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Abstract

Constrained optimization is a highly important field of engineering as most real-world optimization problems are associated with
one or several constraints. Such problems are often challenging to solve due to their complexity and high nonlinearity. Differential
evolution (DE) is arguably one of the most versatile and stable population-based search algorithms that exhibits robustness to multi-
modal problems and has shown to be very efficient when solving constrained global optimization problems. In this paper we
investigate the performance of several DE variants existing in the literature such as the traditional DE, the composite DE (CoDE),
the adaptive DE with optional external archive (JADE) and the self-adaptive DE (jDE and SaDE), for handling constrained
structural optimization problems. The performance of each DE variant is quantified by using three well-known benchmark
structures in 2D and 3D. It is shown that JADE, which updates control parameters in an adaptive way, truly exhibits superior
performance and outperforms the other DE variants in all the cases examined.
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1. Introduction

Differential Evolution (DE), originally proposed by Storn and Price [1] is a popular optimization metaheuristic
which exhibits very good performance in a wide variety of problems from various scientific fields. DE, like other
evolutionary algorithms is population-based using a stochastic search technique employing mutation, crossover and
selection operators to move the population towards the global optimum. In recent years, DE has gained increasing
interest for solving optimization problems over continuous space in many scientific and engineering fields [2-7].

DE has only a few parameters to adjust. These are called control parameters and include the population size NP,
(NP > 4), the mutation factor (or differential weight) F € [0, 2] and the crossover probability (or crossover control
parameter) CR € [0, 1]. The mutation factor F is a positive control parameter for scaling the difference vector. The
performance of DE in a specific problem depends largely on both the trial vector generation strategy and the choice of
the control parameters. First, one needs to choose the trial vector generation strategy and then one has to adjust the
control parameters for the optimization problem at hand. Finding the right control parameters is not a trivial task and
it can become difficult and time consuming for specific problems. This has drawn the attention of researchers who
have been studying and developing new DE variants with adaptive and self-adaptive control parameters. In adaptive
parameter control [8], the parameters are adapted based on feedback received during the search process while in self-
adaptive control, the parameters themselves are encoded into the chromosome and evolved from generation to
generation.

In the present paper we investigate the performance of several popular DE variants existing in the literature, namely
the traditional DE [1], the composite differential evolution (CoDE) [5], the self-adaptive control parameters differential
evolution (jDE) [2], the adaptive differential evolution with optional external archive (JADE) [4] and the self-adaptive
differential evolution (SaDE) [3], for handling constrained structural optimization problems. In particular, we examine
various 2D and 3D truss benchmark structures where the weight of the structure needs to be minimized subject to
constraints on stresses and displacements.

The remainder of the paper is organized as follows. The standard DE and the most frequently used mutation
strategies are presented in Section 2. The different DE variants examined in the study are presented in Section 3.
Section 4 describes the numerical examples and the relevant results while in Section 5 there is a discussion of the
results and the conclusions of the work.

2. Standard DE and various mutation strategies

DE optimizes a problem by maintaining a population of candidate solutions and creating new candidate solutions
(individuals) by combining existing ones according to some simple formulas, and then keeping whichever candidate
solution has the best objective value, i.e. if the new position of an individual is improved then it is accepted and forms
part of the population, otherwise the new position is discarded. The process is repeated until a termination criterion is
satisfied.

Let x € RP designate a candidate solution in the population, where D is the dimensionality of the problem being
optimized and f : RP—R be the objective function to be minimized. The basic algorithm (DE/rand/1/bin scheme) can
be described schematically as follows:

e Initialize all NP individuals with random positions in the search space
e Until a termination criterion is satisfied, repeat:
o For each individual x; in the population, do:
= Pick three individuals X1, X2, Xrs from the population at random. They must be distinct from each other
as well as from individual X;, i.e. ri# r#r3#i
= Form the donor vector using the formula (mutation operation)

Vi =Xy +F (X = X5) @)

= The trial vector u; is developed either from the elements of the target vector x; or the elements of the
donor vector vjas follows
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Vij if rijSCR Orj:jrand
o =J" i< )
' X otherwise

wherei={1, ..., NP}, j={1, ..., D}, rij~ U(0,1) is a uniformly distributed random number which is
generated for each j and jrana € {1, ..., D} is a random integer. jrang is used to ensure that u;# x; in all
cases

= In the trial vector u;, if any element u;; (corresponding to dimension j) is out of bounds, i.e. either above
the upper limit or below the lower limit for the specific dimension, then set this element to the upper
limit or the lower limit, respectively

= |If f(ui) < f(xi) then replace the individual x; in the population with the trial vector u;

At each generation G, DE employs the mutation operator to produce the donor vector v; for each individual x; in
the current population. For each target vector x; = {Xi1, ..., Xip} at generation G, its associated mutant vector v; = {vi,
..., Vip} can be generated with a specific mutation strategy. The five most frequently used mutation strategies in DE
are described in Table 1.

Table 1. Most frequently used mutation strategies in DE.

Strategy Equation used

“DE/rand/1” v, =X,+F (sz - er)

“DE/best/1” Vi = Yoo + F (X1 = X)
“DE/current-to-best/1” V=X + F (Xbest =X ) +F (Xr1 - sz)
“DE/rand/2” Vi =X+ F (X, = X5 )+ F (X, = X,5)
“DE/best/2” Vi = Yoo + F (X1 = X0 )+ F (X3 = X4

In the above formulas, the indices ri, I, 13, rs and rs are mutually exclusive random integers generated within the
range [1, NP] which are also different than index i (r1# r2# rs# ra# rs# i). These indices are randomly generated once
for each mutant vector. Xpest is the best individual vector at the generation G, i.e. the individual of the current population
associated with the best objective value.

3. DE variations examined in the study
3.1. CODE

It has been observed that the trial vector generation strategies and control parameters have a significant influence
on the performance of DE. The various trial vector generation strategies and control parameter settings can show
distinct advantages and, therefore, they can be effectively combined to solve different kinds of problems. Composite
DE (CoDE) [5] is based on the idea of randomly combining several trial vector generation strategies with a number of
control parameter settings at each generation, to create new trial vectors. In particular, the method uses three trial
vector generation strategies and three control parameter settings, randomly combining them to generate trial vectors
in an effort to improve performance [5]. The structure of CoDE is simple, and the algorithm is rather easy to implement.

The three trial vector generation strategies of the method are: (1) “rand/1/bin”; (2) “rand/2/bin”; (3) “current-to-
rand/1”. It has to be noted that in the “current-to-rand/1” strategy, the binominal crossover operator is not applied. The
three control parameter settings are: (1) [F = 1.0, C, = 0.1]; (2) [F = 1.0, C, = 0.9]; (3) [F = 0.8, C; = 0.2]. At each
generation, each trial vector generation strategy is used to create a new trial vector with a control parameter setting
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randomly chosen from the parameter candidate pool. As a result, three trial vectors are generated for each target vector.
Then the best one enters the next generation if it is better than its target vector [5].

3.2. JDE

The standard DE includes a set of parameters which are kept fixed throughout the entire evolutionary process, that
need to be adjusted for every single optimization problem. The process can be quite demanding and more difficult
than expected [9]. According to [10], the effectiveness, efficiency, and robustness of the DE algorithm are very
sensitive to the values of these control parameters, while some parameters may work well in a problem but not so well
on other problems, which makes the selection of the parameters a problem-specific question. According to [1], DE
behavior is more sensitive to the choice of F than it is to the choice of CR. The study suggests values in the region
[0.5, 1] for F, [0.8, 1] for CR and the value of 10-D for NP, where D is the number of dimensions of the problem.

JDE is a DE variant which features self-adaptive control parameter settings and has showed good performance on
numerical benchmark problems [2]. JDE uses the idea of the evolution of the evolution, i.e. using an evolution process
to fine tune the optimization algorithm parameters. Although the idea sounds promising, the proof of convergence of
EAs with self-adaptation is a difficult topic. In JDE the parameter control technique is based on the self-adaptation of
the parameters F and CR of the DE evolutionary process, producing a flexible DE which adjusts itself in order to
achieve the best optimization outcome. The control parameters of the JDE algorithm are described as:

{F, +rand,-F,, ifrand, <z,
G+~

F :
' Fo otherwise ®)
rand,, ifrand, <7
CR _ 3 4_ 2
HeH {CRLG ,  otherwise @

where rand; with j € {1, 2, 3, 4} are uniform random values in [0, 1] and 71, 7> represent probabilities to adjust factors
F and CR with suggested values z; = 72= 0.10, while F; = 0.1 and F, = 0.9. As a result, the updated F takes values in
the range [0.1, 1] while the updated CR takes values in [0, 1]. The new values take effect before the mutation and as a
result they influence the mutation, crossover and selection operations of the new trial vector. The idea behind JDE is
that one does not need to guess good values of F and CR anymore. The rules for self-adaptation of the two parameters
are quite simple and easy to program and use and as a result JDE does not increase significantly the complexity or the
computational effort in comparison to the standard DE. Experimental results have shown that JDE outperforms the
classic “DE/rand/1/bin” scheme [11], among other schemes also.

3.3. JADE

The performance of DE is in many cases dependent on the control parameters such as the mutation factor and the
crossover probability. Trial-and-error attempts for fine-tuning the control parameters can be successful but they require
much time and effort. Researchers have suggested various self-adaptive mechanisms for dealing with this problem [2,
12-16] in an effort to dynamically update the control parameters without prior knowledge of the characteristics of the
optimization problem. JADE was proposed to improve the performance of the standard DE by implementing a new
mutation strategy denoted as “DE/current-to-pbest” which updates control parameters in an adaptive way, with an
optional external archive. This method can be considered as a generalization of the classic “DE/current-to-best”
technique.

The algorithm, as described in [4] utilizes not only the best solution, but a number of good solutions. Any of the
top 100-p%, p € (0, 1], solutions can be selected (randomly) in “DE/current-to-pbest” to play the role of the single
best solution in “DE/current-to-best”. This can be beneficial because recently explored solutions that are not the very
best can still provide additional information about the desired search direction. Compared to “DE/rand/k”, greedy
strategies such as the “DE/current-to-best/k” and the “DE/best/k” can benefit from their fast convergence by
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incorporating best solution information in the search. However, this best solution information can also cause premature
convergence problems due to the resultant reduced population diversity. The “DE/current-to-pbest/1” strategy (without
archive) is a special case of the “DE/current-to-pbest/1” strategy with archive, if we set the archive size equal to zero
(empty archive). Details on the method and how exactly it is implemented can be found in [4] where it was also shown
that JADE is superior or at least comparable to other classic or adaptive DE algorithms.

3.4. SADE

SaDE is a self-adaptive DE where both trial vector generation strategies and their associated control parameter
values are gradually self-adapted by learning from their previous experiences in generating promising solutions [3].
In the SaDE algorithm, with respect to each target vector in the current population, one trial vector generation strategy
is selected from the candidate pool according to the probability learned from its success rate in generating improved
solutions within a certain number of previous generations. Then the selected strategy is applied to the corresponding
target vector to obtain a trial vector. At each generation, the probabilities of choosing each strategy in the candidate
pool are summed to 1.

In the beginning, the probabilities with respect to each strategy are initialized as 1/K, where K is the number of
strategies, i.e., all strategies have an equal probability to be chosen. The parameter NP remains a user-specified
parameter because it highly relies on the complexity of a given problem. On the other hand, F is approximated by a
normal distribution with mean value 0.5 and a standard deviation of 0.3 denoted by N(0.5, 0.3) [3]. As a result, F falls
in the range [-0.4, 1.4] with probability equal to 0.997. The control parameter K in the “DE/current-to-rand/1” strategy
is randomly generated within [0, 1]. The CR is assumed to follow a normal distribution with mean CRy, and standard
deviation Std, where CRp, is initialized as 0.5 and Std = 0.1. A set of random CR values is generated following the
normal distribution and then applied to those target vectors to which the k-th strategy is assigned. To adapt the CR,
memories CRMemoryy are established to store those CR values with respect to the k-th strategy that have generated
trial vectors successfully entering the next generation within the previous LP generations.

During the first LP generations, CR values with respect to the k-th strategy are generated by the normal distribution.
At each generation after LP generations, the median value stored in CRMemoryi will be calculated to overwrite CRmy.
Then CR values can be generated according to the normal distribution when applying the k-th strategy. After evaluating
the newly generated trial vectors, CR values in CRMemoryy that correspond to earlier generations will be replaced by
promising CR values obtained at the current generation with respect to the k-th strategy. Details on the method and its
implementation can be found in [3].

4. Numerical examples

The performance of each of the five optimization algorithms (the standard DE and the four DE variants) is examined
in three well-known benchmark structural engineering test examples:

1. 10-bar plane truss with 10 design variables;
2. 25-member space truss with 8 design variables;
3. 72-member space truss with 16 design variables.

For all test examples the tuning parameters of the optimization algorithms are selected as follows: the population
size NP, the mutation factor F and the crossover probability CR are taken equal to 30, 0.6 and 0.9, respectively. More
specifically for the jDE variant, 71 and 7 probabilities are both taken equal to 0.1. JADE is used with the optional
archive, with the size of the archive equal to NP = 30, while p = 0.05. The maximum number of function evaluations
is used as the stopping criterion for all cases, with a value of 10°. Furthermore, because of the stochastic nature of the
algorithms, for each method, 30 independent runs have been done and the convergence history results presented are
the average results of the different runs.

For a nonlinear optimization problem with inequality constraints, a common practice of incorporating constraints
is to define a penalty function so that the constrained problem is transformed into an unconstrained problem. The
following penalty formulation is used to handle the constraints of optimization problems in the present study:
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F(X)=f()+P(x)= f(X)+#i H, ()¢ (x) ©)

where f(x) is the value of the objective function to be optimized, P(x) is the penalty term, gk(x) is the k-th constraint
function in the form gk(x) <0, N is the total number of constraints, p > 0 is a penalty factor that should be large enough
(e.g. 10°) and Hx(x) function is defined as follows:

1 if g,(x)>0
H(x) = 6
() {0 otherwise ©

4.1. Example 1. The 10-bar plane truss

This is a standard benchmark 10-bar plane truss problem [17]. The structure is shown in Fig. 1(a) with the following
structural characteristics: modulus of elasticity E=10000 ksi, material weight p=0.11b/in%, length L=360 in, load
P=100kip. The structural members are divided into 10 groups. The design variables are the cross-section areas of each
member group in the interval [0.1, 35] (in?). The maximum allowable displacement in the +x and +y directions for
each node is dmax= 2 in, while the maximum allowable stress (absolute value) is caiow =25 ksi in tension or compression
and the objective is to minimize the weight of the structure under the specified constraints. For this specific benchmark
problem, various results from the literature can be found in [18]. The convergence history of the various DE methods
is shown in Fig. 1(b) as the average from 30 independent runs for each method.
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Fig. 1. (a) The 10-bar plane truss (coordinates in inches), (b) Convergence history for the 10-bar plane truss example.
4.2. Example 2. 25-member space truss

The second test example is a 25-member space truss [17]. The structure is depicted in Fig. 2(a). The “xxx” sign for
nodes 7, 8, 9, 10 of the model denotes a restriction for all three DOFs of the node (pinned constraint). Variations of
this test example can be found in the literature [18, 19]. The problem described below is the one described in [19], as
in [18] the load cases and the stress constraints are different, leading to different, non-comparable results. Details about
the geometry, the constraints and the load cases of the problem can be found in [17]. The convergence history of the
various DE methods is shown in Fig. 2(b) as the average from 30 independent runs for each method.
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Fig. 2. (a) The 25-member space truss (coordinates in inches), (b) Convergence history for the 25-member space truss example.
4.3. Example 3. 72-member space truss

The third test example is a space truss with 72 members [17], shown in Fig. 3(a). The example can be found in [20-
22], among others. The modulus of Elasticity is E=10000ksi and the material weight p=0.110/in%. The basis of the
structure is a rectangle with a side of 120in, while the total height is 4x60in =240in. The “xxx” sign for the basis
nodes of the model denotes a restriction for all three DOFs of the node (pinned constraint). The basis nodes, numbered
1, 2, 3, 4 are fixed on the ground. The structural members are divided into 16 groups and two load cases are considered.
The design variables are the cross-section areas of each member group with a lower limit of 0.01in? and no upper
limit. The constraints are imposed on stresses and displacements. The maximum allowable displacement in the +x and
+y directions for each node is dmax =0.25in, while the maximum allowable stress (as an absolute value) is caiiow= 25ksi
in tension or compression and the objective is to minimize the weight of the structure under the specified constraints.
Details about the geometry, loading and constraints of the problem can be found in [17]. The convergence history of
the various DE methods is shown in Fig. 3(b) as the average from 30 independent runs for each method.
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Fig. 3. (a) The 72-member space truss (coordinates in inches), (b) Convergence history for the 72-member space truss example.
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5. Discussion and conclusions

We investigated the performance of five DE variants, namely the standard DE, CoDE, JDE, JADE and SaDE, for
handling constrained 2D and 3D truss structural optimization problems where the weight of the structure needs to be
minimized subject to constraints on stresses and displacements. Three well-known benchmark problems have been
considered. For each problem and each method, we ran each optimization algorithm 30 times and the average results
are presented in terms of the convergence history, i.e. a diagram of the objective value vs the function evaluations. It
is shown that in all three example problems, the JADE variant exhibits superior performance and outperforms the
other DE variants. It appears that parameter adaptation is beneficial to improve the optimization performance of DE
by automatically updating control parameters to appropriate values during the search. It is worth noting that the
convergence of the standard DE algorithm is faster compared to the three other DE variants (CoDE, JDE and SaDE)
for the first and second test examples (10-bar 2D truss and 25-member 3D truss).

To end up to more reliable conclusions about the performance and efficiency of each DE variant, a more detailed
investigation needs to be performed, adding more structural analysis examples and also checking various metrics
relevant to the performance of the different methods.
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