Definition 3.15. Let V be a bimodule connection on Q'. We say that it is quantum metric
compatible with a quantum metric g € Q' ® 4 Q! if Vg = 0.

Remark 3.16. As discussed before, in the classical case cotorsion freeness is a weaker
property than metric compatibility. In the quantum case we need an extra assumption
to compare the two notions, namely the condition A o (¢ +id) = 0 for the generalized
braiding. Under this condition and torsion freeness of V we obtain coTy = (A ® id)Vy,
see [1, Section 8.1]. This shows that cotorsion freeness is a weaker property, in this case.

Finally we can formulate the notion of Levi-Civita connection, as in the classical case.
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Definition 3.17. Let V : Q' — Q' ®4 Q! be a bimodule connection and let g € Q' @4 Q*
be a quantum metric. Then we say that V is a quantum Levi-Civita connection if it is
torsion free and quantum metric compatible with g.

4. Quantum flag manifolds

The quantum projective spaces can be regarded as the easiest family to describe
within the class of quantum (irreducible) flag manifolds. All these quantum spaces admit
a uniform description, which we recall here. Even though the focus of this paper is on
the projective spaces, many of our computations also work for general irreducible flag
manifolds. We take some care in explaining the index-free notation we are going to
employ in the following, as it simplifies the computations tremendously (once one gets
the hang of it).

4.1. Geometrical description

We start by quickly recalling the definition of a flag manifold in the classical case,
for precise definitions see for instance [2]. Let G be a complex simple Lie group, with
compact real form U. Corresponding to any subset of simple roots, denoted by S, we can
define a parabolic subgroup Ps C G and a Levi subgroup Ls C Ps. A (generalized) flag
manifold is a homogeneous space of the form G/Ps. In terms of the compact real form,
we have the subgroup Kg := PsNU = Lg N U and the isomorphism G/Ps = U/Kg.

In the quantum case, we begin by introducing an analogue of the Levi factor [g (the
Lie algebra of Lg), following [17]. The quantized Levi factor Uy(lg) is defined by

Uq([s) = <K“ Ej, Fj vel, je S> C Uq(g)
Here () denotes the subalgebra generated by the given elements in Uy(g). It is easily
verified that U,(lg) is a Hopf subalgebra. Moreover it is a Hopf s-subalgebra with =
corresponding to the compact real form. Taking the x-structure into account we write
Uq(ts) := (Uy(ls), *). The quantum flag manifold C,[U/Kg] is then defined as
C,lU/Ks] := C,[U)V1*s) = {a € C,[U] : X ba =e(X)a, VX € U,(ks)}.
In the following we restrict to the case of irreducible flag manifolds. At the Lie algebra

level these can be characterized as follows: the set S consists of all the simple roots except
for as, where a4 is a simple root appearing with multiplicity one in the highest root of g.

4.2. Generators and relations

The quantum flag manifolds C,[U/Kg] admit a uniform description in terms of gen-
erators and relations. We follow the presentation in [7].
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Consider the simple U,(g)-module V := V(ws), where w, is the fundamental weight
corresponding to the simple root as; described above, and write N := dim V.
We define the algebra A with generators {v¢, f1}I¥ | and relations

P =q @) S Ry, v'v? =g @) Y Ry )0,
Kl Tl

,Uifj — q(ws,ws) Z(RVV* klfk l Z,U fz — 1

k,l

(4.1)

These generators should be interpreted as follows: after fixing a weight basis {v;}¥, of
V= V(ws) we have the dual basis {f*}N ;| of V* =2 V(—wow,) and the double dual basis
{3V of V** 22 V(w;) (defined by v¥(f7) = d;;). One can check that this identification
makeb A into a U,(g)-module algebra. Then we have the following result.

Lemma 4.1. The U,(g)-module algebra A is isomorphic to the U, (g)-module subalgebra of

WoWs

C4[G] generated by the matriz coefficients cf1 and c;!fl ', where vy is a fived highest
weight vector of V(ws). The isomorphism is given by

—wWoWs

7 7
= vt e

f”U7

The algebra A is Z-graded by deg f* := 1 and degv’ := —1. We write B := A for its
degree-zero subalgebra, which is generated by the elements p¥/ := fiv7,

Proposition 4.2. The algebra B is isomorphic to the quantum irreducible flag manifold
CylU/Ks] as a Uy(g)-module under the isomorphism above.

The relations for the generators p/ of B are given in [7, Section 3.1.3]. Write
Pyv i=Ryy — ¢, Py ye = Rye pe — g9,
Then the relations can be written as

Z (PVV)(IQ )bkpacpdl 0, Z (PV* V*)ab(ﬁ )igpchdb 0,
a,b,c,d a,b,c,d

qu(QpJ\i)pii — q(ws,2p).
i

(4.2)

Remark 4.3. The last relation appears as g(<s«s) Zi,j,k(RV ve)EFpd = 1 in [7]. We

rewrite it using the identity E o ﬁv ve = ¢~ @@ T20)E from Lemma 2.1, which leads to
Zk(va*) =q —(ws,w q+2p)q (2N )5 Using this we obtain Z q (2M )pu — q(ws,2p)

As shown in [13, Proposition 3.3], the algebras A and B can be made into *-algebras as
follows. Choosing an orthonormal basis for V' = V(w,) with respect to a U, (u)-invariant
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inner product, the *-structure is given by (f*)* = v®. In this case, the isomorphism from
Lemma 4.1 becomes a *-isomorphism. For the generators p* of B we have (p¥)* = p/°.

4.3. Indez-free notation

In the following we adopt an index-free notation, as done in [7], since it makes com-
putations significantly clearer. The basic idea is very simple: for instance, with {v;}; the
basis of V' (note the lower index) we write

Z(IQV’V)?E’UZ"UQ’UZ,’U[ <— (ﬁv’v)g‘gv’u’l}v.
a,b

We want to use a similar notation for the generators {f%,v*}¥.| of A. What complicates

matters here is that we want to consider f* as a linear functional on V and v’ as a linear

functional on V*, since this is how we have defined the U,(g)-module structure on .4

(and the reason why we use upper indices for the generators). The bottom line is that we

need to consider the action of U,(g)-module maps on these elements via the transpose.
To give a concrete example, in this notation the first relation of (4.1) becomes

P =g @) S Rov)G = ff=q““) Ryv)nff.

K,

To give a different example, the last relation Y, v'f* = 1 of (4.1) becomes Ejovf = 1,
since the LHS is Zi,j E;;jv'f7 and we have E;; = 6i?_' As a final example, the expression
Cy f carries three indices and corresponds to (Cy f)¥* = §;; f*.

With this notation, the relations of A can be rewritten in the condensed form

ff=a““I)Ryyvhaff, vo=q @) Ry )00,

X (4.3)
vf = ¢ (Ryy)iafv, Epuf=1.

The situation is similar for the flag manifold B C A. In this case we have the generators
p¥ = fivd, which carry two indices, and the relations can be written as

(PV,V)12(|A?\_/,1V*)23PP =0, (PV*,V*)34(§X_/}V*)ZBPP =0, Ejp=q?). (4.4)
5. Heckenberger-Kolb calculus

In this section we describe the Heckenberger-Kolb calculus associated to an irreducible
quantum flag manifold, as introduced in [7]. We also give a slightly different presenta-
tion of some of the relations, which turns out to be more convenient for our purposes.
Finally we focus on a particular situation, which we refer to as the quadratic case, which
geometrically corresponds to the quantum projective spaces.
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5.1. Definitions

We start by describing the FODC (£, d) associated to the Heckenberger-Kolb calculus.
We have Q := Q, ®Q_ and d := §+ 0, where the two FODCs Q. and €_ are generated
as left B-modules by dp and dp respectively (we use the index-free notation from now
on). To describe the relations we need some additional notation. Recall that Py y =
ﬁv,v — q(ws’“’s) and Py« y- = liv*,v* — q(ws’“’s). We also write

Quyy = Ryy + ¢ 7(@00) 1 Que yui= Ry yo 4 g@ewe) T(0000),
Then € is generated by Jp, as a left B-module, with relations
(PV,V)12(QV,V)12(§;/71V*)23pap =0, (PV*,V*)34(§§}V*)23PGP =0, E9p=0. (5.1)
Similarly, Q_ is generated by dp with relations

(PV*,V*)34(QV*,V*)34(§\7’1‘/*)23295}7 =0, (PV,V)12(FA3(/}V*)23P(§LD =0, Ej,0p=0.

5.2
To define the right B-module structure, let us introduce the notation >
Tio34 := (r?v,v*)23(§v,v)12(§\_/1y*)34(|§‘_/71‘/*)23- (5.3)

Then the right B-module structure of Q4 and Q_ is defined by
Opp = ¢'** ) T1934p0p,  Ipp = ¢~ **) T1234p0p. (5.4)

Finally, the Heckenberger-Kolb calculus (£2°,d) is the universal differential calculus
associated to (©,d). It turns out that we have the decomposition d = d + 9 also in
higher degrees. In particular, this implies that 9> = 9> = 0 and 99 = —09. Moreover,
as shown in [13, Theorem 4.2], the calculus (Q°,d) becomes a #-calculus upon setting

(Op)" = op".
5.2. Induced calculi

In [7] the FODCs €4 and Q_ over B are constructed as induced calculi from some
auxiliary FODCs I';. and I'_ over the larger algebra A. This description is also useful
for us, so we recall the details below.

Consider the algebra A introduced before, generated by f and v. We define the left
A-modules I'y and I'_, generated respectively by df and dv, with relations

(Pyvv)12(Quv)i2fof =0, (Py= v+ )12(Qv+ v+)1200v = 0,

_ 5.5
E12v8f = 0, E/12f8’l) =0. ( )
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The last two relations come from Ejpvf = 1 and E}, fv = ¢(“2),
The right A-module relations are as follows. For I' ;. we have

Off = g2~ )Ry o fOf,  0fv=q @) (R )1vdf.  (5.6)
The relations for I'_ are

dvf = q @) Ry )1afdv, Ovv = q(“““s)_(as’%)(ﬁ;l’v*)mvgv. (5.7)

The differentials of the two FODCs are specified by requiring that dv = 0 and df = 0.
The FODCs €24 and Q_ are the induced calculi over B obtained from I'y and I'_.
This description, together with the relation Ejovf = 1 and p = fv, leads to the relations

Easpdp =0, Ea30pp = Op, (5.8)

Eospdp = 9p,  E230pp = 0.
For more details see for instance [13, Lemma 5.2] (with different notation).
5.8. Different presentation

It is convenient to work with the relations of the FODC (2 in a slightly different form,
which we now derive. We begin by defining the maps

Si23 = (IQV,V*)zs(ﬁv,v)12(§\_/}v*)23, (5.9)

Sosa = (ﬁV,V*)QIS(ﬁ;/l,V*)34(|§\;,1\/*)23'

Observe that Ti934 = 5123§234, where T is the map defined in (5.3) and related to the
right B-module structure. The proof of the following result is given in Proposition B.1.

Proposition 5.1. The maps S and S satisfy the following properties.
(1) We have the commutation relations
S1235234 = 52345123, 52345345 = S3455234. (5.10)
(2) We have the “braid equations”
S12353455123 = S34551235345, 523454565234 = Su5652345 456 (5.11)
In particular, observe that we can also write T1934 = 52345123.

We now use the maps S and S to rewrite some of the relations of the FODC Q. We
begin with the relations that involve Py y and Py« y«.
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Lemma 5.2. The relations
(Pv*,v*)34(|§\7}v*)23p3p =0, (Pv,v)12(§‘771\/*)23p5p =0,
of the FODC Q) are equivalent to
(Saza — g~ ))pdp =0, (S — ¢“**))pdp = 0. (5.12)
Using the right B-module structure, they are also equivalent to
(Saza —q~“=))App =0,  (Sizs — ¢“**))dpp = 0. (5.13)

Proof. We consider the first relation (PV’V)lg(IQ‘_/}V*)ggpép = 0, the other one is treated
in a similar way. Applying (ﬁv,v*)zzs and using Py y = IQV,V — ¢@sws) we get

(ﬁvy*)23(§V,v)12(§‘_/’1v*)23p5p — g @) pdp = 0.

Since Sqs3 = (§V7v*)23<|§V’\/)12(§‘7’1‘/*)23 we obtain (Sia3 — q(“’s’wi))pép =0. )
Next, using the right B-module structure from (5.4), we have pdp = q(as"’s)TﬁlM@pp.
Then the identity (Sia3 — ¢(“=“*))pdp = 0 can be rewritten in the form

(S12s — q1“**)) T155,0pp = 0.

As S123 commutes with Tf2134, the identity (Sia3 — ¢(“=“<))dpp = 0 follows by applying
Ti234. O

Note that the previous identities also hold with pp instead of pdp or pdp, since we
have the relations (4.4). Next, we rewrite the right B-module relations.

Lemma 5.3. The right B-module relations (5.4) of Q are equivalent to
Opp = q >+ )= @oe)S apdp,  Opp = q o) (@S5 pp. (5.14)

Proof. By Lemma 5.2, the relation (PV*7V*)34(§;}V*)23p8p = 0 is equivalent to
Sog4pdp = ¢~ “»*=)pdp. Using this and T34 = S1235234 we compute

(as;as)_(wsv

Opp = q(as’%)Tugwap = q(as’aS)5123§234pa}7 =q w3)5123pap'
Similarly, using S123pdp = ¢“=*“*)pdp we obtain
Opp = ¢ @) T 1934p0p = g~ (=9 Sy34S193p0p = q(@o ) (@IS0 pdp. O

Finally, we rewrite the relations involving Py yQv,y and Py« v« Qy« v+ in terms the
maps S and S, as well as using the bimodule structure of €.
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Lemma 5.4. The relations
(PV,V)12(QV,V)12(§‘_/}V*)23]7817 =0, (PV*,V*)34(QV*,V*)34(|§\_/71V*)23]75}7 =0,

of the FODC Q are equivalent to

(Szs — ¢ ) (pOp +0pp) =0, (Szza —q~ =) (pdp+ Ipp) =0.  (5.15)
Proof. We only prove the first identity, the second one is treated similarly. Consider

(PV,V)12(§\_/71V*)QB(QV,V*)23(QV,V)12(|§‘7,1\/*)23Z78P = 0.
Using Lemma 5.2 for the element (ﬁv)v*)gg, (QV)V)lQ(ﬁ;)l‘/*)23p8p, this is equivalent to
(S123 — q(ws’ws))(ﬁv,v*)23(Qv,v)12(§\771\/*)23]95p =0.

Next, using Qy,y = IA?Vy + gwswa)—(@s00) we rewrite

(ﬁv,v*)23(Qv,v)12(|§1_/,1v*)23 = (ﬁv,v*)23(ﬁv,v)12(|§‘_/,1v*)23 + g@sws)—(asa0)

)= (@) (glana)—(@nw)g o 4 1),
Using Opp = ¢(@=@)=(@s:0:) S 50pdp from (5.13) we obtain

(r?v,v* )QS(QV,V)12(|§‘_/}V*)23P(3P = qWows)=(ana) (Opp + pop).

Hence we conclude that (Sia3 — q(“’s’“s))(pap +0pp)=0. O
5.4. The quadratic case

In this paper we consider the situation when IA?V,V satisfies a quadratic relation, and
refer to this as the quadratic case. When V' = V(wy), this corresponds to a tensor product
decomposition with only two simple factors, that is

V(ws) @ V(ws) =2 V(2ws) @V (2ws — ag).

The eigenvalues of the braiding in this case are ¢(@=«s) and —q@sws)=(@2:)  corre-
sponding to V(2ws) and V(2ws — as) respectively. The quadratic relation satisfied by
the braiding IQVy, also known as the Hecke relation in this context, is given by

PrvQuy = (Ry,y — =) (Ryy + g@sws)=(enesdy = g,

The situation is completely analogous for IQV*,V*. Geometrically, the quadratic case of
the Heckenberger-Kolb calculus corresponds to the quantum projective spaces. Indeed
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this holds for Uy(g) = U,(slr41) and the choice ws = w; or ws = wy, corresponding to
the fundamental representation or its dual, which satisfies the quadratic decomposition
above.

In the quadratic case the relations for £, and _ can be simplified. Indeed, the
first relation of (5.1) is automatically satisfied, due to the quadratic relation for IA?V,V.
Similarly for the first relation of (5.2), due to the quadratic relation for I%V*y*. Taking
into account the presentation in terms of S and S discussed above, we obtain the following
description.

In the quadratic case, 2 is generated as a left B-module by dp with relations

(Szsa — g~ @ ))pdp =0, Ejdp = 0. (5.16)
Similarly, Q_ is generated by dp with relations
(Srzs — ¢+ ))pdp =0, E},0p =0. (5.17)

Let us also consider the FODCs I' ;. and I'_ over the larger algebra A in the quadratic
case. The first two relations in (5.5) are identically satisfied and we are left with

Evdf =0, E\fov=0. (5.18)

Finally, as a consequence of the quadratic relation for the braiding, we have the
following relations for the maps S and S, as shown in Lemma B.2.

Lemma 5.5. In the quadratic case we have the relations

Siag = ¢ (@)l g glunwe) (1 — g (@eae)), (5.19)
5234 _ q(as,as)72(ws,ws)§2—314 + qf(ws’ws)(l _ q(as,as))_ (5.20)

6. Quantum metrics

In this section we define quantum metrics for the quantum projective spaces, reducing
to the Fubini-Study metrics in the classical case. Our main result here is Theorem 6.11,
which shows that these are quantum metrics according to Definition 3.5, that is they are
invertible in a suitable sense. We also discuss various properties they satisfy.

6.1. Definition and properties
For this first part there is no particular need to restrict to the case of quantum

projective spaces, hence {2 denotes the Heckenberger-Kolb FODC corresponding to a
generic quantum irreducible flag manifold.
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We define g := g4 + g_4 where we write

gy = ElyEo30p®@dp € Oy @50, 6.1)
gt = E|yE230p @ Op € Q_ @5 Q. '

Remark 6.1. For the quantum projective spaces, g reduces to the Fubini-Study metric in
the classical limit. This can be seen from the formula (A.1) in terms of the projection p.

Before tackling the issue of invertibility, we show some properties satisfied by g. We
begin by showing that g is symmetric (Definition 3.7) and real (Definition 3.8).

Proposition 6.2. We have that g is symmetric and real.
Proof. To show that g is symmetric consider the identity (C.8), that is
85}7 = Ey30p A 5}7 + Eggép A Op.
Applying E’, and using E},dp = 0 from (5.2) we obtain
0= E/12 Eo30p A ép + E/12 E235p A Op.

Now observe that the right-hand side is equal to A(g) = A(g+—) + A(g—+), where here
we consider the wedge product as a map A : Q! @z Q! — Q2.

To show that g is real it is convenient to employ the usual index notation. We have
g1 =22 ,;,4BPMOpT @ Op't and gy = 3, ;¢ )P @ Op’t. Using (9p)* = 9p’"
and (9p™)* = dp’* we easily check that gl_ =g, and hence g =¢g. O

Remark 6.3. It is also possible to show that g is left C,[G]-coinvariant, which amounts
to a computation similar to that of [13, Lemma 5.4].

The next property we want to discuss is related to Kéhler metrics. First, we need the
following technical result on the vanishing of certain terms of degree 3. This is essentialy
proven in [13, Lemma 5.3], but we revisit it here using the index-free notation.

From now on all tensor products are over B (omitted), except where specified.

Lemma 6.4. We have

E}5E23E230p @ 9p @ dp = 0,
E}5E23E230p ® Op @ Op = 0.

Proof. Write A = E/,E23E230p@0p®@03p for the first term. Using the identity Op = Ep30pp
from (5.8) and the right B-module relations (5.4) we compute
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A = E{4E23E23E670p ® Op ® Opp
= ¢\ B} E3E23E67 Ts67s Taus6 T1234p0p ® Op ® Op
=l B}, Ea3E45T3456E23 T3456 T1234p0p © Op ® Op.

In the last step we have used Ea3Eg7Ts5678 = Es5T3456E23, as E is an evaluation. Now
consider the identity Eo3T3456 T1234 = T1234E45 from (Cl) Using it twice we get

A =l )], E53E45T 3456 T1234E45p0p ® Op ® Op
= ¢ E|,E3E23T3456 T1234Ea5p0p @ 9p ® Op
= ¢ B} B3 T1234E45E45p0p ® Op @ Op.

Next, using Ej5E23T1234 = E{5Ea3 from (C.3) we have
A = ¢l E|yEg3E45E45p0p ® Op @ Op.
Finally using Eo3E45E45 = Eo3Eo3Eqs and Eozpdp = 0 we obtain
A = ¢ @) E,Eg3E93E03pdp ® dp @ dp = 0.

The second identity is similar. Write B = E{5Ea;3 Eo30p @ Op ® Op. Using the identity
Op = Ea3pdp from (5.8) and the right B-module relations (5.4) we compute

B = E}yE23E23E03p0p @ Op @ dp
= ¢ |5 E23E23E23 T 1554 Tause TaarsOp ® Op @ Opp
= B}, Ea3E3Ea5 T iy Taus6 Tsa7s9p © Op © Ipp.

We have E4s5T 55, Tauss = T1as4FE23, again from (C.1). Then

B = ¢\ **)E},Eq3E03T 15, Eas T4 Op @ Op @ Opp
= ¢+ E},Ea3E23T 554 Tais6E230p ® Op @ Ipp
= q(* ) EEa3Eu5 T 1o TasseE2s0p ® Op ® dpp
= (@)l By Tk, EasEa30p @ Op @ Opp.

Using E/5Ea3T 55, = EfoEa3 from (C.3) we rewrite
B = gl E{,Eg3E3E230p ® 9p ® Opp.
Finally using Ea3Ea3E23 = EogEasEgr and Ea30pp = 0 we obtain

B = ¢l %) E}  Eg3Ea3Ee70p @ dp @ Opp = 0. O
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We are now ready to prove the Kéhler property of the metric.

Proposition 6.5. The metric g satisfies
(d®id)g = (id® d)g = 0.
Proof. The metric can be written in the form
9=9+—+g—4 = E15E23(0p ® 9p + Op © Op).
We apply d to the first leg. Using d = 9 + 9 and 92 = 9% = 0 we obtain
(d®id)g = E}4E23(00p @ dp + 00p @ Op).

We have 90p = Ea3(dp A dp + dp A dp) by (C.8). Using this and 90 = —90 we get

(d®id)g = —E}4,E23E23(0p A Op ® Op + Op A Op @ Dp)
+ E/5E23E23(Op A Op ® Op + Op A Op @ Op).
The second and third term of the previous expression vanish by Lemma 6.4. The other
two terms also vanish, since we have the relations Eg39p ® dp = E930p @ dp = 0, which

can be easily proven using (5.8) and keeping in mind that the tensor product is over B.
Similarly, applying d to the second leg we get

(id ® d)g = E}5E23(0p ® 00p + Op @ 00p).
Using again the expression for 9p we obtain
(id ® d)g = E15E23E45(0p ® Op A Op + Op ® dp A Op)
— E/3E23E45(0p ® dp A Op + Op ® Op A Ip).
This is easily seen to vanish as in the previous case. O

Remark 6.6. The definition of the metric g and its properties discussed above are valid
for any quantum irreducible flag manifold, not just in the quadratic case (we never used
this in the proofs). This is completely analogous to the definition of the Kéhler forms
discussed in [13]. See also [14] for a discussion of general quantum flag manifolds, not
necessarily irreducibles, from the point of view of (twisted) Hochschild homology.

6.2. Inverse metric
From now on we focus on the case of quantum projective spaces. This means that we

take U,(g) = U,y(sl,4+1) and choose either wy, = wy or ws = w,, in such a way that the
quadratic condition discussed in Section 5.4 is satisfied.
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Our goal is to prove that g is a quantum metric according to Definition 3.5. To
show this, we need an “inverse metric”, which is an appropriate B-bimodule map (-, ) :
Q ®p Q — B. We begin by defining a certain B-bimodule map on Q_ @5 Q.

Lemma 6.7. We have a B-bimodule map (-,-)_4 : Q_ @5 Qy — B defined by
(O, Op) 4 = Chyp — ¢~ @29 pp.

Proof. We use the FODCs I'y and I'_ over A introduced in Section 5.2 and some results
from Appendix D. According to Proposition D.3 we have an A-bimodule map

O, —q @2W_ T_oglL — A,
where ®_ and ¥__ are the A-bimodule maps given by
O, (Ovedf)=C], T_ (Jv®df)=uvf
Recall that 24 and _ are induced from I'y and I'_ over A. We now show that &_, —
q~@s2P)W_ | restricts to a map Q_ @5 Q4 — B, which coincides with (-,-)_.
Starting with ®_, we compute
4 (Ip®adp) =@ (fOv®dfv) = fClv = Cyfv=Chp.
Similarly for ¥_, we compute
U (9p@8p) =V _,(fOv®dfv) = fufv = pp.
Therefore (Op,dp)_; = (®_, — ¢~ @2 T _,)(Op ® dp), which gives the result. O
Similarly we define a B-bimodule map on Q, ®p €)_, which is more involved.
Lemma 6.8. We have a B-bimodule map (-,-)4— : Q4 ®@p Q_ — B defined by
(Op, 5p)+7 - q(as,as)q—(ws,ws+2p)5123(:3p _ q(amas)q—(wsﬁp)pp.
Proof. According to Proposition D.3 we have an A-bimodule map
b, -V, T, — A,
where &, _ and U, _ are the A-bimodule maps given by
O, _(0f @0v)=Cy, U, _(0f ®0v) = fu.

We now show that &, — W, _ restricts to a map Q4 ®p Q- — B.
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Consider first &4 _. Using the right .A-module relations (5.6) and (5.7) we compute

Ry v )12(Ry 2 )34®4 (vOf @ Dof)
Ry v )12(Ry b )saCa(vf)
=q (ws’ws)(ﬁx_/ylv*)12(|§‘_/,1V*)34C2(§V,V*)12p-

In the last step we have used vf = q(wsw‘*’s)(ﬁvy*)lzfv from (4.3). Next, we use the
identity (|§‘771‘/*)34C2 = (IQV,V)23C3 from (24) Then

+—(Op®dp) = q_(w“’wg)(ﬁ(/ D12(Rv,v)23Cs Ry )12p
=q (w“w“)(ﬁx_/v )12(Rv.v)23(Ry.v-)12Cap
= ¢~ @o@) Ry p )23(§v,v)12(§‘_/71v*)23(:3p~
Finally using the braid equation (2.1) we obtain

+—(Op® 517) = q_(ws’%)(ﬁv,v*)23(§v7v)12(R‘_/ v)23Csp

(w;

= ¢~ @=9:)G 92 Cap.

Similarly, for ¥, _ we compute
Uy (Op® p) = ¢ ) (Ry b )12(Ry )34 ¥4 - (vOf © Do f)

A

= ¢ 2@ )Ry D12(RyDsa(vfof)
= fvfv=pp.

Using the identities above we find that

g~ (@) “=20)(9p, Op) | = (B4 — W, _)(Op® Op).
This proves the claim about (-,)4+—. O
Remark 6.9. The normalization factor in this map is chosen for later convenience
Hence we can define a B-bimodule map (+,-) : Q ®3 Q — B by
(v)4— on Oy ®Q_

('v ) = (',‘)_+ on _® Q+ .

0 otherwise

Remark 6.10. In the classical limit the map (-,-) : Q ®5 Q — B reduces to the inverse of
the Fubini-Study metric, see the explicit formulae in (A.2).



26 M. Matassa / Advances in Mathematics 393 (2021) 108101

We are now ready to show that ¢ is a quantum metric according to Definition 3.5.
Theorem 6.11. Write g = ¢V ® ¢®. Then for any w € Q we have
9V (g, w) = w = (w,gM)g®.

Hence g € Q ®p Q is a quantum metric.

Proof. Since (-,-) is a B-bimodule map, it suffices to prove the claim for the generators
dp and dp of Q. We have to consider four different cases.
e The case g(") (g(?) dp). Since (9p, Ip) = 0 we have

9V(9?, 0p) = E15E230p(0p, 0p) = EloEasp (Chp — ™~ pp)
We have E}5E230ppp = E|50pp = 0. Hence
9" (9, 0p) = E{2E230pChp = E}oE23C,dpp.
Using the duality relation E{,Cl = id from (2.2) we obtain
9" (9", 9p) = E13C4E30pp = Ensdpp = 0p.

e The case (9p, g™1))g®). Since (dp,dp) = 0 we have

(99, 9)9? = EbuE1s(Ip, 0p)9p = E4Eus (Cop — g~ *)pp) Dp.
We have E4,E45ppdp = E4ypdp = 0. Hence
(9p.9™)9® = Ey,E45Copdp.
Using the duality relation E5,Cl, = id from (2.2) we obtain
(9p.g")g®® = E54CoE23p0p = p.
e The case (9p, g™")g®). Since (dp,dp) = 0 we have

(9p.9")9® = E34Eu5(9p, Ip)0p
= B35 (q(as’O‘S)q*(%’“‘*“”SmsC?,p - q(“‘*’as)q*(”“p)pp> op

= ql@e0e) gm@awst20)EL E15S 03Capdp,

where in the last step we have used E5,E45pp0p = 0. Since Eg5 commutes with Sqog,
using the duality relation E45C3 = id from (2.2) we get
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(0p,gM)g® = qloee) g o P20 EL S 1o0pOp.
Then using pdp = q(‘*’s"*’s)*(o‘s’as)slwapp from (5.14) we conclude that
(0p,g1)g® = g2 By, 0pp = Op.
e The case g(!) (¢(®, dp). Since (dp,dp) = 0 we have
9" (9™, 9p) = E,E239p(0p, dp)
= EjyEa30p (q("‘s’C‘S)q*(“S’“S””)Sungp - q(a“o‘s)q*(“’sz”)pp) :
Using again E|5Ea30ppp = 0 we rewrite
g (g®),0p) = qlxe)qm e s T2E]  Ey3S445COpp.

Next, consider the expression

E235345C5:E23(§V,V*)45(§V, )3 (ﬁ\j' )45Cs

A

= (Ry.v+)23Ea3(Rvv)s (R(/ +)45Cs.
By naturality of the braiding, equations (2.3) and (2.4) give
E23(Rvv )31 = E34(§1_/,1V*)23, (|§\771‘/*)45C5 = (Rv+,v+)56Ca.

Using these and the duality relation E;5Co = id from (2.2) we get

N

E23S345C5 = (Rv,v+)23Esa(Ry ) )23 (Ry+ v+ )56Ca
= (ﬁv,v*)23(§v*,v*)34E34C4( Vlv*)23
= (Rv,v+)as(Rv= v+)sa (R )as = Sl
Therefore we have
g (g®),0p) = g g a2, S Bpp.
Finally using dpp = q(ws’ws)_(as’as)§234p5p from (5.14) we conclude that
g(l)(g@), 5p) — q*(ws,Zp)E’mpép =0p. O
Corollary 6.12. We have that g is central, in the sense that bg = gb for allb € B.

Proof. This is a general property of quantum metrics, see [1, Lemma 1.16]. Of course,
this can also be proven directly using the relations of the FODC €. O

Since g = g+ + g—4+ this also implies that g+ _ and g_ are central.
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7. Connections and properties

In this section we introduce two connections V4 and V_ on the FODCs Q. and Q_,
for the case of quantum projective spaces. Their direct sum V = V4V _ is a connection
on the FODC 2, which in the classical limit reduces to the Levi-Civita connection on
the cotangent bundle. As for the quantum case, we show that this connection is torsion
free and cotorsion free. In other words, V is a weak quantum Levi-Civita connection in
the sense of Definition 3.13, which is our main result from Theorem 7.7.

7.1. Connections

We begin with the connection on 2_, which is easier.
Proposition 7.1. We have a connection V_ : Q_ — QR Q_ defined by
V_(9p) = Ex30p @ 9p — g~ “=*)pg.._.
Proof. Recall that, in the quadratic case, Q_ is generated as a left B-module by dp with

the relations (Sia3 — ¢(“+**))pdp = 0 and Ej,dp = 0, as described in (5.16). Hence to
show that V_ is well-defined we need to check the relations

(S123 — q(ws’ws))v—(lﬁp) =0, Ellzv—(ép) =0.

Let us begin with the second relation. Recall that g, = Ef,E230p® dp and we have the
identity Efop = q@s2P) Using these we compute

E1sV-(9p) = g4+— —g+— =0.

Next, we want to show that (Sya3 — ¢(“ss))V_(pdp) = 0. Using the Leibniz rule we
have

V_(pdp) = dp ® dp + pV_(0p)
=0p @ dp + Op @ Op + Eas(pdp @ Op) — ¢~ “=*)ppg, .

First we claim that (Sia3 — ¢(“<))dp ® dp = 0. To see this, we use (5.8) to write
9p ® dp = E450p © pdp = Eaz0pp © Op.

Then using (S123 — ¢“**+))dpp = 0 from (5.13) we obtain the claim. Similarly one shows
that the term ppg;_ vanishes under Sqo3 — q@ss) Hence let us consider

A= 0p® Op + Egspdp @ Op,
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which we want to vanish under Syg3 — (<), Using Op = Eg3pdp we rewrite it as
A = E450p @ pdp + Ea5pdp @ Ip = Ea5(dpp + pdp) @ Ip.

Clearly Sio3 — ¢(“=*<) commutes with E45. Finally, using (Sia3 — ¢(“=~))(0pp+pdp) = 0
from (5.15), we conclude that (Sia3 — ¢@s*s))A =0. O

Next we consider the case of 24, which is more complicated.
Proposition 7.2. We have a connection Vi : Qy — Q®p Q4 defined by
V4 (0p) = q'* ) Eg3T19340p ® Op — q\***) g~ (@) pg_ .
Proof. Recall that, in the quadratic case, €, is generated as a left B-module by dp with
the relations (Saz4 — ¢~ (“=*))pdp = 0 and E},dp = 0, as described in (5.17). Hence to
show that V is well-defined we need to check the relations

(5234 — qf(ws’ws))VJr(pap) =0, E},V(dp) =0.

Let us begin with the second relation. We can use the identity Ej5E23T1234 = E{5Eo3
from (C.4). Then we obtain the expression

E2E23T12340p ® Op = Ej5E030p @ Op = g 4.
Using this and E{,p = q“=2P) we conclude that
E1oV4(9p) = ¢ gy — g *)g_, = 0.
Next we want to show that (Sgsy — ¢~ @s%<))V (pdp) = 0. We have

V.4 (pdp) = dp ® Op + pV 1(dp)
=09p®Ip+0p @ dp + ¢\ pEas T12349p @ Op — ¢\ =) g~ @=2P)ppg_ .

The terms dp ® dp and pp can be shown to vanish under Sysy — g~ (@s:ws), exactly as in
the proof of Proposition 7.1. Hence let us consider the term

A= 0p® dp+ ¢ EysTaus6p0p @ Op.
We want to show that it vanishes under So34 — g~ Wsws) We can rewrite it using
9p ® Op = E450p @ Opp = q'****)E45 T34560pp ® p.

Hence we obtain the expression
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A = ¢ E 5T 3456 (Opp + pdp) @ Ip.

Now consider the identity So34Ea55456 = E45S456S234 from (C.5). Multiplying by Ss45 on
the right and using the fact that S and S commute we get

S234E45T3456 = Ea5T34565234.

Then we can commute Sazq with Es5T3456 to obtain
(Saza — g~ @ ) A = gl E 5 Ta456(Sasa — ¢~ “=))(Opp + pdp) @ Ip.

Finally, we can use the identity (Sgz4 — g~ (“=%*))(dpp+pdp) = 0 from (5.15) to conclude
that (Spsy — ¢~ (@ss))A = 0, which finishes the proof. O

In the following we write
VZ=V++V_IQ—>Q®BQ
for the direct sum of the two connections on Q@ = Q4 ¢ Q_.

Remark 7.3. In the classical limit, the connection V reduces to the Levi-Civita connection
on the cotangent bundle, as can be seen from the formulae in (A.3).

Remark 7.4. The constructions of this paper can be put in a C,[G]-covariant setting,
but we do not give the details here, as this is not our main goal. Recall that the algebra
B is a left C4[G]-comodule, while the FODCs €2, and Q_ are shown to be left covariant
in [7]. It is possible to show that the connections V4 and V_ introduced here are left
C,4[GJ-covariant. This means that Vi : Q; — Q ®p Q4 (and similarly V_) is a map of
left C,4[G]-comodules, where Q ®pg € is given the usual structure of tensor product of
left comodules.

In [4, Theorem 4.5] it is shown, using representation-theoretic methods, that in the
case of quantum irreducible flag manifolds there exists a unique left covariant connection
for comodules belonging to a certain class. In particular this applies to 24 and 2_, hence
giving (non-explicitly) the connections we have introduced here. Moreover, the argument
of [4] can be easily adapted to give a uniqueness result for Q4 @ _. This implies that
the connection V described here must coincide with the one introduced in [15].

7.2. Torsion

The first property of the connection V we want to explore is its torsion, which ac-
cording to Definition 3.10 is the left B-module map

To=AoV —d:Q - Q2
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Proposition 7.5. We have Ty = 0, that is V is torsion free.
Proof. It suffices to show that Ty vanishes on the generators dp and dp, since Ty is a
B-module map. For the rest of this proof we write ky_ = A(g4—) and k4 = A(g—4).
Moreover observe that ky_ = —k_, since g is symmetric by Proposition 6.2.

Consider first Ty (0p). We have ddp = 99p, since d = 9 + d. Moreover we can write
d0p = E3(0p A Op + Op A dp), as in (C.8). Therefore

Ty (5}7) = Eg30p A Op — q_(“5’2p)pn+, — Ea3(0p A Op+9dp A Op)
=q “*pr_ — Ex30p A dp.

Next, consider the identity Eo30p ® Op = ¢~ “=2P)pg_, from (C.7). Applying A to it
gives Eo30p A Op = ¢~ “=2P)pk_ . Hence we conclude that

Ty (9p) = q~“*pr_y —q 2 )pr_ = 0.
Now consider T (9p). Using ddp = 09p = —Ea3(0p A Op + Op A Op) we have

T (9p) = ¢\ Eg3T19340p A Op — (@) g~ @2 pp
+ E23(0p A Op + Op A 9p).

In Lemma C.8 we show that we have the identity
g\ Eg3T12340p A Op = —E239p A dp + (¢'*=**) — 1)Ea30p A Op.
Plugging this in and simplifying we obtain
Ty (0p) = ¢\**)Ea30p A Op — ¢+ ) g~ =2 pr_
Using again Eo30p A Op = ¢~ “=2P)pk_ . we conclude that
Ty (dp) = q(amas)q—(wm?p)p,L+ _ q(as,as)q—(ws@p)p,LJr =0. O
7.3. Cotorsion

From Definition 3.11, the cotorsion corresponding to a connection V : Q! — Q! ® 4 Q!
and a quantum metric ¢ is the element coTy € Q2 ® 4 Q! given by

coTy = (d®@id — (A®id) o (id ® V))g.

Proposition 7.6. We have coTy = 0, that is V is cotorsion free.



32 M. Matassa / Advances in Mathematics 393 (2021) 108101

Proof. Using (d ® id)g = 0 from Proposition 6.5, we can write the cotorsion as
coTy = —(A®id) o (id ® V)g.
First we compute (id ® V)g. We have

(id ® V)g = Ej,E23(9p ® V(0p) + 9p ® V(0p))
= E},E23(0p ® Ea3(0p ® dp) — ¢~ “=*)9p @ pg_+)
+ ¢ @)L, Eog (Op @ EgsT1234(0p @ Op) — ¢~ @2 0p @ pg, ).

It is easy to show that E|,Ez30p @ pg_; = 0 and E}4E30p @ pg,_ = 0 by using the
relations in (5.8) (recall that the tensor product is over B). Hence we have

(id ® V)g = E},E23E450p ® Op ® Op + ¢'*+** B} yEa3E 45 T34560p ® Op ® Op.
The first term vanishes using Eo30p ® dp = 0, since it can be rewritten as
Ef2E23E230p ® 9p ® dp = 0.
Then applying —(A ®id) to (id ® V)g we are left with
coTy = —q\ ]|, Ep3E45T34560p A Op @ Op.

We now show that this term vanishes. First, apply 0 to Opp = ¢~ (“**)T1934p0p to
get the identity —dp A Op = ¢~ (**)T193,0p A Op. Using this we rewrite

coTy = E}5E23E45T3456 T12340p A Op @ Op.

Noting that E23E45 = E23E23 allows us to use the identity E23T3456T1234 = T1234E45
from (C.1). Then the cotorsion takes the form

coTy = E|3E23T1234E459p A Op ® Op.
Next, using E|5E23T1234 = E{5Ea3 from (C.4) we have
coTy = E}4Ea3E450p A Op ® Op = E),E23E230p A Op @ Op.
Finally this expression vanishes, since Eo30p Adp = 0. O
7.4. Levi-Civita connection

Summarizing the results obtained so far, we obtain the following theorem, which is
the main result of this section.
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Theorem 7.7. The connection V : Q — Q@< is a weak quantum Levi-Civita connection
with respect to the quantum metric g.

Proof. According to Definition 3.13, this means that V is torsion free and cotorsion free
(the latter involves g). This is what we have proven in Proposition 7.5 and Proposi-
tion 7.6. O

In view of these properties, and the fact that it reduces to the Levi-Civita connection
on the cotangent bundle in the classical limit, it seems appropriate to consider V as a
quantum analogue of the Levi-Civita connection for the quantum projective spaces.

Having the quantum metric g and the weak Levi-Civita connection V, one can in-
vestigate further aspects of quantum Riemannian geometry in the sense of [1]. These
include the computation of the Riemann tensor and an appropriately defined Ricci ten-
sor, for instance. For the case of the quantum 2-sphere, which corresponds to the easiest
case of a quantum projective space, such computations have been performed in [12]. An
important result is that an analogue of the Einstein condition holds, that is the Ricci
tensor is proportional to the quantum metric. We conjecture that this will also be the
case for general quantum projective spaces, and we plan to investigate this aspect in
future research.

We can also ask for the stronger version of the property of compatibility with the
metric, as opposed to the cotorsion free condition. We investigate this in the next section.

8. Bimodule connections and metric compatibility

In this section we show that the connections V and V_ are bimodule connections.
Then we use this fact to show that the connection V satisfies the quantum metric com-
patibility Vg = 0, which means that V is a quantum Levi-Civita connection.
8.1. Bimodule connections

We investigate whether V :  — Q ®p Q0 is a bimodule connection by studying its
components V and V_. Recall from Definition 3.14 that this requires the existence of
a B-bimodule map 0 : Q ®3 Q2 — Q ®5 Q such that

V(wb) =0c(w®db) + V(w)b, we, beb.
We begin by obtaining a useful expression for V,(épp).

Lemma 8.1. We have V_(dpp) = o__ +o_4 + V_(9p)p, where

o =q ") Ty93,0p @ Op
0-7+ — qQ(WS7ws)_2(0¢s7as)5;21z))§2348p ® gp _ (q_(o‘570¢s) _ 1)q_(w572p)p9+7p-
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Proof. We have V_(9pp) = ¢~ (@*)T1934V_(pdp) by (5.4). Then we compute

V_(9pp) = ¢~ @) T 254dp ® Op + ¢~ @) T 1234pV _ (9p)
= q (@) T19340p @ Ip + q~ ) T12340p ® Op
+q ) T 1934 Ea5pdp @ Op — ¢~ (@) g™ 20T o50ppg, .

We have T1234E45 = Ea3T3456 T1234 by (C.1). Then
T1234E45p0p ® Op = Eu5 T 3456 T1234p0p ® Op = E230p @ Opp.
Also using the analogue of Lemma 5.2 for pp we have
T1234pp = S1235034pp = ¢~ “**)S153pp = pp.
Using these relations and pg4_ = g4_p we obtain

V_(dpp) = ¢~ @) T12340p @ Ip + ¢~ =) T 12340p ® Ip
+q ) Eg0p @ Opp — ¢~ @) P pg, p.

The second line coincides with q_(%’as)v,(ap)p. Then we can write
V_(dpp) =0 +0_ +V_(Ip)p,
where we define o__ = q*(as’o‘s)T12345p ® 5}9 and

o =q )T 193,0p ® Op + (¢~ (@) — 1)Ex39p @ Ipp

—(as,as)

_ (q _ 1)q_(w872p)pg+7p.

Now we rewrite o_. in a more convenient form. In the quadratic case we have S123 =
g wsws)(asas) gl 4 glwsws) (1 — g=(@s:20)) from (5.19). Then we get

T12340p © Op = > )~ (*2)S 1L Sop40p @ Op + ¢+ (1 — ¢~ (**))S5300p @ Ip.
Using (5.8) and (5.14) we can rewrite

S2310p ® Op = So34E230pp ® Op = E3S4569p @ pdp
= q(*o) = (o) Egydp @ Opp.

Hence we get
T12340p ® Op = ¢*Wowe) = (00§ S, Op @ Op + (1 — g~ () )q( @) ExyOp @ Opp.

Finally plugging back into o_4 gives the expression
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o 4 = qQ(wﬁ,ws)—Q(as,as)Sﬁl?)gQMap ® dp — (q—(as,as) _ 1)q—(ws,20)ppg+7.
This gives the result as claimed. O
We proceed in the same way for V., which is a bit more involved.
Lemma 8.2. We have V_(0pp) = 044 + 04— + V1 (0Op)p, where

oy = q\ ) T19340p @ O,
0-+7 — qz(as’aS)_z(wS7wS)5123§2_3]45p ® ap _ (q(a570¢s) _ 1>q(a37a5)q_(WS72p)pg—+p-

Proof. We have V| (9pp) = ¢\®*) T 123,V 4 (pdp) by (5.4). Then we compute

V4 (0pp) = ¢\ ) T1934dp @ Op + ¢\ ) T1534pV 4 (9p)
= q\@ ) T19340p ® Ip + q'***) T12540p ® Op
+ 2T 53y Eys Taasepdp @ Op — 2 @) g~ (@20 T oauppg_ .

We have T1234E45 = Ea3T3456 T1234 from (C.1). Then consider
T1234E45 T3456p0p ® Op = Ea3 T 3456 T1234 T356p0p ® Op.
Using (5.11) we can derive an analogue of the braid equation for T, that is
T1234T3456 T1234 = T3456 T1234 T 3456-
Using this identity we obtain

T1234E45 T345600p @ Op = E3T1234 T3456 T1234p0p @ Op
= E93T12340p @ Opp.

Since we have T1934ppg—+ = ppg—+ = Pg—+p, as in the proof of Lemma 8.1, we get

V. (9pp) = ¢l )T 19340p @ Op + ¢ @) T 1934,9p @ Ip
+ q2(as’a5) E23T12345p ® Opp — QQ(QS’QS)qf(w5’2p)P9—+p-

The second line coincides with ¢(®*=)V (Op)p. Then we can write
Vi (0pp) =044 + 04— + Vi (Ip)p,
where o, = ¢(®*)T93,0p ® dp and

O = )T 19340p @ Op + (¢ %) — 1)¢{**)Ex3T19349p @ Ipp
_ (q(a57as) _ 1)q(0‘s7as)q_(°~’5129)pgi+p.

35
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We now rewrite o4 _ in a more convenient form. In the quadratic case we have §234 =
glas@e) 2wswo) Sl 4 g=(@ewe) (1 — gl@s:@e)) from (5.20). Then

T12340p ® Op = q(as’as)fz(ws’w“)suggzglzﬁp ® Op + g~ (We) (1- q(as’as))5123ép ® Op.
Consider the term Sy9309p ® 9p. Using (5.8) and (5.14) we get
S1230p ® Op = E45S1230p @ Opp = ¢! )=o) E45S193S3450pp ® Op.
Next, we use Eq5 = E2352345345 from (C.3) and the “braid equation” for S (5.11). Then

S1930p @ Op = q( @)~ (@) E)2 G, 2 1S245519353450pp © Dp
= q(as’%)i(ws’ws)E23§2345123S34551235pp ® Op.

Now we can use (5.13) and (5.14) to get

S1230p @ Ap = ¢ ** ) E359345123S3459pp @ Ip = ¢“****) E235234S1239p @ Ipp
= @) Eg3T19340p @ Opp.

Therefore we obtain
T12340p ® Op = (@) 72@ae)§ .8 L Op @ Ap + (1 — ¢ @) )Eg3 T 19340p @ Ipp.
Finally plugging this into o4 _ gives the expression
o4 = q2(as,as)—Q(ws,ws)Sl23§53145p ® Op — (q(as,as) _ 1)q(0¢s,as)q—(w372p)pgi+p.
This gives the result as claimed. O

The computations above suggest that the terms o4, with a,b € {+, —} might corre-
spond to B-bimodule maps 2, ®p Q2 — Q, ®p Q,. This is indeed the case, as we verify
by lengthy computations in Appendix D. Then we obtain the following result.

Proposition 8.3. We have that Vi and V_ are bimodule connections.
Proof. From Proposition D.4, Proposition D.5, Proposition D.6 and Proposition D.7 we

have four B-bimodule maps Q, ®5 Q% — Qp @5 2, with appropriate a,b € {+, —} given
by

04+ (0p ® Op) = ¢ T19349p ® Op,

_(Op® p) = q~*+**) T13340p ® I,
04— (0p ® Op) = ¢* )7 H000) 8508 0p @ Op — (¥ ) — 1)l g~ We2P)pg L p,
o1 (Op ® Op) = ¢*@se) 720§ LS osudp @ Op — (g~ @) = 1)q~ @ )pg, _p.
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They can be assembled into a B-bimodule map ¢ : Q ®5 Q2 — Q @ Q. Then using the
expressions from Lemma 8.1 and Lemma 8.2 we observe that

V_(9pp) = o(dp @ dp) + V_(Ip)p,
V4 (0pp) = o(0p @ dp) + V(9p)p,

which shows that V_ and V, are bimodule connection with generalized braiding o. O
8.2. Metric compatibility

We now investigate whether the connection V is quantum metric compatible, in the
sense that Vg = 0. Here the action on V on g is given by

Vg=(V®id)g+ (c ®id)(id ® V)g.
Theorem 8.4. We have Vg = 0. Hence V is a quantum Levi-Civita connection.

Proof. We compute separately the action of V on the two legs of g4 and g_.
e The term (V ® id)g_,. We have

(V®@id)g-+ = E}5E23V(9p) @ Op
= E}5Ea3E230p ® dp ® Op — ¢~ P E],Easpg s ® Op.
The second term vanishes, since pg+— = g4—p and Egzpdp = 0. The first term vanishes

due to Lemma 6.4, which is related to the Kéhler property of the metric.
o The term (V ® id)g4_. We have

(V®@id)g,_ = Ej5E3V(9p) ® Ip
_ q(as’as)E,12E23E23T12345p ®Op @ Op — q(as,as)q*(wsﬂp) El5E23pg 4 ® ap.

The second term vanishes due to Ef,Ea3pdp = E},0p = 0.
Now write A = E23E23T12348p ® 8]) X 8p Then

A = Eg3E23T1234E670p ® Op ® pdp
= E93E23E67523451230p @ Op @ pdp
= Eo3E45E235234S1239p © Opp @ Op.

We proceed by using (5.13) and (5.14). We obtain

A = glosos) = (@aw ) Ep B 0B 53593451235 3450pp © Op @ Op
= q(@00e) =AW W) By o By s B 3503451935345 S1230pp © Op © Op.
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Now we use the “braid equation” S12353455123 = S34551235345 from (5.11) and the iden-
tity E235234S345 = E45 from ((‘3) We get

A = qlesa) =2@s ) By E s F 035934 S3455123S3450pp © Op @ Dp
= g(@er0e) =2@e ) Eou B 0 4 5S193S3450pp @ Op @ Op
= o) =2we ) By E9aS ) 93 E 45S3450pp ® Op @ Op.

Next consider the identity Sio3 = qz(“’s"“’S)’(QS’&S)51_213 + qWews) (1 — g~ (@) from
(5.19), valid in the quadratic case. Using Eg3Sy55 = ¢~ @s«s+2P)E), from (C.2) we get

EsS1a3 = ¢~ (W02 qlenwe)m(@an) Bl 4 gloswa) (1 — g () Eyg. (8.1)
Plugging this into the previous identity for A we get

A =g (@20 = (@) By E0s S5 El Opp © p @ Op
+ (1 — g~ (@) )glos o) =(@aws) Eyu By S 53 Ey50p @ pdp @ Op
= ¢~ (@9 )Eg3E93S1930p © Op ® Dp.

Above we used E\op = ¢(“=2?) and Ea3pdp = 0. Using (8.1) once more we get
12

A= g W20 (@) By B Op @ Op @ Op + (1 — ¢~ (@) )EgsEq30p ® Op @ dp
= (1 — qi(as’as))EggEzgép (24 ap X 5‘p.

Plugging this expression into (V ® id)g._ we obtain
(Veid)gs— = (1 - q_(o‘s’o‘s))q(o‘s’%)E’12E23 Eq30p @ Op & Op.

But then this term vanishes due to Lemma 6.4.
e The term (id ® V)g4_. We have

(id © V)g4— = E15E230p © V(9p)
= E},E23E450p ® 9p @ Op — ¢~ @2 E,E030p @ pgs .

The first term vanishes by Ea30p ® Op = 0 and the second term by E}5E239pp = 0.
e The term (id ® V)g_,. We have

(id ® V)g_4 = E|,E230p ® V(0p)
= ¢ @B Eg3E a5 Tau560p @ Op @ Op — ¢\ @02 g~ @20 Bl JE220p @ pg ..

The second term vanishes due to Eo30pp = 0. Now we apply o ® id to this expression.
Since o(dp @ dp) = ¢~ (@ *)T193,0p @ Op we get
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(0 ®id)(id ® V)g_4 = ¢\ E},E23E45T34560(0p @ Ip) @ 9p
= E}5E23E45 T 3456 T12340p ® Op @ Op.

Next we use E23T3456T1234 = T1234E45 from (C]) We obtain

(0 ®id)(id ® V)g—4 = E{5E23E23T3456 T12340p ® Op ® Op
= E15E23T1234E450p ® Op @ Op.

Using the identity E}5E23T1234 = E{5E23 from (C.3) we get

(U ® ld) (ld X V)ngr = El12E23 E455p ® 5}? ® (“)p
= E/12E23E235p ® 5}? & (9p =0.

In the last step we have used Eg30p ® Op = 0. O

The quantum metric compatibility of V shows that this connection has all the prop-
erties one would expect from the Levi-Civita connection on quantum projective spaces.

Appendix A. Results on projective spaces

In this appendix we recall some results on (classical) projective spaces, to facilitate
the comparison between the classical and the quantum descriptions.

From the point of view of differential geometry, the complex projective space CPY can
be identified with C¥*1\{0} modulo the relation (Z!,--., ZN*1) ~ X(Z1, ... ZN+)
with X # 0. Here {Z1,--- , ZN*1} are the global coordinates of CV*+1. Define the func-
tions

AVZ

= i, j=1,---,N+1.
p HZ||27 Z’j b b +

These descend to CPY, as they are invariant under the equivalence relation.

Consider the coordinate patch with ZV¥+! £ 0 and denote by z' = Z!/ZN*! the
corresponding homogeneous coordinates (the discussion is similar for the other patches).
Then with respect to these local coordinates the Fubini-Study metric takes the form

o = o LD =2
= 7dzt ©dZ = / dz' ©dz’,
=2 2 U

where we write dz* ©dz? = dz* ® dz7 +dz7 @ dz® for the symmetric product. The inverse
metric can be seen to have components g = (8;; + 227 ) (1 + ||| ]2).

The metric can be rewritten in terms of the functions p*, which can be seen as the
entries of a projection of rank one. An explicit computation shows that
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N+1
g=Y_(0p"” ®dp’" + 0p" ® dp’"). (A1)

i,j=1
Similarly, the inverse metric can be seen as a map (-, -) on the cotangent bundle satisfying

(0p", 0p*") = 6up™ — pip*t, (9", 0p*") = Skp" — pp*,

iy _ (A.2)

(0p7,0p") =0, (9p7,0p™) =0.

Next, we describe the Levi-Civita connection on the cotangent bundle, defined with
respect to the Fubini-Study metric. We have the formulae

N+1

V(op) =Y opM @ op™ —pig_y,
k=1
N+1

V(op) =Y op™* @ opt —pig, .

k=1

(A.3)

Here gy =3, ;0p7 ® op’ and g_, = >0 op @ Op’*.
The classical analogue of the relations (5.16) and (5.17) are

pijapkl _ pilapkj, pz’jépkl _ pkjgpil’
N+1 N+1

Z op =0, Z Ip' = 0.
i=1 i=1

Using these relations, one can prove directly that the Levi-Civita connection is given by
(A.3). Indeed, one checks that V is torsion free and metric compatible, that is Vg = 0.

Appendix B. The maps S and S
In this appendix we prove various properties satisfied by the maps

Si23 = (QV,V*)23(|§V,V)12(|A?‘_/,1V*)23,

Spsq = (ﬁv,v*)23(§\71,v*)34(§\7,1x/*)23~

These were introduced in (5.9) to rewrite some of the relations of the differential calculus.
The most important properties are the commutation relations among them.

Proposition B.1. The maps S and S satisfy the following properties.

(1) We have the commutation relations

S1235234 = 52345123; S2345345 = S3455234~
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(2) We have the “braid equations”
S12353455123 = S34551235345, 523454565234 = S4565234S456-

Proof. These identities are valid more generally within the braid group with generators
{0:}i. Under the obvious identifications, we can consider the elements

-1 @ 11
Si23 = 020105, Sa3q = 0205 045 .

(1) The first identity is straightforward. For the second we compute

1 1

§2345345 = <0'20'3_10'2_1)<0'40'30'4_1) = (0'3_ 0'2_ 0'3)(0'3_10'40'3)

= 03_102_10403 = (03_10403)(03_102_103)

= (0403021)(02051051) = S3455934.

(2) We consider the first identity. We compute

S12353455123 = (020105 ) (040307 ) (020105 ") = o4(020105 os(oz0105 oy !
= 04(01_10201)03(01_10201)04_1 = 0401_1(020302)0104_1
= 0407 *(030003)010, 1 = 0403(0; Foa01)oz0y "
= 0403(090105 Nozoy ! = (04030, ) (020105 1) (04030, )

= 534551235345.

The second identity can be proven in a similar way. O
Now we consider the case when Iivy satisfies the quadratic relation
PyvQvy = (QV,V - q(ws’w‘g))(ﬁv,v + q(ws’ws)f(as’as)) =0.
Then an analogous relation also holds for the braiding IA?V*J/*.
Lemma B.2. In the quadratic case we have the relations

5123 — qz(WSaWs)_(asvas)SI;B _|_ q(w57w5)(1 _ q_(asaas))7
§234 — q(as,as)—Z(ws,ws)§2—314 + q—(ws,ws)(l _ q(as’a")).
Proof. The quadratic relation Py Qv = 0 can be rewritten as

Ryyy = g2 —(@nan Rl Ly glonwn)(1  g=(@na)).

Using this identity we can rewrite S in the following way
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Si23 = (ﬁv,v*)23(ﬁv,v)12(|s€‘_/,lv*)23
= q2(ws’ws)7(as’a5)(IQV,V*)23(§§,1V)12(§‘_/,1V*)23

+ q(ws 7UJ5) (1 . q_(as;lls))(ﬁvyv* )23(&6’1‘/* )23
= qQ(stws)_(asvas)Sl_;S + q(w57ws)<1 _ q_(asvas)).

The other identity is proven similarly. O
Appendix C. Various identities

In this appendix we provide the proofs of various identities that have been used in
the main text. We divide them into two groups, those that only depend on the (rigid)
braided monoidal structure, and those that also involve the differential calculus €.

C.1. Categorical identities

The first identity we consider appears in the proof of [7, Proposition 3.11] in slightly
different terms. We reprove it here for convenience.

Lemma C.1. We have the identity

E23T3456 T1234 = T1234E45. (C.1)

Proof. Using the definition of T34 we can write

T3456 T1234

= (QV,V*)45(RV,V)34(RV,V*)23(RV,V)12(|§‘_/17V*)56(|§x7,1\/*)45(§§1,V*)34(§\7,1x/*)23-

We have Egg(ﬁv)v*)zm = (§V7V*>23E23~ Moreover E23<§V,V)34(§V7V*)23 = E34 by natu-
rality of the braiding, as in (2.3). Then we obtain

E23(§V,v* )45(§V,V)34(§V,V*)23(§V,V)12 = (IQV,V* )zs(ﬁv,v)12E34~

Hence we can write
E23Ta456 T1234 = (ﬁv,v*)23(|§V,V)12E34(|§‘71,V*)56(|§(/71V*)45(FA{\717V*)34(|§\7,1V*)23~

As above, using E34(§x7,1\/*)45(§\71,V*)34 = E45 due to (2.3) we obtain

A A A

Esa(Ry vo)s6(Ry Y )as Ry v)aa(Ry 2 )2s = (Rt ya)aa(RyY . )2sEas.

A

We conclude that

A~ A

Eo3Taas6 T1234 = (RV,V*)23(RV,V)12(§;17v*)34(§‘_/71v*)23E45 = Tio34B45. O
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In the following we suppose that V is a simple module. First we obtain some relations
for the evaluations E and E’ applied to the maps S and S.

Lemma C.2. Let V = V(A) be a simple module. Then we have

E1125123 = q(A’)‘Jer) E23, Eg45234 = q()\’A+2P) E23. (02)
From these identities we also obtain
Ef9S1235234 = 4y, E235234S345 = Eus. (C.3)

Proof. Consider the first identity. Using (2.3) we compute

E12S128 = Efo(Rvv+)as(Rv,v)12(Ry )23 = Ebs(Ryy)12(Rvv )i2(Ry Y- s
= Ehg(Ry )2 = ¢ T2 Eys.

In the last step we have used (2.5). Similarly, for the second identity we have

E4Sos = Eé4(§V,V*)23(§V*,V*)34(§;}V*)Q3 = Elzg(ﬁ‘_/ly*)34(|§V*,V*)34(|§;}V*)23
= El23(§\7,1x/*)23 = AT Ey,.

The other identities easily follow from these. O

The next result, again in the case of a simple module V', shows that we can get rid of
the term Tj234 when performing the evaluations Ef,Eas.

Lemma C.3. Let V = V(A) be a simple module. Then we have
El9E23T1234 = E75Eas. (C.4)
Proof. We have Elz(f{wv*)lg = ¢~ MA20EL, from (2.5). Then

EI12E23T1234 = qf(’\’/\”p) E112E12 (va V*)34(RVV)12(§V1V*)23‘

~

By (2.3) we have E’23(R‘71)V*)34 = E4, (Ryy+)23. We obtain

E1oE23T1234 = ¢~ MM 2ELEL Ry )23 (Ryv)12(Ry )2
= g~ MAIELEL (Ryv)as(Ryv)12(Ry

N

Again by (2.3) we have E/y(Ry v+ )3 = E'QB(R(,’IV)H. Then

ElyEsTioga = ¢~ M P2PE],Ely (ﬁ(/ )12(FA{V,V>12(§\7/,1V*)23

A

= q~ WA ED, (R\_/ . )23 = Ef5Eas.
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In the last step we have used again (2.5). O
Finally we need the following identity in the proof of Proposition 7.2.
Lemma C.4. Let V = V(A) be a simple module. Then we have
S234E455456 = E4554565234- (C.5)
Proof. Taking into account that Tio34 = S234S123 we write
S234E 455456 = 523451235155 E455456 = T1234E4557555 456

Using T1234E45 = E23T3456 T1234 from (C.1) this becomes

So34E455456 = E23T3456 T1234S 1955456 = E235345545652345456.-
Now we use the “braid equation” for S from (5.11). We get

S234E455456 = E235345523454565234.

Finally we have E23S3455934 = E45 from (C.3), which gives the result. O

C.2. Differential calculus identities

We now derive various identities involving some elements of the differential calculus
Q. In the following V always denotes the simple module V(ws). We begin with some
identities involving the metric.

Lemma C.5. We have the following identities for the metric g.

(1) For g4_ we have

go_p = qows)—asa) gl S0 0p @ dp
= gwaw)~(@na) L 5oL g, @ Fp,

(2) For g_4 we have
pPg—4+ = q(wS’Zp) Egggp ® 8]) (C?)
Proof. (1) Using the right B-module relations (5.14) and (5.8) we compute

E230p @ Opp = q(@= @) (@) Ey.S 560pp @ Ip
= qWewe)=(0002)S, s Easdpp @ Op
— q(wsyws)_(a57as)§2348p ® gp
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Applying E}, we get g1 _p = q(ws’ws)_(o‘s’%)E’1252348p ® Op. The second expression can
be obtained from the first one, since using (C.2) we can rewrite

EfoSasa = ¢ @@t 2Py S Tk Sony = ¢ s F 2P Ey S0y S ok = E4uSTon-
(2) Using Ej, = q(@s%sT20)Eg3Ssgy from (C.2) we write
pg—+ = EuEaspdp ® Op = ¢ T2 Ex3S034E45p0p @ Op.
Since Tia34 = S9345123 and Sf213p5p = ¢~ @sws)pdp from (5.12), we get

Pyt = g T2 Eg3 T1254S 55 EaspOp ® Op
= g(Wswst2p) E23T1234E45575500p ® Op
= ¢“2P)Ep3 T 1234E45pdp @ Op.

Next, we can use the identity T1234E45 = Ea3T3456T1234 from (C.1). Finally, taking into
account the right B-module relations (5.4) and E930pp = Op, we get

Pg—+ = ¢ Ea3Ea3Taa56 T1234p0p ® Op = > Eq3E030p @ Opp
= q(w'*’Qp)E23E455p ® Opp = q(“’S’Zp) E235p ®dp. O

The next two identities we discuss appear in the proof of [7, Proposition 3.11]. The
first one lets us rewrite d0p as a product of one-forms.

Lemma C.6. We have
0p = Ea3(dp A Op + Op A Dp). (C.8)
Moreover we have
E23pd0p = E2300pp = E230p A Op.
Proof. Using the identity dp = Egspdp from (5.8) and the Leibniz rule we have
99p = Eq30(pdp) = E23(p A Ip + pddp).
Now we apply 9 to Ea3pdp = 0. Using 90 = —00 we get Eo3pd0p = Eg30p A Op. Plugging

this into the expression above we get the result for d9p.
For the other identities, using the formula above we compute

E23p00p = Ea3(Evy )5 (pdp A Op + pdp A Op)
= Ea3Ea3(pdp A Op + pOp A Op)
= Ezgép A Op.
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In the last step we have used (5.8). The identity Eo300pp = Ep30p A Op follows simi-
larly. O

The second identity from [7, Proposition 3.11] is a right B-module relation for ddp.
Lemma C.7. We have 80pp = T1234pd0p.
Proof. Using the identity for 9p from (C.8) and the bimodule relations (5.4) we get
90pp = E23T3456 T1234p(dp A Op + Ip A Op).
Then, using Ea3T3456 T1234 = T1234E45 from (C.1), we obtain
90pp = T1234E45p(dp A Op + Op A Op) = T1234p00p. O

Finally, the next identity lets us rewrite pAdp in terms of IpAdp under the evaluation
E>3. We have used it in the computation of the torsion in Proposition 7.5.

Lemma C.8. We have
g E23T12340p N Op = —En30p A Op + (¢'*+**) — 1)Ez30p A Ip.
Proof. Applying 9 to dpp = ¢\ %) T 153,pdp gives
00pp — Op N dp = ¢ T19340p A Op + ¢ ") T 1234p00p.
Using Lemma C.7 we rewrite this as
g ) T15340p A Op = —0p A Op + (1 — ¢*=**))ddpp.

Now we use the identity Eg300pp = E230p A Op from Lemma C.6, taking into account
that 09 = —d. This gives the result. O

Appendix D. Bimodule maps

In this appendix we introduce various bimodule maps, which in the main text were
used to define the inverse metric and check the bimodule property of the connections.

D.1. Inverse metric

First we introduce certain .4-bimodule maps involving the FODCs I'y and I'_ over
A. We assume that we are in the quadratic case, which means that the only relations
are as in (5.18). For this part the tensor products are taken over C, unless specified. We
denote by T, and T'_ the free left A-modules generated by df and v respectively, with
A-bimodule structures given by (5.6) and (5.7).
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Lemma D.1. Define the A-bimodule maps
b, T 0T —A & ,:T_ ol = A4
by the formulae
O, (0f@0v)=Cy, P_,(w®df)=C).
Then they descend to maps on the tensor product over B.
Proof. To prove thati &, _ descends to a map I', ®3T_ — A we need to show the
equality ®,_(0fp ® Ov) = &4 _(0f ® pdv), where p = fv € B are the generators of .
Using the relations from (5.6) and (5.7) we compute
B, (Of f@O) = ¢\ @)= @) (Ry, 1) 10B  (FOf @) = ¢\ @)= @awe) Ry 1)15Co f.

We have (ﬁv,v)mCQ = (ﬁ;/,lv*)ggcl from (2.4). Then

O, (Off ® Ov) = ql@0 ) T@ ) (RO )5sCo f
= q(o‘s’%)*(wﬁ"ws)(ﬁ‘_/’lv*)Qs‘I)Jr—(af ® v f)
= ¢ )0, _(9f @ fOv).

Similarly we compute
O (Dfv @ 0v) = ¢ (R ) 1204 - (vDf ® Ov) = ¢~ ) (R}, )12Co0.
We have (ﬁ;/,l‘/*)12c2 = (ﬁv*’v*)ggcl from (2.4). Then

Oy (0fv®0v) = ¢~ ) (Rye ye)a3Cro = 7“9 Ry yu )a3 @y (9f ® Ovv)
= ¢ ()P, (§f @ vdv).

Using these identities and p = fv, we obtain that ®,_(dfp @ dv) = &, _(df @ pdv).
The computations for the map ®_, are very similar and we omit the details. O

We proceed similarly for the following “multiplication” maps.
Lemma D.2. Define the A-bimodule maps
U, I, —-A VU _ T @l — A,
by the formulae

U, (Of @0v) = fv, ¥_ (0v®df)=uf.
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Then they descend to maps on the tensor product over B.

Proof. Consider the map ¥, _. Taking into account the relations (4.3) we compute

\I/Jr,(@ff ® 51}) — q(a37(¥s)_(w57ws)(ﬁvyv>12\1}7+(faf ® 51}) — q(asvas)_(wsWJs)(ﬁv’v)12ffru
= g\ f o= gl TSRy s fof
= ¢TI Ry Jos Wy (OF @ G

= "W, _(Of ® fOv).
Similarly we compute
Uy (0fv®dv) = q ) (R )1¥ 1 (vdf ® 0v) = ¢~ @) Ry L )1av fo

— fov= q—(ws,ws)(}iV*7V*)23fvv = q—(ws,ws)(ﬁv*’v*)23\I/+7(8f ® 500)
= ¢ (@)W, _(9f @ vOv).

Since p = fv, these identities show that ¥, _(8fp® dv) = ¥, _(df @ pdv). The compu-
tations for the map W_, are completely analogous and we omit them. 0O

Finally, we show that certain linear combinations of the maps ® and ¥ defined above
descend to the FODCs I'}. and I'_.

Proposition D.3. Let ® and ¥ be the maps defined above.

1 jhe ’mdp (b - \II+7 descends tO a ’map F+ ®B Ff — A
+
2 jhe map (b_ - q ( )m — descends t() a map I — ®B I —+ — A
+ +

Proof. (1) We need to check that the relations of I'y and I'_ are preserved under these
maps. According to (5.18) we need to consider Ejovdf = 0 and Ej,fov = 0.
Using the duality relations (2.2) and the relations of A from (4.3) we compute

Elg(q)_,__ — \IJ+_)(v3f & 5’0) = E12C2’U - Elgvf’U =v—v=0.
Similarly, using the same relations together with (5.7) and (2.5), we compute

Eby (@4 — Uy )(Df ® fOv) = ¢~ @ B (R )as(Py— — Uy )(9f @ D f)
= ¢ Egy (@4 — W, )(Of ® Do)
= q @2 EpsCy f — W2 Egs fuf
- q(ws,Qp)f _ q(ws,2p)f —0.

This shows that &, _ — ¥, _ descends to a map 'y @' — A.
(2) The computations for & _, — ¢~ (@2 W, _ are very similar and we omit them. 0O
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D.2. Bimodule connections

Consider the terms o, with a,b € {+,—} appearing in Lemma 8.1 and Lemma 8.2.
Our goal is to show that they correspond to B-bimodule maps Q, ®p Qp — Qp @5 Q4
defined by the same expressions.

Proposition D.4. We have a B-bimodule map o1, : Q4 @ Qy — Q. @p Qy given by
04 (Op @ Bp) = ¢\ ) T19340p ® Ip.
Proof. First we check that o, is well-defined as a map Q4 ® Q. — Q4 ® Q4. We treat

the first factor as a left B-module using (5.12) and the second factor as a right B-module
using (5.13). Using this description we need to check the relations

El204+(0p®dp) =0, Ejy044(9p® dp) =0,
(Sasa — q~“*))oy s (pOp @ Op) =0,  (Suss — g~ “***))o 44 (9p ® App) = 0.
Once this is done, we check that o4 descends to a map Q4 ®p Q4 = QL @5 0.
It is convenient to rewrite o4, in a slightly different form. Using Sosupdp =

g~ @sws)pdp from (5.12) allows us to obtain the identity

Op ® Op = Ea30pp ® Op = E230p @ pdp = q'“+*“)E93S4560p @ pdp
= ¢ °9)S934E530pp ® Op = ¢'“***)S53,0p © Op.

Using this identity we can rewrite
014 (0p®0dp) = q***)S12352340p ® Op = ¢ @)~ (©9)S530p ® Op.
Now we proceed with the verifications.
e Action of E/,. Consider the expression o (9p ® dp) = ¢(*=*) T19340p @ Ip. We
have the identity E},S1235234 = Ej, from (C.3). Then

Elpoy 4 (Op ® dp) = ¢\ *)EL,0p @ dp = 0.

e Action of Ef,. Consider the expression 04+ (0p® dp) = (@)= (Wsr0s)S 03 9p @ Dp.
Using 9p ® Op = ¢(@=%)S,3,0p @ Op we rewrite this as

041 (0p ® dp) = ¢l ) 72 )§ S 930p @ Dp.
Next, using E4,Sq4 = ¢@s“st2)Egy from (C.2) we get

Es4044(0p ® 9p) = ¢@=2P) gloee) = (wawa) By S 030p @ Op.
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Now we use the quadratic condition Sygg = ¢2(Wsws)=(@s,00)STL 4 glwows) (1 — g=(@s00))
from (5.19). Then we obtain

Ey041(0p ® Op) = q1* 2P g+ E3S750p @ p
+ q(‘*’s;2p)q(0‘svaa‘)(1 _ q_(as’O‘S))EQ'gap ® ap

The second term vanishes due to Eo3dp®0dp = 0. Finally using E2351_213 = ¢~ (Wewat2p) El,
from (C.2) we conclude that

E3404+(Op ® 9p) = E120p ® 9p = 0.

e Action of Sy34. Using the expression o4 (Op® dp) = ¢(¥+@)~(@s9)S,39p® dp and
the identity S2340p ® Op = ¢~ (=) dp @ Ap we easily get

S23104+ (pOp ® 9p) = q~ o, (pdp @ Ip).
e Action of §456. As for the case of §234 we immediately get
Su5604+(0p @ Opp) = q~ oy, (Op @ Opp).

e Tensor product. Consider the expression o4 (IpR09p) = ¢(@s@)~(@s:w0)S 1,2 pR p.
Then using dpp = (@)= (@e:we)S 1 03pAp from (5.14) we compute

01+ (Opp ® Op) = ¢l @)= (e)S 0 (pOp © Dp)
= (e 72000 G 53 S 45 pOp @ Op
= 51235345512353450p ® Opp.

Using the “braid equation” for S from (5.11) we obtain

04+ (3pp @ Op) = S34551235345S5450p ® Ipp = ¢Wows)~(@0)S Lo (9p @ Dpp)
= 04+ (9p @ pdp).

This shows that o descends to a map Q4 ® 2y — QL RN, O
The case of o__ is fairly similar.
Proposition D.5. We have a B-bimodule map o__ : Q_ @ Q_ — Q_ @z Q_ given by
o__(Op @ dp) = ¢~ (@) T193,0p @ p.

Proof. We skip the computations, as they are quite similar to the case of oy . To verify
that o__ is well-defined as a map 2_ ® Q_ — Q_ ® Q_ we have to check the relations
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120-—(Op®Ip) =0, Eyyo__(dp®Ip) =0,
(Si23 — ¢“=“No__(pdp @ dp) =0, (Sza5 — ¢“=**))o__(dp ® dpp) = 0.

One can show the identity S1230p ® dp = ¢“=**)9p @ dp. This allows us to rewrite
o__(Op® dp) = W)~ (@S0, 5p @ Op.

The various verifications are then performed as in Proposition D.4. O

Next we consider the term o4 _, which is more involved.
Proposition D.6. We have a B-bimodule map 04— : Q4 ®p Q- — Q_ @ Q4 given by
or_(Op® 5p) - q2(as,as)—2(ws,ws)5123§2*314§p ® Op — (q(as,as) _ 1>q(as,as)q—(ws,2p)pgi+p'

Proof. First we check that o4 _ is well-defined as a B-bimodule map 2, ®Q_ — Q_®Q,.
In other words, we need to check that the following identities hold

E1120'+*<8p ® gp) =0, Eé40+,(ap ® 5}7) =0,
(§234 — q*(‘“-“’“’s))mr_(pap ® 5])) =0, (5345 — q(”S’“S))U+_(8p ® 5pp) =0.

Then we check that oy _ descends to a map Q4 ®pQ_ — Q_ @ Q.
e Action of E,. We use E/|,S123 = ¢“+“*+2)Eyy from (C.2) and the identity S}, =
e ~(@na) Gy (1 — g-(@ean))gler) from (5.20). We get

E/125123§2_3145p ®0dp = q(w57ws+2p) E23§2_3145p ® Op
= gPWswa)m(ases) gwews t20)E) S0 Op @ Op
4+ (1 _ q_(a570¢s))q(w87ws)q("d57ws+2p) E23(‘§p ® 8p

The first term vanishes since, Eg3Sogs = ¢~ (@Wswst20) Ef, by (C.2) and Ej,0p = 0. For
the second term we use Eg30p @ dp = ¢~ “=?)pg_. from (C.7). Then

E15S12555540p ® Op = (1 — g~ (@) g2 @esdpg .
Finally using E},p = ¢(“<2#) we obtain
Elyoi—(0p ® dp) = ¢* @) (1 — g~ (@) )pg_, — (q\@=) —1)gl*)g_ p=0.

e Action of E;,. We use E5,S5, = ¢+~ +20)Ey3 from (C.2) and the identity Syoz =
qz(w57w5)_(as’a5)5;2]3 + (1 — q_(asvas))q(wsvws) from (519) We get
E44S531S1230p ® Op = ¢ T2 Ep3S,530p @ p
— q2(ws»Ws)_(asvas)q(ws7ws+2p) E235;21.55p ® 8p
+ (1 _ q_(QSvO‘S))q(w87w5)q(“}87ws+29) E235p ® 8p
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The first term vanishes, since Eg3S755 = ¢~ “s“sT2°)E}, and E},0p = 0. Then
E2,S531S1230p ® Op = (1 — g~ (@) Weelpg
Therefore we obtain
Ebyo—(0p® Op) = *1* ) (1 — g~ (**))pg_, — (¢l**) = 1)ql**)pg_, = 0.

e Action of Sy34. Let us write Mf+ = §Z516p5p®8p. Using the relations (5.12), (5.14)
and the “braid equation” for S (5.11) we compute

SosME = 5534S156p0p ® Op = ¢+ =@ )83 1§ S 0540p © pdp
= gl (o) § S SissOp ® pdp = ¢\ %) 1S Opp @ Op
= IS pdp © Op = ¢ ML
Now we rewrite oy (pdp ® dp) in terms of Mf+ as
o4 (pdp ® Op) = q2(a37a5)_2(ws;ws)5345M£+ _ (q(as,as) _ l)q(a&‘7a5)q_(“’s’2p)ppg,+p.
Then using §234Mf+ =g (s ’WS)M_L+ and §234pp = ¢~ (@=ws)pp we obtain
(Sasa — q~“***))oy _(pdp @ Op) = 0.

e Action of Ssy5. Let us write M§+ = S1230p ® Opp. As above we compute

Ssa5 MB, = S34551230p ® Opp = g ) (e 0) S 1S 1935 3450pp @ Op
= gl ) =(0a2) S 535345S1230pp ® Op = ¢'*=*)S 1935 3450p @ pdp
= q%)S1930p @ Opp = ¢ I ME

Now we rewrite o (Op ® dpp) in terms of ME, as
04— (9p @ Bpp) = o) 2w Gl VR (glawas) _]yglanan) =@n20)pg
Then using 5345M§+ = g(ws *“’S)Mﬂr and Si1a3pp = ¢(“=“=)pp we obtain
(Saas — ¢ ¥ o, _(8p @ dpp) = 0.

e Tensor product. We want to show that o _(9pp ® dp) = o4_ (0p @ pdp). Using the
right B-module relations (5.14) we compute

01— (0pp ® Op) = ¢+ )~ (@S 30, (pdp @ Op)
= gBloe o) =8l ’ws)51235345§25lﬁpép ® dp
_ q(a87as)_(w57ws)(q(a57as) _ 1)q(as1as)q_(WS729)Sl23ppgi+p.
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We focus on the first term. Using again (5.14) we have
$12353455156P0P © Op = S12353455156 5234 S3450p © Opp
= §Z5165123S2_314(§p ® Opp.
We also used that the terms S and S commute. For the second term we have
Si2sppg—+p = ¢““ppg_1p = ¢“ ) pg_pp = Siepg— s pp.
Using these identities we obtain
o4 (Opp ® Dp) = ¢\ )~ WIS o (9p @ Opp) = 04— (Op® pdp). O

Finally we consider o_, which is similar to o4 _. However, since the details are fairly
involved, we include the necessary steps also in this case.

Proposition D.7. We have a B-bimodule map o_4 : Q_ @ Qy — Qp @ Q_ given by
o4 (Op @ Op) = ¢* ) 2000l S L S0 Op @ Op — (¢~ () = 1)g~“*pg, _p.
Proof. We need to verify the following relations

Eloo_(Op® dp) =0, Ehyo_(dp® dp) =0,
(Si23 — ¢ Na_ (pAp @ Ap) =0, (Suse — ¢~ “=**))o_,(Op @ dpp) = 0.

Then we check that o_ descends to a map Q_ @3 0y — Q4 R Q_.
e Action of E},. We have the identity Sf213 = (@ @0) =2ws,ws) G gt (1—g(@ere) ) g~ (Worws)
from (5.19). Then we can rewrite

E}2S12352340p ® Op = ¢ @) 720w Bl 1S153505,0p @ Op
+ (1 — glewoe))g=(@ew) L S0, 0p ® Op.

The first term vanishes, since Ef,S1235234 = Ej, from (C.3) and E{,dp = 0. For the
second term we use g _p = ¢(@s@s) (@) So0,Op @ Op from (C.7). Then

E11251_21352343p ®0p= (qi(as’as) - 1)‘12(%’as)72(ws’ws)g+—19~
Using this identity we conclude that
El20-1(Op @ dp) = (¢~ ) = 1)gsp — (¢~ ) = 1)g4-p=0.

e Action of Ef,. We have the identity Sosq = q(o‘s’as)_2(‘*’s’”S)g2_314—|—(1—q(0‘57"‘5))(]_(“’57“’8)
from (5.20). Then we can rewrite
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E’4523451550p © Op = q(as’as)ﬂ(ws’ws)E§4§273145172133P ® dp
+ (1 _ q(as’as))q_(ws’ws)E§,4SI2138p ® 5}9'

The first term vanishes, since E4,S5;4S15 = Eo from (C.3) and Ej,0p = 0. For the
second term we use pg4_ = q(@Wsws) (@) EL STLOp ® Op from (C.6). Then

E545234S1550p @ Op = (g~ (*0*) — 1)g* (e 2) 7o) pg
Using this identity we conclude that
Ebyo_1(0p @ 0p) = (¢~ ™) = 1)pg— — (¢~ ™) — 1)pg,_ =0.

e Action of Sqo3. Let us write Mf; = S§415p8p ® dp. Then using the relations (5.12),
(5.14) and the “braid equation” for S (5.11) we compute

Sty Mi_ = SiysSaispdp @ Op = o)~ (IS STLS hdp @ pdp
_ q(ws’ws)f(as,a5)5g41551—2135g4153p ® pép — q*(as,as)5g415)51_2133p ® pdp
_ q—(w57ws)5§4158p X pgp = q_(Ws;UJs)Mfi.

Now we rewrite o_ (pdp ® dp) in terms of M£7 as
07+(p5p ® dp) = q2(ws,ws)—Q(a,mas)§456M£7 _ (q—(as,as) _ 1)q_(“572p)ppg+,p.
Then using SyosME_ = ¢(ws *“’S)M_f_ and Sia3pp = ¢(“=“=)pp we obtain
(Si23 — ¢“=*))o_y (pdp ® Ip) = 0.
e Action of Sys6. Let us write M fi = S2340p ® Opp. As above we compute

S456Mf— = S45652340p ® Opp = ¢ =)~ (@:2) G, 1:S054Sus6Opp © Op
= q(@ewa)=(@02)S, 118 15650340pp @ Op = ¢~ @) S434S4560p @ pdp
= g~ )S0300p @ Opp = ¢~ oI ML

Now we rewrite o_ (Op @ Opp) in terms of Mf_ as
U_+(5p ® dpp) = q2(ws,ws)*Q(as,as)Sl—;?’Mf_ _ (q*(as,as) _ 1)q7(“’s’2p)pg+_pp.
Then using §456Mf_ =g (s ’“’S)Mf_ and Sasapp = ¢~ “+“)pp we obtain
(Sus6 — g~ @)Y o_, (dp ® dpp) = 0.

e Tensor product. We want to show that o_ (Opp ® dp) = o_ 1 (Ip @ pdp). Using the
right B-module relations (5.14) we compute
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o_4(dpp @ Bp) = qWsws)=(@2)G 0 5| (pdp @ Dp)
— q3(ws,Ws)_3(a57as)§2345§415§456p8p ® 5])
_ q(w-evws)f(a&as)(qf(asva.e) _ l)q*(ws,QP)g234ppg+_p.

We focus on the first term. Using again (5.14) we have

S2345545545600p @ Op = S234S345 1565125 1560p @ Ipp
= S§41551_213S2343p X 5pp.

For the second term we have

Sosappg—+p = g~ ppg_p = ¢~ @ Ipg_ L pp = Sy pg_ s pp.

Using these identities we obtain
o1 (Opp @ Op) = ¢ )~ (@)S e (p® dpp) = 01 (Op @ pdp). O
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