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Consider a locally compact group G = @ X V such that V is
abelian and the action of Q on the dual abelian group V has
a free orbit of full measure. We show that such a group G can
be quantized in three equivalent ways:

(1) by reflecting across the Galois object defined by the
canonical irreducible representation of G on L?(V);

(2) by twisting the coproduct on the group von Neumann
algebra of G by a dual 2-cocycle obtained from the G-
equivariant Kohn—-Nirenberg quantization of V x V;

(3) by considering the bicrossed product defined by a matched
pair of subgroups of @ x V both isomorphic to Q.

In the simplest case of the ax 4+ b group over the reals, the
dual cocycle in (2) is an analytic analogue of the Jordanian
twist. It was first found by Stachura using different ideas. The
equivalence of approaches (2) and (3) in this case implies that
the quantum ax + b group of Baaj—Skandalis is isomorphic to
the quantum group defined by Stachura.

Along the way we prove a number of results for arbitrary
locally compact groups G. Using recent results of De Commer
we show that a class of G-Galois objects is parametrized by
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certain cohomology classes in H?(G;T). This extends results
of Wassermann and Davydov in the finite group case. A
new phenomenon is that already the unit class in H2(G;T)
can correspond to a nontrivial Galois object. Specifically,
we show that any nontrivial locally compact group G with
group von Neumann algebra a factor of type I admits a
canonical cohomology class of dual 2-cocycles such that the
corresponding quantization of G is neither commutative nor
cocommutative.
© 2020 The Authors. Published by Elsevier Inc. This is an
open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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0. Introduction

Although the problem of quantization of Lie bialgebras was solved in full generality
more than 20 years ago by Etingof and Kazhdan [15], the list of noncompact Poisson—Lie
groups admitting nonformal (analytic) quantizations is still quite short. The difficulty
lies not only in making sense of certain formal constructions, but in that there exist real
obstacles in doing so. A famous example is the group SU(1,1). At the Hopf *-algebraic
level its quantization is well understood, but by a “no go” result of Woronowicz there is
no way of making sense of it at the operator algebraic level [36]. As was first realized by
Korogodsky [19] and then completed by Koelink and Kustermans [18], the right group
to quantize in this case is the nonconnected group SU(1,1) x Z/2Z, the normalizer of
SU(1,1) in SL(2,C).

The present paper is motivated by an even easier example, the ax+b group G over the
reals. Its Lie algebra g is generated by two elements z,y such that [z, y] = y. Consider
the Lie bialgebra (g, d), with the cobracket ¢ defined by the triangular r-matrix

r=rQy—yR.
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It can be explicitly quantized using the Jordanian twist
N :=exp{z@log(1+hy)} € (Ug® Ug)[[h]]

found independently by Coll-Gerstenhaber-Giaquinto [8] and Ogievetsky [27].! This
twist and its generalizations have been extensively studied, see, e.g., [20], [21]. Tt is
particularly popular in physics literature, as it can be used to construct the xk-Minkowski
space [6], which by [22] can also be obtained from a bicrossed product construction.

If we want to make sense of {2 as a unitary operator on L?(G x ), since the elements
and y are skew-adjoint, our best bet is to take h € iR, but then we still have a problem
with the logarithm, as the spectrum of y is the entire line iR. A correct analytic analogue
of the Jordanian twist was found by Stachura [30], see formula (3.31) below, but it
turns out that, similarly to the case of SU(1,1), it is important to work with the entire
nonconnected ax + b group. What to do in the connected case remains an open problem.

In fact, in an earlier paper [4] the first two authors found a wuniversal deformation
formula for the actions of the connected component of the ax + b group (and, more
generally, of Kéhlerian Lie groups) on C*-algebras. Unfortunately, despite the claims
in [26] and [5], this formula turned out to define a coisometric but nonunitary dual 2-
cocycle, which is the term we prefer to use in the analytical setting instead of the “twist”.
See Remark 2.12 below and erratum to [5] for further discussion.

If we do consider the nonconnected ax + b group, then even earlier, Baaj and Skan-
dalis constructed its quantization as a bicrossed product of two copies of R* [29]. One
disadvantage of this construction is that from the outset it is not clear how justifiable
it is to call their quantum group a quantization of the ax + b group. Some justification
was given later by Vaes and Vainerman [33].

The present work grew out of the natural question how the constructions in [29],
[4] and [30] are related. As we already said, we found out that [4] does not lead to a
unitary cocycle and therefore cannot actually be used to quantize the ax + b group.
But the constructions in [29] and [30] turned out to be equivalent, as was conjectured
by Stachura. Furthermore, we found an interpretation of the Jordanian twist/Stachura
cocycle in terms of the Kohn—Nirenberg quantization, which allowed us to construct
quantum analogues of a class of semidirect products @ x V. We also realized that these
constructions have a very natural description within De Commer’s analytic version of
the Hopf-Galois theory [11,12].

In more detail, the main results and organization of the paper are as follows. After
a short preliminary section, we begin by discussing G-Galois objects for general locally
compact groups G in Section 2. These are von Neumann algebras equipped with actions
of GG that are in an appropriate sense free and transitive. For compact groups such ac-
tions are known in the operator algebra literature as full multiplicity ergodic actions.

LIn [8], the Jordanian twist does not appear in exponential form. To our knowledge, it was first ob-
served in [16] that Coll-Gerstenhaber—Giaquinto’s twist can be put in the exponential form and therefore
it coincides with Ogievetsky’s twist.
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Using recent results of De Commer [12] we show that the G-Galois objects with under-
lying algebras factors of type I are classified by certain second cohomology classes on G
(Theorem 2.4). For finite groups such a result quickly leads to a complete classification of
G-Galois objects obtained by Wassermann [34] (although the result is not very explicit
there, see [25]) and Davydov [10]. For infinite groups the situation is of course more
complicated, as in general there exist Galois objects built on non-type-I algebras.

We show next that under extra assumptions a G-Galois object of the form
(B(H),Ad ), where 7 is a projective representation of G on H, defines a dual uni-
tary 2-cocycle (Proposition 2.9). We do not know whether these assumptions are always
automatically satisfied, but we show that they are if 7 is a genuine representation (The-
orem 2.13). This implies that if the group von Neumann algebra W*(G) of a nontrivial
group G is a type I factor, then there exists a canonical nontrivial cohomology class of
dual cocycles on G. This gives probably the shortest explanation why a quantization of,
for example, the az+b group exists at the operator algebraic level. At the Lie (bi)algebra
level this is related to Drinfeld’s result on quantization of Frobenius Lie algebras [13].

The construction of the dual cocycle in Section 2 is, however, rather inexplicit and
in Section 3 we find a formula for such a cocycle for the semidirect products G =
@ x V such that V is abelian and the action of @ on the dual abelian group V has
a free orbit of full measure (Assumption 2.15). It is well-known that producing a dual
2-cocycle/twist is essentially equivalent to finding a G-equivariant deformation of an
appropriate algebra of functions on G. Our assumptions on G = @ x V imply that
we can identify L?(G) with L2(V x V) in a G-equivariant way. The Kohh-Nirenberg
quantization of V x V provides then a deformation of L?(G) and gives rise to a dual
unitary 2-cocycle £ (Theorem 3.12). The cohomology class of this cocycle is exactly the
one we defined in Section 2 (Theorem 3.18).

In fact, there are two versions of the Kohn—Nirenberg quantization, so we get two
cohomologous dual cocycles. In the case of the ax + b group we show that one of these
cocycles coincides with Stachura’s cocycle (Proposition 3.28).

Finally, in Section 4 we consider the bicrossed product defined by a matched pair of
two copies of @ in @ X V. We show that this quantum group is self-dual and isomorphic
to (W*(@), QA(-)2*) (Theorem 4.1 and Corollary 4.2). This is achieved by showing that
the multiplicative unitary of the twisted quantum group (W*(G), QA()Q*) is given by a
pentagonal transformation on @ X 1% (Theorem 3.26) and by applying the Baaj—Skandalis
procedure of reconstructing a matched pair of groups from such a transformation [2].

1. Preliminaries

Let G be a locally compact group. We fix a left invariant Haar measure dg on G and
denote by LP(G), p € [1, 0], the associated function spaces.
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The modular function A = A¢ is defined by the relation
[ tagin=a)" [ man or fecuc)
G G

Then A(g)~'dg is a right invariant Haar measure on G.
In a similar way, if ¢ € Aut(G), then the modulus |¢| = |¢|¢ of ¢ is defined by the
identity

/ f(a(h)) dh = || / f(h)dh for € Cu(G).
G

G

We let A and p be the left and right regular (unitary) representations of G on L?*(G):
Agf)(R) = f(g™ ) and  (pgf)(h) = A(9)'/? f(hg).

For a function f on G we define a function f by

flg) = flg™.

We also let J = Jg and J = Jg be the modular conjugations of L>°(G) and W*(G) :=
AG)":

Jf:=f and Jf:=A"Y2f
and we use the shorthand notation
J:=JJ=JJ, sothat Jf=A"12Ff. (1.1)

The multiplicative unitary W = Wg: L?(G) ® L*(G) — L*(G) ® L*(G) of G is
defined by

(Wf)g,h) = f(g.97"h).
The multiplicative unitary W = We of the dual quantum group is defined by
W =Wy, sothat (Wf)(g,h) = f(hg,h).

The coproduct A: W*(G) — W*(G)@W*(G) on the group von Neumann algebra
W*(G) is defined by A(\y) = A\, ® Ay. We then have

~

A(z)=W*1@z)W for e W*(G).
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Let now V be a locally compact Abelian group and V be its Pontryagin dual. Elements
of V will be denoted by the Latin letters v,v;,v’... while elements of V will be denoted
by the Greek letters &, ¢;,&" . ... We will use additive notation both on V' and on V.

The duality paring V xV = T will be denoted by €#(¢:¥). This is just a notation, we
do not claim that there is an exponential function here. We also let

€7i<57v> = 6i<§,v> — 6i<7£»v> — ei(ﬁ,*l})'

We fix a Haar measure dv on V and we normalize the Haar measure d¢ of V so that
the Fourier transform Fy, defined by

(Fof)(E) = / eHED f(0) dv

\%

becomes unitary from L2(V) to L2(V). For functions in several variables only one of
which is in V, we use the same symbol Fy to denote the partial Fourier transform in
that variable.

2. Galois objects and dual cocycles
2.1. Projective representations and Galois objects

Hopf-Galois objects is a well-studied topic in Hopf algebra theory. An adaption of
this notion to locally compact quantum groups has been developed by De Commer [11].
Let us recall the main definitions. We will do this for genuine groups, as this is mainly
the case we are interested in, but it will be important for us that the theory is developed
at least for locally compact groups and their duals.

Let G be a locally compact group and § be an action of G on a von Neumann
algebra A/. Such an action is called integrable if the operator-valued weight

P: N — NP, ./\/+3ar—>/ﬂg(a)dg,
G

is semifinite. If § is in addition ergodic, then we get a normal semifinite faithful weight ¢
on N such that P(a) = ¢(a)l. Note that

?(By(a)) = A(g) " '@(a) for all a € N,. (2.1)

We can then define an isometric map

G: L*(N,9) @ L*(N, @) = L*(G; LN, 9)), G(A(a) @ A(D))(g) = A(By(a)b),
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where A: 9y — L2(N, @) denotes the GNS-map. The pair (N, 5) consisting of a von
Neumann algebra A and an ergodic integrable action 3 of G on N is called a G-Galois
object if the Galois map G is unitary.

The following characterization of Galois objects is often easier to use.

Proposition 2.1. A pair (N, ) consisting of a von Neumann algebra N and an ergodic
integrable action B of a locally compact group G on N is a G-Galois object if and only
if N x G is a factor, which is then necessarily of type I

Proof. This is a simple consequence of results in [11, Section 2|. Indeed, the integrability
assumption implies that A/ x G has a canonical representation 1 on L?(N, ), and then
by [11, Theorem 2.1] the pair (N, 3) is a G-Galois object if and only if 7 is faithful. If
N x G is a factor, then 7 is faithful, so we get one implication in the proposition.

Next, the ergodicity of the action B implies that the action on N’ by the auto-
morphisms Adn(),) is ergodic as well, that is, N/ N n(W*(G))" = C1. It follows that
n(N % G) = B(L*(N,@)). Hence, if (N, ) is a Galois object, then N x G is a factor
canonically isomorphic to B(L?(N,@)). O

We will be interested in G-Galois objects that are themselves factors of type I, in
which case we say, following [12], that (N, ) is a I-factorial G-Galois object. Identify-
ing N with B(H) for a Hilbert space H, we then get a projective unitary representation
m: G — PU(H) such that §;, = Ad7(g). Note that the equivalence class of 7 is uniquely
determined by (N, ).

Remark 2.2. Ergodicity of § = Ad 7 is equivalent to irreducibility of 7. Assuming ergodic-
ity, integrability of the action Ad = is equivalent to square-integrability of the irreducible
projective representation 7, meaning that there are nonzero vectors &, for which the
function g — (7(g)¢, ) is square-integrable. This observation goes back to [9, Exam-
ple 2.8, Chapter III], but let us give some details.

Assume first that the action Ad« is integrable. Then the domain of definition of the
weight ¢ must contain a nonzero rank-one operator ¢¢¢. Then, for every ¢ € H, the
function g — ((Ad7(9))(0¢.¢)¢,C) = |(m(9)€, ¢)|? is integrable, so 7 is square-integrable.

Conversely, assume 7 is square-integrable. Then by [14] (for genuine representations)
and by [1] (for projective representations) there exists a unique positive, possibly un-
bounded, nonsingular operator K on H, called the Duflo-Moore formal degree operator,
such that

/ (m(9)€, 02 dg = | KY€ | for all € € Dom(KV/?) and ¢ € H.
This implies that 6¢¢ is in the domain of definition of the weight ¢ and ¢(6¢¢) =
| KC1/2€))2. Tt follows that the action Adr is integrable and

@ =Tr(KY?. K/?).
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Note for future use that property (2.1) translates into
(Ad7(g))(K) = A(g)K. (2.2)

Since the action Ad 7 is ergodic, this determines K uniquely up to a scalar factor. In
particular, as was already observed in [14], if G is unimodular then K is scalar, and
otherwise K is unbounded.

Remark 2.3. By [11], given a G-Galois object, we get a locally compact quantum group G’
obtained by reflecting G across the Galois object. If G is abelian, then G’ = G. But
if G is a nonabelian genuine locally compact group and our Galois object has the form
(B(H), Ad ) for a projective representation m of G, then G’ is a genuine quantum group.

Indeed, assume G’ is a group. By the general theory we know that B(H) is a G’-Galois
object with respect to an action 8’ of G’ commuting with the action of G, see [11]. There
exist scalars x4(¢’) € T such that

By (7(9)) = xg(g")7(g) forall g€ G, ¢' € &,

where 7(g) is any lift of 7(g) to U(H). Then x, is a character of G'. Furthermore, by
ergodicity of the action 8, if x4, = x4, for some g1,92 € G, then 7(g1) and 7(g2)
coincide up to a scalar factor, which by surjectivity of the Galois map for (B(H), Adn)
is possible only when g; = g». Therefore the map g — x4 is an injective homomorphism
from G into the group of characters of G’. Hence G is abelian, which contradicts our
assumption.

By a recent duality result of De Commer [12], for any locally compact quantum
group G, there is a bijection between the isomorphism classes of I-factorial G-Galois
object and I-factorial G-Galois objects. This bijection is constructed as follows. Suppose
we are given a I-factorial G-Galois object (N, 3). Then N’ N (N x G), equipped with
the dual action, becomes a I-factorial Galois object for G. (More precisely, we rather
get a Galois object for the opposite comultiplication on Lm(é) and then an additional
application of modular conjugations is needed to really get a Galois object for G, but
this is unnecessary in our setting of genuine groups and their duals.)

There is a simple class of G-Galois objects constructed as follows. Assume from now
on that G is second countable. Let w be a T-valued Borel 2-cocycle on G. Consider the

w-twisted left regular representation of G on \*: G'— B(L?*(G)) defined by

(X )(h) = w(g,g7"h) f(g~"h),

satisfying Ay Xy = w(g, h)Ay,, and let W*(G;w) := A(G)" C B(L*(G)). Then W*(G;w)
efluipped with the coaction A{ = A& ® Ay of G (or in other words, the action of G)is a
G-Galois object, see [11, Section 5] for this statement in the setting of locally compact
quantum groups.
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In fact, this covers all possible I-factorial G-Galois objects and by duality we get a
description of the I-factorial G-Galois objects:

Theorem 2.4. For any second countable locally compact group G, there is a bijection be-
tween the isomorphism classes of I-factorial G-Galois objects and the cohomology classes
[w] € H*(G;T) such that the twisted group von Neumann algebra W*(G;w) is a type I
factor.

Here H?(G;T) denotes the Moore cohomology of G, which is based on Borel
cochains [23].

Explicitly, the bijection in the theorem is defined as follows. To a I-factorial G-Galois
object (B(H),Ad ) we associate the cohomology class [w,] € H*(G;T) defined by the
projective representation m of G. Recall that this means that we lift 7 to a Borel map
7: G — U(H) and define a Borel T-valued 2-cocycle w, on G by the identity

7(9)7(h) = wx(g, h)T(gh).

The inverse map associates to [w] € H2(G;T) (such that W*(G;w) is a type I factor)
the isomorphism class of the G-Galois object (W*(G;w), Ad A¥).

For finite groups G, this theorem is essentially due to Wassermann [34] (see also [25]),
as well as to Davydov [10] in the purely algebraic setting.

We divide the proof of Theorem 2.4 into a couple of lemmas. Let (B(H),Ad ) be a
I-factorial G-Galois object and w be the cocycle defined by a lift 7 of 7.

Lemma 2.5. The G-Galois object associated with the I-factorial G-Galois object
(B(H),Ad ) is isomorphic to (W*(G;w), «), where the coaction o of G is defined by

a(XS) = X2 @ Ay (2.3)
Proof. We have an isomorphism
B(H) x G = B(H)®W*(G;@), BH)>T —»T®1, \j—7(g) @\

Explicitly, the crossed product B(H)x G is the von Neumann subalgebra of B(L?(G; H))
generated by the operators A, considered as operators on L?(G; H) and the operators T
for T € B(H) defined by

(T€)(g) = m(9)*Tm(9)¢(9)-

Then the required isomorphism is given by AdU, where U: L*(G; H) — L*(G; H) is
defined as

(U&)(9) = 7(9)&(9)-
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This gives the result. O

In particular, it follows that W*(G; w) is a type I factor. As JW*(G;w)J = W*(G; w),
the von Neumann algebra W*(G;w) is a type I factor as well. By De Commer’s dual-
ity result [12] we conclude that the map associating [w,] to the isomorphism class of
(B(H),Ad ) is injective and its image is contained in the set of cohomology classes [w]
such that W*(G;w) is a type I factor.

Consider now an arbitrary cohomology class [w] € H*(G; T) such that W*(G;w) is a
type I factor. To finish the proof it suffices to establish the following.

Lemma 2.6. The pair (W*(G,w), AdA\¥) is a G-Galois object.

Proof. Let us start with the I-factorial G-Galois object (W*(G;@), ), with the coac-
tion o given by (2.3). By definition, the crossed product W*(G,@) x4 G is the von
Neumann subalgebra of B(L*(G) ® L?*(G)) generated by o(W*(G;w)) and 1 ® L°°(G).
The unitary wo; W commutes with 1 ® L>(G) and satisfies

wnW(AS ®Ag) = (1@ A )wn W.

Therefore the conjugation by this unitary defines an isomorphism of W*(G,w) X4 G onto
the algebra 1 ® B(L*(G)). This isomorphism maps a(W*(G;&)) onto 1 @ W*(G; o).

In order to understand what happens with the dual action, initially defined by the
automorphisms Ad(1 ® pgy), it is convenient to assume that the cocycle w satisfies

w(g,e) =wle,g) =w(g,g~') =1 forall geG,

which is always possible to achieve by replacing w by a cohomologous cocycle. Then J
is the modular conjugation of W*(G;@), so that W*(G;@) = JW*(G;@)J. Put Py =
J )\‘;’j . Then

(5 f)(h) = A(g)Pw(g, g h™") f(hg) = Alg)"/w(h, g) f(hg).

It is then not difficult to check that
wn W (1 ® pg)W*wg1 = (X5 @ pf).

We thus see that the von Neumann algebra a(W*(G;@))' N (W*(G; @) x4 G), together
with the restriction of the dual action, is isomorphic to p*(G)” = JW*(G;@)J with the
action given by the automorphisms Ad p¢. As

~ A A~

p = XS T = JINT ],
we conclude that the G-Galois object associated with the G-Galois object (W*(G;@), @)
is isomorphic to (W*(G;w), Ad A\¥). O
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2.2. Dual cocycles

An important class of G-Galois objects arises from dual 2-cocycles. By a dual unitary
2-cocycle on G we mean a unitary element Q € W*(G)QW*(G) such that

Qe 1D(A®)(Q)=(1292)(A)Q). (2.4)

Similarly to the G-Galois objects W*(G;w) considered above, such cocycles lead to G-
Galois objects W*(G;Q) (which for notational consistency with W*(G;w) we should
have rather denoted by W* (G’, 0*)). Following [26, Section 4], they can be described as
follows.

Identify as usual the Fourier algebra A(G) with the predual of W*(G). Given a dual
unitary 2-cocycle Q € W*(G)@W*(G), the von Neumann algebra N := W*(G;Q)
B(L?(@G)) is generated by the operators

ma(f) = (f@ )W), [eAG).
Define an action 8 of G on A by
Bg(x) = (Ad pg)(z), x €N,

where we remind that p, = J )\gj is the right regular representation. The map 7q is the
representation of the algebra A(G) equipped with the new product

(fi % f2)(9) = (f1 ® f2) (A(Ag)Q"). (2.5)

The representation mg has the equivariance property

ﬂg(ﬂg(f)) = WQ()\gf). (2.6)

By [33, Section 1.3], the canonical weight @ on A has the following description. Its
GNS-space can be identified with L?(G), with the GNS-map A: 93 — L?(G) uniquely
determined by

A(mo(f)) = f for fe A(G) such that fe L*(Q), (2.7)
where we remind that f(g) = f(g~!). In particular, for f as above we have

g(ra(f) ma(f)) = IIf13. (2.8)

Two dual unitary 2-cocycles 2, Q" are called cohomologous if there exists a unitary
u € W*(@) such that

~

= (u@u)QA(u)*.
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The cohomology classes form a set H 2(C;’; T). In general this set does not have any extra
structure.

Proposition 2.7. Two dual unitary 2-cocycles Q, ' on a locally compact group G are
cohomologous if and only if they define isomorphic G-Galois objects.

Proof. As A(u) = W*(1 @ u)W, it is easy to see that if @ = (u ® u)QA(u)* then Adu
defines a G-equivariant isomorphism of W*(G; Q) onto W*(G; ).

Conversely, assume we have a G-equivariant isomorphism 0: W*(G; Q) — W*(G; Q).
Denote by A and A’ the GNS-maps for these objects as described above. Then the
isomorphism 6 is implemented by the unitary u defined by uA(z) = A’(f(x)). Since
by (2.6) and (2.7) the actions of G are implemented in a similar way by the unitaries pg:

pol(@) = A(9)'?A(By(2)) and pgh'(a") = Alg)"2N (55 («")),

we conclude that upy = pgu, hence v € W*(G).

Denote by G and G’ the corresponding Galois maps. Then by definition we have
(1®u)G = G'(u® u). On the other hand, by [11, Proposition 5.1] we have G = WQ*
and G’ = WQ'*. Hence

(1Qu)W =W (uu).
Using again that A(u) = W*(1 @ u)W, we conclude that Q' = (u ® u)QA(w)*. O

Combined with Theorem 2.4 this proposition allows one to describe a part of H2(G; T)
in terms of cohomology of G. Namely, denote by H2(G; T) the subset of H2(G; T) formed
by the classes [©2] such that W*(G; Q) is a type I factor. Given such an Q, we can identify
W*(G;Q) with B(H) for a Hilbert space H. Then the action 8 of G on W*(G;€Q) is
given by a projective representation 7 of G on H, and we denote by cq the corresponding
2-cocycle w, on G. Similarly, denote by HZ(G; T) the subset of H%(G; T) formed by the
classes [w] such that W*(G;w) is a type I factor.

Corollary 2.8. For any second countable locally compact group G, the map Q — [cq]
defines an embedding of HIQ(G, T) into HE(G;T).

A natural question is whether this embedding is onto. We do not know the answer,
but as a step towards a solution of this problem let us explain how dual cocycles arise
from Galois maps under extra assumptions.

It will be useful to go beyond Galois objects. Assume we are given a square-integrable
irreducible projective representation w of G on H. Assume also that we are given a
unitary map

Op: L*(G) — HS(H) such that Op(\,f) = (Ad7(g))(Op(f)), (2.9)
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which we will call a quantization map. Here HS(H) denotes the Hilbert space of Hilbert—
Schmidt operators on H. As in Section 2.1, consider the Duflo-Moore operator K on H
and the weight ¢ = Tr(KY? . K'/2). As the GNS-space for ¢ we could take HS(H),
with the GNS-map A uniquely determined by A(TK~/2) := T for T € HS(H) such
that TK /2 is a bounded operator. But using the unitary Op we can transport every-
thing to L?(G). Thus we take L?(G) as the GNS-space, with the GNS-map uniquely
determined by

AOp(f)K~Y?):= f for fe L*(G) such that Op(f)K~'/? e B(H). (2.10)

Consider the corresponding Galois map G, so G: L*(G) ® L?(G) — L*(G) ® L*(G),

G(f1® fo)(g,h) = R((Adn(9))(Op(F)K ) Op(L)K ) (h).  (2.11)
Finally, define
Q:=(TJ2J)G 1 W, (2.12)
where we remind that J = J.J.

Proposition 2.9. With the above setup and notation, the operator ) is coisometric. It lies
in the algebra W*(G)@W*(G) and satisfies the cocycle identity (2.4).

In particular, 2 is a dual unitary 2-cocycle on G if and only if (B(H),Adr) is a
G-Galois object. Moreover, if Q is indeed unitary, then (B(H),Adr) is isomorphic to
the G-Galois object (W*(G’, Q), ) defined by Q.

Proof. Since the Galois maps are always isometric, it is clear that € is coisometric.

Next, a straightforward application of definition (2.11) together with scaling prop-
erty (2.2) yield the following identities for G, cf. [11, Lemma 3.2]:

GAg®1)=(pg®1)G, G(1®A) = (Ag®Ag)G.
Together with the identities
W(Pg ®1) = (pg ® 1)W7 W(l ® pg) = (Ag ® Pg)Wv Tpg = AgT
this implies that ) commutes with the operators p; ® 1 and 1 ® p,. Hence 2 €
W*(G)@W*(G).

Turning to the cocycle identity, by [11, Proposition 3.5] the Galois map G (denoted
by G in op. cit.) satisfies the following hybrid pentagon relation:

W12G13Ga3 = G23G12.
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(More precisely, the result in [11] is formulated only for the Galois objects, but an inspec-
tion of the proof shows that it remains valid for arbitrary integrable ergodic actions.)
Plugging in G = (1@ J)WQ*(J @ J) we get

PN . R . 2 .
Wi1aW13Q73Was€d5s = Was 253 W120Q7,,

and using A(m) = W*(l ® x)W and the pentagon relation WiaWisWas = WasWis we
obtain the required cocycle identity.

Finally, by the definition of €2, the Galois map G is unitary if and only if € is unitary.
Assuming that 2 and G are unitary, by [11, Proposition 3.6(1)] the elements (w ® ¢)(G)
for w € B(L?*(G)). span a o-weakly dense subspace of 75 (B(H)). Recalling the definition
of W*(G; Q) we conclude that

s (B(H)) = TW*(G;Q)J.

The action of G on B(H) is implemented on the GNS-space by the unitaries Ay, while
that on W* (Q, ) by the unitaries py. Since JpyJ = A, we see that the Galois objects
(B(H),Ad ) and (W*(G; ), 8) are indeed isomorphic. O

Remark 2.10. Although [11, Proposition 3.6(1)] is formulated only for the Galois objects,
its proof remains valid for any integrable ergodic action. Therefore we see that starting
from a square-integrable irreducible projective representation 7 of G on H and a unitary
quantization map Op: L?(G) — HS(H), we can define a dual coisometric cocycle
by (2.12) and then the set of elements (w®¢)(WQ*) for w € B(L2(G)). span a o-weakly
dense subspace of Jmg(B(H))J. Therefore € contains a complete information about
(B(H),Ad ) independently of whether we deal with a Galois object or not.

Remark 2.11. The quantization map Op defines a product x on L?(G) by

Op(f1 * f2) = Op(f1) Op(f2).

In general the product xq defined by € is apparently not the same as x on A(G)NL2(G).
In order to see this, let us proceed a bit informally, without trying to fully justify every
step. By definition we have

TIra(H)T =T(f@)(WA)T = (f @1)(G(T @ 1)).

Take functions fi, fo € L*(G) and consider the function f € A(G) defined by f(g) =
(Agfi, f2). Applying (- f1, f2) to the first leg of G(J ® 1) we then get

Ira(f)T = / (Ad7(9))(Op(T 1)K~ /?) f2(g) dg = Op(A~Y/2 f)K—1/2,
G
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We thus conclude that xq is related to the quantization map Op’ defined by
Op'(f) = Op(A™Y2f)K 12,

so that Op'(f1 xa f2) = Op'(f1) Op'(f2).

The products defined by the quantization maps Op and Op’ coincide if and only if the
map f — Op~ ' (Op(A~Y/2f)K~1/2) is an automorphism with respect to x. In general we
see no reason why this should be the case. But this can happen. Observe that since A is
the only positive measurable function F on G such that \jF' = A(g) "' F, any reasonable
extension of Op to a class of functions including A® should satisfy Op(A/?) = cK /2
for a constant ¢ > 0. Then Op ' (Op(A~Y2f)K~1/2) = ¢~ (A=Y2f) » AY/2. From this
we see that for the map f — Op ™' (Op(A~Y2f)K~1/2) to be an automorphism it suffices
to have the identities

A% % A= A ATY2f = e AT % f R AT (2.13)

for some v € R. For the examples studied in this paper we will indeed have such identities,
with ¢ = 1 and a = 1/2. On other hand, for the example studied in [5] (which is not a
Galois object) we had ¢ =1 and o = 1/4.

We thus see that the problem of describing HIQ(G’, T) reduces to the following ques-
tion: it is true that for any I-factorial Galois object (B(H),Adw) there is a unitary
quantization map (2.9)? This can be reformulated as a representation-theoretic problem
as follows. Assume we are given a 2-cocycle w on G such that W*(G;w) is a type I factor.
We identify W*(G;w) with B(H) and put 7, (g) := Ay € B(H). Then g — 7,(9) @7, (9)
is a well-defined unitary representation of G on H ® H, where 7 (g)¢ := m,(g)§. Is this

representation equivalent to the regular representation?

<

The answer is known to be “yes” for finite groups [34,24]. Indeed, the Galois map

gives a unitary equivalence
Tw T, Qe ®eg~pOen Veg,

where £, denotes the trivial representation of G on the Hilbert space L. This implies the
required equivalence m, ® 75, ~ A for finite groups G, but falls short of what we need for
general G.

Remark 2.12. In order to stress that it can be dangerous to rely too much on analo-
gies with the finite group case, note that for any square-integrable irreducible projective
representation m of G on H, the Galois map always defines an embedding of the repre-
sentation Ad 7 ® epg(gy on HS(H) ® HS(H) into p ® enxg(q). It follows that for finite
groups existence of a unitary quantization map (2.9) is equivalent to (B(H), Adw) be-
ing a Galois object. This is certainly (but until recently unexpectedly!) not the case for
general groups. For example, for the connected component G of the ax + b group over R
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there are two inequivalent infinite dimensional irreducible unitary representations. They
are both square-integrable and both admit unitary quantization maps [4]. But G has no
I-factorial Galois objects, since H?(G;T) is trivial and W*(G) is the sum of two type I
factors.

2.8. Dual cocycles defined by genuine representations

We now turn to Galois objects (B(H ), Ad ) defined by genuine representations.

Theorem 2.13. For any nontrivial second countable locally compact group G, a (square-
integrable, irreducible) unitary representation w: G — B(H) such that (B(H),Ad ) is
a G-Galois object exists if and only if W*(G) is a type I factor. Moreover, if m exists,
then

(i) 7 is unique up to unitary equivalence; explicitly, by identifying W*(G) with B(H)
we can take w(g) = Ag;

(ii) the Galois object (B(H),Ad ) is defined by a dual unitary 2-cocycle Q@ on G.

Recall that by Proposition 2.7 the cohomology class of € is determined by the iso-
morphism class of the corresponding Galois object. Therefore the above theorem shows
that if W*(G) is a type I factor, then we get a canonical class [Q] € H2(G;T). In terms
of Corollary 2.8, this class corresponds to the unit of H?(G;T).

Note also that the condition that W*(G) is a type I factor implies that G is neither
compact nor discrete, so the situation described in the theorem is a purely analytical
phenomenon.

Proof of Theorem 2.13. The first statement is an immediate consequence of Theorem 2.4
applied to genuine representations and, correspondingly, to the trivial 2-cocycle w =
1 on G. Furthermore, that theorem implies that 7 is unique up to equivalence as a
projective representation. Therefore to prove part (i) we only have to show the slightly
stronger statement that 7 is also unique up to equivalence as a genuine representation.
Thus, we identify W*(G) with B(H), take 7(g) = Ay, and we have to show that for any
character n: G — T the representations 7 and 7 are equivalent. The representations nA
and A are unitarily equivalent, e.g., by Fell’s absorption principle. It follows that there
exists an automorphism 6 of W*(G) such that 0()\;) = n(g)Ag for all g. As 6 is an
automorphism of B(H) = W*(G), it is unitarily implemented, which means exactly
that nm and 7 are unitarily equivalent.

In order to prove part (ii), by our results in Section 2.2 it suffices to show that the
representation m ® 7€ is equivalent to the regular representation.

Since we can identify W*(G) with B(H) in such a way that w(g) = A,, the rep-
resentation A is a multiple of 7, so we can write A ~ ™ ® €1, where ¢, is the trivial
representation on a separable Hilbert space L. Since G is nontrivial, the Hilbert space H



P. Bieliavsky et al. / Journal of Functional Analysis 280 (2021) 108844 17

must be infinite dimensional. But then the multiplicity of the square-integrable rep-
resentation 7 in A must be infinite as well [14], so the Hilbert space L is infinite
dimensional.

By passing to the conjugate representations we get

Qe ~ AN A~NTREL.

This implies that the irreducible representations 7¢ and 7 are equivalent.
Next, using Fell’s absorption principle we get

TRTREL~NTRAAN~NARQeEg ~TREL RER.

From this we see that the representation m ® 7 is a multiple of 7, and in order to con-
clude that 7 ® m ~ X it suffices to show that the multiplicity of 7 in 7 ® 7 is infinite.
In other words, we have to check that the commutant of (7 ® 7)(G) in B(H ® H) is
infinite dimensional. Equivalently, that the commutant of (A® A\)(G) in W*(G)@W*(G)
is infinite dimensional.

More generally, let us show that if G is a closed nonopen subgroup of a second count-
able locally compact group G5 such that W*(Gy) is a type I factor, then the relative
commutant W*(G1)' N W*(Gs) is infinite dimensional.

Assume W*(G1)' N W*(G3) is finite dimensional. Denote by A; the modular function
of G;, by p; the Haar measure on G; and by ¢; the standard Haar weight on W*(G;).
The modular group of @2 is given by o(\;) = Aa(g)*A,. It preserves W*(G1), and
since W*(G1) is a type I factor, there exists a normal semifinite faithful weight ¢
on W*(G;) with the same modular group. Consider the unique normal semifinite
operator-valued weight P: W*(Gy) — W*(G1) such that ¢/ P = @o. Since W*(G1)
is a type I factor and W*(G1)' N W*(G>) is finite dimensional, it follows, e.g., from [32,
Corollary 12.12] applied to M = W*(G1) that such an operator-valued weight must be
bounded, hence it is a scalar multiple of a conditional expectation. In particular, the
weight Ga|p-(q,) is semifinite. This, in turn, implies, that Qo] +(q,) is a Haar weight
on W*(G1), hence @alyw+(q,) = c$1 for a constant ¢ > 0. We can also conclude that
Ao|q, = Ar.

Denote by E the conditional expectation obtained by rescaling P, so that c o1 E = @s.
Using the identity ¢a(zy) = c$1(E(x)y) for appropriate elements x € W*(G2) and
y € W*(Gy), it is not difficult to compute E on a dense set of elements. Namely, if
r = [, F(9)\gdua(g), with F' = f* f” (convolution in LY(Gy)) for some f, f' € C.(G2),
then we must have

E@ = [ P, dino)

G1
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Applying this to functions f’ > 0 supported in arbitrarily small neighborhoods of the
identity and normalized by ||f’||; = 1, which form an approximate unit in L'(Gz), and
using the assumed continuity of E, we conclude that

B( [ fodua(@) =< [ gy din(o) forall f € Cu(Go).
G2 G1

But this formula certainly defines an unbounded map, so we get a contradiction. In-
deed, take any nonzero function f € C.(Gy). Since G has zero measure in G, we
can extend f to a function f € C.(G3) with the same supremum-norm but sup-
ported in a set of arbitrarily small Haar measure, so that the L'-norm of f can be
made arbitrarily small. Since the operator norm is dominated by the L'-norm, we thus
see that the preimage of fGl f (9)Ag dui(g) under E has elements of arbitrarily small
norm. 0O

As we have already observed, the class [Q] € H?(G;T) corresponds to the unit of
H?(G;T), so one might wonder whether  is also a coboundary, that is, cohomologous
to 1. But this is surely not the case, since W*(G;Q) = B(H), while W*(G) = L=(G).
In fact, the following stronger nontriviality property holds.

Proposition 2.14. If G is a nontrivial second countable locally compact group with group
von Neumann algebra a factor of type I, and § is the dual unitary 2-cocycle given by
Theorem 2.13, then the twisted locally compact quantum group (W*(G), QA()Q*) is
neither commutative nor cocommutative.

Proof. The algebra W*(G), being a nontrivial type I factor, is clearly noncommutative.
This implies that the group G is noncommutative. By Remark 2.3 it follows that the
quantum group Gg obtained by reflecting G' across the Galois object (W*(é, 02),5)is a
genuine quantum group, that is, the coproduct Ag on W* (Gq) is not cocommutative.
But (W*(Gg), Ag) is exactly (W*(G), QA(-)*), see [11]. O

2.4. Examples: subgroups of the affine group

We now introduce the main class of examples studied in this paper.

Let V be a nontrivial second countable locally compact abelian group, @ be a second
countable locally compact group of continuous automorphisms of V' and call G the
semidirect product @ x V' C Aff(V) := Aut(V') x V. It has the group law

(q,0)(d";v") = (gd" ;v +qv'), ¢,d €Q, v,v eV.

The unit element is (id,0) and the inverse is (¢,v)~! = (¢!, —¢~*v). Whenever conve-
nient we identify ¢ € @ with (¢,0) € @ x V and v € V with (id,v) € Q x V. We will also
usually write 1 instead of id for the unit of Q.
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We denote by ¢” the dual action of Q on V defined by the identity

GHTED) _ ilea )

)

where we remind that (£,v) — €*&) simply denotes the duality paring VxV—T.
We will study the groups @ x V satisfying the following property.

Assumption 2.15. There is an element &, € V such that the map

¢:Q4>Va qubé'Oa

is a measure class isomorphism. In this case, we say that (V, Q) satisfies the dual orbit
condition.

We note in passing that the groups studied in [17] do not satisfy this condition.

Remark 2.16. If (V, Q) satisfies the dual orbit condition, then V' cannot be compact, since
the neutral element of V cannot belong to the Q-orbit of £ and therefore V cannot be
discrete. Note also that the stabilizer of & in Q must be trivial, so that the map ¢ is
injective.

In order to give some concrete examples, let K be a nondiscrete locally compact skew-
field. If K is commutative then K is a local field. This means that K is isomorphic either
to R, C, a finite degree extension of the field of p-adic numbers Q,, or to a field F,((X))
of Laurent series with coefficients in a finite field F,. If K is a skew-field, then K is
isomorphic to a finite dimensional division algebra over a local field k. As an abelian
group K is self-dual, with a pairing K x K — T given by (a,b) — x(Trg i (ab)) for a
nontrivial character x of k. Denote by xk the character x o Trg /.

Example 2.17. For n > 1, let

V =Mat,(K) and @ = GL,(K),
with the action given by left matrix multiplication. Under the isomorphism Vo~V
associated with the pairing (A, B) — xk (Tr(*AB)), the dual action is given by (A, M)
tA=1 M. Therefore, both (V, Q) and ([7, Q) satisfy the dual orbit condition.
Example 2.18. Let 7 be any order-two ring automorphism of Mat, (K). Consider the

quaternionic type group H (K, 7) given by the subgroup of GLa,,(K) of elements of the
form

( 4. B ) A, B € Mat,(K).
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Set

V = Mat,,(K) ® Mat,(K) and Q= HZ(K,7).
Here also, both (V, Q) and (V, Q) satisty the dual orbit condition.
Example 2.19. For n > 1 and m > 2, let

V =Mat,(K) @ --- ® Mat,(K) and

L0 0
Q= : : | caLum(x).
0 1 0
Mat,(K) -~ Mat,(K) GL,(K)

Then (V, Q) satisfies the dual orbit condition, since for My,..., My, B1,...,Bmn-1 €
Mat,, (K) and A € GL,(K) we have

1 - 0 0\ / M M, —'BitA=M,,
0 -~ 1 0 Mpoi | |\ M, —tB,, tA~'M,,
By -+ Bj,-1 A M,, tAile

On the other hand, the dual pair (V,Q) does not satisfy the dual orbit condition, as
there is no @Q-orbit of full measure in V.

Example 2.20. Let A be a nondiscrete second countable locally compact (unital, but not
necessarily commutative) ring, such that the set A* of invertible elements is of full Haar
measure. Then, the pair (A, A*¥) satisfies the dual orbit condition. See [3, Section 4] for
such explicit examples. Note that some of these examples show that the map ¢: Q — 1%
is not necessarily open.

Let us now say a few words about the case when @ is a real or complex Lie group, V' is
a finite dimensional vector space and the action of @ on V' is given by a representation p.
In this case we can identify V with V*, and the action of Q on V* is given by the
contragredient representation p¢. If (Q, V) satisfies the dual orbit condition, then @
has the same dimension as V' and the map ¢: @ — V* is open, so (V*,p%(Q)) is a
prehomageneous vector space.

Remark 2.21. In the complex case, assuming dim @) = dim V/, the dual orbit condition
is satisfied for £y € V* as long as &y has trivial stabilizer. Indeed, consider the set € of
vectors £ € V* such that the map ¢ — V*, X — (dp°)(X)¢, is a linear isomorphism.
This set is nonempty, as & € (), and Zariski open in V*. It follows that it is a dense,
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connected, open subset of V* in the usual topology. Since the Q-orbit of every element
of  is open, it follows that € consists entirely of one orbit, so the dual orbit condition
is satisfied. As a byproduct we see that () must be connected.

Note that these arguments do not apply in the real case, as a Zariski open subset
of R™ can have finitely many connected components.

By a repeated use of the following simple lemma we can construct more and more
complicated examples.

Lemma 2.22. Assume (Q,V) satisfies the dual orbit condition, with Q a complex Lie
group and the action of Q given by a representation p: Q — GL(V'). Then the adjoint
action of the Lie group G := Q X V on its Lie algebra g also satisfies the dual orbit
condition.

Proof. By Remark 2.21 it suffices to find a vector ny € g* with trivial stabilizer. By
assumption there exists £y € V* with trivial stabilizer in ). Identifying g with q x V' we
let 1o (X, w) := & (w). The adjoint action is given by

(Ad(g,0)) (X, w) = ((Ad)(X), plg)w ~ (dp) ((Ad @) (X))v).

Assume now that (¢g,v) € G lies in the stabilizer of 79, that is,

&opla)w) — & ((dp) ((Adg)(X))v) = o(w) forall X €q and we V.

Taking X = 0, we see that ¢ stabilizes &, hence ¢ = e. Since the map q — V*, X —
(dp®)(X)&o, is an isomorphism, we then conclude that v =0. O

This lemma and its proof show, both in real and complex cases, that if (Q, V') satisfies
the dual orbit condition, then the Lie algebra of G := @Q x V is Frobenius, meaning
that G has an open coadjoint orbit, or equivalently, there exists 19 € g* such that the
bilinear form 7y([X,Y]) on g is nondegenerate. This has already been observed in [28].
Moreover, the converse is almost true: by [28, Theorem 4.1], if dim @ = dim V" and the
Lie algebra of @ x V is Frobenius, then there exists £ € V* such that the map ¢ — V*,
X — (dp®)(X)&o, is a linear isomorphism. This is a bit less than what we need since the
stabilizer of & can still be a nontrivial discrete subgroup of @ and, in the real case, the
open set p°(Q)& C V* can be nondense.

In addition to Lemma 2.22, another way of producing new examples is to start with a
pair (Q, V) satisfying the dual orbit condition and multiply the representation of Q on V
by a quasi-character of (). This can destroy the dual orbit condition, but not necessarily.

Example 2.23. Consider @ = C*, V = C, with @ acting on V' by multiplication. Ob-
viously, the dual orbit condition is satisfied. By Lemma 2.22 the adjoint action of the
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ax + b group G := @ X V satisfies the dual orbit condition as well. This is basically
Example 2.19 for n = 1 and m = 2. If we multiply the adjoint representation of G by
the quasi-character (q,v) — ¢*, k € Z, we get the representation

k
pr: G — GL2(C), pr(q,v) = (_(ékv qk0+1> .

The action of G on C? defined by p;, has a dense open dual orbit if and only if k # —1.
The dual orbit condition is satisfied if and only if £ = 0 or k = —2, while for other
k # —1 the stabilizers of the points on the dense dual orbit are finite and nontrivial. We
can use the same formulas in the real case. Then the dual orbit condition is satisfied if
and only if k is even.

We remark in passing that for k = 1 the group G x,, C? is an extension of C* by the
Heisenberg group. It is used in the construction of an extended Jordanian twist in [20].

Returning to the general case, we have the following result.

Proposition 2.24. If a pair (V,Q) satisfies the dual orbit condition, then the group von
Neumann algebra of G = Q XV is a type I factor.

Proof. By conjugating by the partial Fourier transform Fy we get W*(G) = LOO(V) XQ.
But by the dual orbit condition the space V, considered as a measure space equipped
with an action of @, can be identified with @ equipped with the action of Q by left
translations. Hence W*(G) = B(L*(Q)). O

By Theorem 2.13 it follows that we get a canonical class [2] € H2(G; T) defined by
the Galois object (W*(G), Ad \). In order to get an explicit representative of this class
we need to fix a (unique up to equivalence) representation 7 as in that theorem and
choose a unitary quantization map (2.9). This is the task we are going to undertake in
the next section.

3. Kohn—Nirenberg quantization
3.1. Kohn—Nirenberg quantization of V X 1%

Quantization of the abelian self-dual group V x V has been considered long ago [31,35].
Here we consider the Kohn—Nirenberg quantization. It has some benefit compared with
the Weyl type quantization for which one has to assume the map V — V', v — 2v, to be
a homeomorphism.

The Kohn—Nirenberg quantization can initially be defined as the continuous injective
linear map

Opky : L'(V x V) — Z(Z(V),7'(V)),
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from tempered Bruhat distributions on V' x V to continuous linear operators from the
Bruhat-Schwartz space on V' to tempered Bruhat distributions on V' (see [7, Section 9]
for a precise definition). It is defined by the formula

Opgn (F)e(v) = / ei&v—v") F(,&) o) dv'de, Fe. ' (VxV), pe.V).

VXV

Remark 3.1. This quantization map should rather be called anti-Kohn—Nirenberg. The
Kohn—Nirenberg one is given by the formula

/ &0 F(o,€) (o) dv'de.

VXV

The two quantization maps are unitarily equivalent and for our purposes it is easier to
work with anti-Kohn—Nirenberg.

The distributional kernel of the operator Opgy(F) is therefore given by
(0,0) = (1@ Fy)F) (0,0 —). (3.1)

Since an operator on L?(V) with kernel K is Hilbert-Schmidt if and only if K €
L3(V x V), we immediately deduce:

Lemma 3.2. The Kohn-Nirenberg quantization map Opgy extends to a unitary isomor-
phism from L2(V x V) onto HS(L3(V)).

Hence, the Hilbert space L2(V x V) can be endowed with an associative product

J1 o0 f2 := Opgy (OpKN(fl) OPKN(f2))~ (3.2)

Very important here are the symmetries of the Kohn—Nirenberg product . We have
an action of Aff(V) on V x V:

AF(V)x (Vx V)=V =V, (q0).(w,§) = (quw+v,8). (3.3)

With |- |y the modulus function of Aut(V) and || the one of Aut(V'), we observe that
'l = lalv"-

We will usually use only the modulus |g|y in various formulas and write it simply as |g]|.

The action (3.3) gives rise to a unitary representation m,, v of Aff(V) on L*(V x V)
defined by
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Ty (6, 0)p(w, €) = o(g ™ (w —v), g €). (34)

We can also define a unitary representation my of Aff(V) on L?(V) by

(v (g,0))(w) = |a| (g (w — v)). (3.5)

Lemma 3.3. For all f € L*(V x V) and (q,v) € Aff(V), we have

OPKN(WVXV(% v)f) = mv(q,v) Opgn (f)Tv(g,v)*

In particular, the operators of the representation m, o of Aff(V) act on L2(V x V) by
algebra automorphisms for *q.

Proof. Take ¢ € L*(V). Then

(Opin (T v (4, 0) ()7 (g, v)) (w)

_ / &) (7, (g,0) f)(w, €) (v (g, 0)p) (w') duw'dE

VXV

=|q|71/? / ¢ Er =) g W — ), q (g (W' — v)) dw'de.  (3.6)

VXV

On the other hand,

(7v(g,v) Opn () (w) = |a| ™% (Opkn () (g (w — v))

=g [ e ) ) dude,

VXV

Using that

&g Hw—v)—w') _ i{¢"€w—v) ,i(q"E,—qu’)

and that the Haar measure dw’d§ of V x V is invariant under the transformations
(w', &) — (qu', ¢°€), we can write the last integral as

— i(Ew—v) i€, —w’ - —1P -
g~ 1/2 / HEw=0) &) (V! gV ) p(q ') du'dE,

VxVv

and this is equal to (3.6) by translation invariance of the Haar measure dw’ on V. 0O
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3.2. Dual cocycles on subgroups of Aff(V)

Let @xV C Aff(V) be a subgroup satisfying the dual orbit Assumption 2.15. Let dg(q)
be a Haar measure on () and Ag the modular function. Routine computations show that
a left invariant Haar measure and modular function on G are respectively given by

A
d(g,v) = (| |) and A(g,v) = Q(q).
The measure class isomorphism:
G—Vx ‘7 : ((LU) — (q,’U)-(O,&)) = (anb§O)7 (37)

intertwines the left action of G on itself with the action (3.3) on V x V. Since the Haar
measure on V x V is invariant under the affine action of G given in (3.3), the pull-back
by the map (3.7) of the Haar measure on V x V defines a nonzero left invariant Radon
measure on G and thus is a scalar multiple of the Haar measure of G. We therefore
may assume that the Haar measure on @ is normalized so that the G-equivariant linear
operator Uy: L2(V x V) — L*(G) defined by

(Usf)(g,v) = f(v,6(q)), (3.8)

where ¢(q) = ¢°&o, is unitary. Equivalently, our normalization is such that the Haar
measure d€ on V is the push-forward under ¢ of the measure lg|~'dg(q) on @, that is,

/ f(sb(q))dTT@ = [ 1€ de foran e L) (3.9)
Q \%

Note in passing that this uniquely determines the Haar measure on G: if we multiply dv
by a scalar, then (3.9) and unitarity of Fy force us to divide dg(g) by the same scalar.
Therefore we get a unitary quantization map

Op: L*(G) — HS(L*(V)), Op(f) = Opkn (U} f), (3.10)

and if we denote by 7 the canonical representation of G C Aff(V) on L?(V), that is,
m = 7y |q, then by Lemma 3.3 we have

Op(Agf) = 7(g) Op(f)m(g9)".

Lemma 3.4. The representation @ of G on L*(V) is irreducible, square-integrable and the
associated Duflo-Moore formal degree operator is K = Fy M(A™ o ¢ 1) F
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Since A is a V-invariant function on G, it is naturally viewed as a function on Q.
Therefore by M(A~! o ¢~1) we mean the operator of multiplication by the function

§= A1) =171 O/ Ao (E)).

Proof. It is more convenient to work on L?(Q) with the equivalent representation 7 given
by

(g, v) :=Vr(q,v) V",

where V : L2(V) — L3(Q), (V¢)(q) == |q|~*(Fv9)(¢°&). A quick computation shows
that

(7(g,0)9)(¢) = e (g~ 1),

The restriction of the representation 7 to V is simply the regular representation. It
follows that any operator in B(L?*(V)) commuting with 7(G) must belong to w(V)".
Passing to the equivalent representation 7, this means that any operator in B(L?(Q))
commuting with 7(G) must be an operator of multiplication by a function in L*°(Q).
In addition this function must be invariant under the left translations on @, hence it is
constant. Thus 7 is irreducible.

Turning to square-integrability, for ¢1, w2 € C.(Q), we have

(#(g, v)1, 02) = / O o (7' V(@) do(d)

Q
= [ o (707 (©) a6 ) o Ol
v
with the second equality following from (3.9). If we set

fa(©) = p1(a7 971()) w2(671(©)) 1671 (9],

then, for every fixed ¢ € Q, the function f,; has compact essential support and is bounded.
Hence f, € L*(V) and

(7(q, )1, 02) = (Fy fo) (v).

The Plancherel formula for V' gives then

/| S //| Fofa)(w)f o) 440
//'fq @) 4
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-/ m(qw1(5))2|¢2(¢1(5))2|¢1<s>2%
QxXQ

= / lo1(a™ ) le2(d)* g d'| do(q) do(d')

QxQ

_ 2 ‘Q| AYP /

—Q/|gol<q>| AQ(q)dQ@)Q/m(q) da(d).

This shows that 7 is square-integrable and the Duflo-Moore operator is the operator of
multiplication by the function g — |¢|/Ag(g). This gives the result. O

The next natural question is whether (B(L?(V)), Ad 7) is a G-Galois object, or equiv-
alently, by Theorem 2.13 and Proposition 2.24, whether 7 is quasi-equivalent to the
regular representation. If it is, then we can construct a dual unitary 2-cocycle on G
by the procedure described in Section 2.2. Instead of exactly following that procedure,
however, we will construct this cocycle directly from the product x on L?(G) defined by

fi* fo 1= Op*(Op(f1) Op(f2)) = Us (U} f1 %0 Uy f2). (3.11)

According to Remark 2.11 this approach should not necessarily work, but if it does, it
has some technical advantages.

Let us start by observing that by definition the algebra (L?(G),*) is unitarily isomor-
phic to the algebra HS(L?(V')) of Hilbert-Schmidt operators. Hence

If1% fall2 < I fill2llf2ll2 for all fi, fo € L*(G). (3.12)

We will need explicit formulas for the product x on dense subspaces of (L*(G), ).
First, we introduce an auxiliary space:

Definition 3.5. Let £(G) be the Banach space completion of C.(G) with respect to the
norm

do(q)
= d .
1flle = 1£1ls + 1 £]l2 + V/ sup (g, v + Q/ sup | (0.) “%

Lemma 3.6. For any f1, f2 € £(G) and a.a. (q,v) € G, we have

(fl * f2)(q’ U) = /ei<q/b£0—€0,vl>f1 ((CL U)(la UI)) f2((qv v)(q’, 0)) d(qlv Ul)? (313)

G

and
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(Fo(fux f2)) (0. €) = / (Fo i) (@.6) (Fo f2) (67 (6lg) — €. € — &) de.

v

Here, following our conventions, Fy : L*(G) = L2(Q x V) — L*(Q x V) is the partial
Fourier transform in V-variables. Note that for this map to be unitary we have to equip
Q x V with the measure |q|~'dg(q) d¢ (which in general is not the Haar measure of the
semidirect product @ X V for the dual action).

Proof. For f € L*(G), we let K; € L*(V x V) be the kernel of the Hilbert—Schmidt
operator Op(f). From (3.1) and (3.10) we get

Kr(v,0') = (1@ F)Usf) (W', 0 =) for v,0’ € V.

If f1,f2 € E(G), then, since Op(f1 * f2) = Op(f1)Op(fa), the product formula for
operator kernels gives

Kfl*fz(vvvl) :/Kfl(vaw)Kfz(w7’Ul) dw
(1& F)Us fr) (w, v —w) (1@ F)Us f2) (v, w — ') dw

= [([eer ot wda)( [ e ne ). v) ) o

1% 1%

= / & w pilezw=v) £ (371 (g 1) w) fo(¢ (Ea), v") dw dE; dés,

VXV XV

<I\ <\<

where the last step is justified by Fubini’s theorem: note that for any (v,v’) € V x V the
function

V x V X V — (C, (w7§1352) — ei(gl,v7w>ei(§2,wfvl>f1(¢71(§1),w)f2(¢71(£2), ’U/),

belongs to L*(V x V x V) and its L'-norm is not greater than | f1||1]|f2|e.
Next, still for f1, fo € £(G), we put

fld,v) = /e“qbg"’&”mfl((q’vv)(l,w)) f2((d',v)(q,0)) d(q, w)
T C0=C0w) £ (¢ d'w +v) fa(q'q, v) d(g, w)

eila Peo—q'P€o,w—v f1(q w) f2(q,v) d(q, w), (3.14)

]
o
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with absolutely converging integrals. It is easy to see that f € L?(G) and

d
1912 < Ulhlfall [ sup (e 0ldo [ supfa(a 0“5 < A2 2]}
7 q€Q 5 veV q|

In particular, we can compute Ky, the kernel of the operator Op(f):

Kp(v,0') = (1@ Fp) U f) (0,0 —v') = / =) F (7€), ) dg

1%

/ e ( / = Eu=) £ (671(), w) fala,0') d(g, w)) d,

1 G

which by Fubini (and a simplification of the phases) becomes

Ky(0,0') = / e @G0 =) £ (671 (€), w) folg, o) d(q, w) de
VxG
= / eltermwleitew =) £ (9=1(e), w) fo(6 ! (&2),0) dE duw dEs.
VxVxV
Hence Ky, = Ky, and (3.13) follows by injectivity of the map L*(G) — L*(V x V),
f — Kf.

To get the second formula in the formulation of the lemma, we apply the partial
Fourier transform to (3.14) and using Fubini’s theorem one more time obtain

(Fv(fix f2))(d,€) = /e“(’b(”)’d’(‘]/)’wfl(d? w) (Fv f2)(q, € + ¢(q) — ¢(¢)) d(q, w)

G

= /(}'vfl)(q/’ —o(q) + () (Fv f2)(q, € + 6(q) — o(q)) dCfT(f)
Q

~ [P ) Fes o 0l) - .6~ €) e

This concludes the proof. O
Corollary 3.7. C.(G) is a subalgebra of (L*(G),x).

Proof. Since C.(G) C £(G), the result follows from formula (3.14) which clearly entails
that when f1, fo € C.(G), then also f1 x fo € C.(G). O

Next we consider a space of functions with good behavior in the partial Fourier space:
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Definition 3.8. For a measure space (X, i), we let £(X, u) be the subspace of L™= (X, )
consisting of functions that are (essentially) zero outside a set of finite measure. We
then let FL(G) be the subspace of L?(G) consisting of functions of the form JF3, f with

feL@xV,lg tdolq) df).

Lemma 3.9. FL£(G) is a subalgebra of (L?(G),*). Moreover, for any f1, fo € FL(G) and
a.a. (¢,€) € Q x V, we have

(Fv(fix f2))(q,€) = /(]'—vfl)(q,ﬁl) (Fvf2) (¢ ((q) — &), 6 = &) de. (3.15)
\%

Proof. Let K; C @ and Xj cv (4 = 1,2) be Borel sets of finite measure such that f;
is (essentially) zero outside K; x K j- Then the function defined by the right hand side
of (3.15) is zero for (¢, ) outside K1 x (K1 + K3). Therefore if (3.15) holds, then fy* fo €
FL(G).

Turning to the proof of (3.15), we already know from Lemma 3.6 that this identity
holds for f; € £(G) N FL(G). Let us write hy, % f if hy, — f in the L?>-norm, Fyh,, —

Fv f a.e., and the sequence (Fy hy,),, is dominated by a function in L(Q x V) NL>(Q x
V). Assume that we can find functions h;,, € FL(G) such that h;, — f; and

(Fv(hin *hon)) (g, &) = /(fvh1,n)(qa§/) (Fvhon) (¢ (¢(q) — &), & —¢')d¢’ (3.16)
v

for almost all (¢,&). By (3.12) we have hy ,, x ha, — f1 x fo in L*(G) as n — oo, hence

the left hand side of (3.16) (considered as a function in (g,&)) converges to Fy (f1 * fa2)

in the L2-norm. On the other hand, the right hand side converges to the right hand side

of (3.15) by the dominated convergence theorem. Therefore to finish the proof it suffices

to show that for every f € FL(G) there exists a sequence of functions h,, € E(G)NFL(G)
such that h, = f.

First for all, if (K,), is an increasing sequence of compact subsets of @ x V with
union Q x V, then Fi(flg,) € FL(G) and Fi(fik,) % f. Therefore it suffices to
consider f € FL(G) such that Fy f is compactly supported.

Let K be any compact such that its interior contains the support of Fy f. By Lusin’s
theorem, we can find a uniformly bounded sequence of continuous functions g, supported
in K such that g, — Fy f a.e. Then Fy(g,) € FL(G) and Fi(gn) % f. Therefore it

suffices to consider f such that Fy f € C.(Q % V)

In a similar fashion, by approximating functions in C.(Q X V) by elements of the
algebraic tensor product Co(Q) ® C,(V), we may assume that f = Fr(g®h)=gQFh
for some g € C.(Q) and h € C’C(V). Finally, by approximating h by the convolution of
two functions, we may assume that f = g ® Fi(hy * hg) for g € Co(Q) and h; € Co(V).

But such a function is already in £(G). O
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It follows from (3.13) that a candidate for the dual cocycle on G defining the product x
by formula (2.5) is given by

Q= /e_i<qb£°_£°’v>)\(17u)—1 @ A(g,0)-1 d(q,v). (3.17)
G

For the moment this is just a formal expression, but it at least makes sense as a sesquilin-
ear form Q on C.(G x G):

~ )
Q(p1,p2) == /6_1@ 080 (A1,0)-1 ® A(g0)-1)P1, ©2) d(q,v)
G

for ©1, P2 € OC(G X G)

Our first goal is to prove that { makes sense as a unitary operator on L?(G x G).
This will be proven by showing that 2 factorizes as a product of three unitaries.
Consider the following almost everywhere defined measurable transformation:

Z:QxVXxG—=QxVxG, (4.9 (¢.6¢ (& +8)g).

The operator Uz on L? (Q xV x G, lg|~tdg(q) d¢ dg) mapping f into f o Z is unitary.
We then have:

Lemma 3.10. The convolution operator Q) factorizes as follows:
Q=(Fy 1)Uz (Fy ®1).
Proof. For 1,92 € C.(G x G), the function

(q,v; 91, 92) = @1 ((L v)g1; (g, 0)92)4,02 (917 92)7

belongs to L'(G?). Hence, we may use Fubini’s theorem to write Q(i1,¢2) as follows:

b _—
/€_Z<q 50_507”)901((1,11)((]1,1)1); (4,0)(g2,v2)) 2 (g1, v1; g2, v2) d(g,v) d(g1,v1) d(gz, v2)
G3

b B E—
= /6_”'] 0780 40 (g1, v + 015 qg2, qu2) 92 (91, v15 g2, v2) d(g,v) d(gq1, v1) d(g2, v2)

G3

b -
= /e_m So=80v=0) 0 (g1, 5 qg2, qu2) @2 (g1, V15 g2, v2) d(q,v) d(g1, v1) d(g2, v2)
G3

= / (Fv @ L)1) (g1, 4’60 — €03 9a2, qu2) (Fv @ 1)2) (41, 4°€0 — €03 G2, v2)
Q3xV
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dq(q1) dg(ge) dvs dg(q)
|Q1| |Q2\ |fJ|

= / (Fv @ V1) (a1,& ¢~ (&0 + E)a2, (&0 + ) (Fv @ Dg2) (a1, & g2, 0)

QxXVxQxV

. dolar) d€ do(qz) dv
|(I1\ |(12|

)

which completes the proof. O

Next, by the definition of € it is clear that € commutes with the operators p, ® 1 and
1 ® py. Hence Q € W*(G)@W*(G).

Lemma 3.11. For all f1, fa € A(G) N L*(G), we have

fix fa=(f1® f2)(A()Q").

Proof. Recall that A(G) consists of functions of the form ¢ * ¢o, with ¢; € L%(G),
which correspond to the linear functionals (- 2, 1) on W*(G). Under the identification
A(G) ~ W*(G),, Lemma 3.6 says that if fi, fo € £(G) N A(G), then

(fix f2)(g) = /61.((1%0750’”/)(]”1 ® fa) (Ag1.01) @ Ag(qr0y) d(q's ).
G

Now, for f; = @, x ¢}, with ¢;, ¢} € Cc(G), we have

(f1® f2)(A(9)) = (A(g) (¢} ® ), o1 @ Ba).

Using the initial definition of € as a bilinear form on C.(G x G), we get

R b ’ A )
<f1 ® fg)(A(g)Q*) — /B’L(q &o—&o,v") (()\g(l,v’) X )\g(q/’o))((p& & QOIQ)? ¥1 0y 802) d(q/7v/)
G
= /e“q/bgrgo’v/)(fl ® f2)(Ag(1,01) @ Agigr,0)) dd, V).
G

Hence the equality in the formulation of the lemma holds for all f;, fo of the form ¢ *a,
with @; € C.(G). Therefore in order to prove the lemma it suffices to show that every
function f € A(G) N L?(G) can be approximated by functions of the form ¢; * ¢o, with
¢; € C.(Q), simultaneously in the norms on A(G) and L?(G).

Consider first a function of the form f = fi * fo, with f; € L2(G) and f € Co(G).
If o, = f1in L2(G), ¢n € C(G), then @, * fo — f1 * f> both in A(G) and L%(G).
Consider now an arbitrary f € A(G)N L?(G). By the previous case in order to finish the
proof it suffices to show that f can be approximated simultaneously in A(G) and L?(G)
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by functions of the form f @, with ¢ € C.(G). Take a standard approximate unit (¢, ),
in L'(G) consisting of functions ¢, € C.(G) such that ¢, > 0, fG wndg = 1, with the
supports of ¢, eventually contained in arbitrarily small neighborhoods of the unit. Then
f*@n — fin L2(G). At the same time, if we write f as fi * fo for some f; € L2(G) and
use that

fxdn = f1* (pn* fa)
and @, * fo — fo in L?(G), we also see that f* ¢, — f in A(G). O

We thus see that A(G) N L?(G) is a subalgebra of (L?(G),*). Since A(G) N L?(G)
is dense in A(G), the associativity of the product * on this subalgebra implies that
satisfies the cocycle identity (2.4).

To summarize, we have proved the following result.

Theorem 3.12. For any second countable locally compact group G = Q X V' satisfying the
dual orbit Assumption 2.15, formula (3.17) defines a dual unitary 2-cocycle Q on G. The
corresponding product xq on A(G) coincides on A(G) N L?*(G) with the product x defined
by (3.11).

Remark 3.13. If we started from the opposite Kohn—Nirenberg quantization (see Re-
mark 3.1) we would have obtained the following dual 2-cocycle:

0= /ei(qbgo—ﬁo,vb\(qm_l ® A(1,0)-1 d(q,v), (3.18)
G

which differs from €2 by the inversion of legs and by the sign of the phase:

— A

Q= (J®J)W(J®J) = (Re R)Q),

where R is the unitary antipode of W*(G) given on the generators by }A%()\g) = Ag-1.
By [11, Proposition 6.3, iii)], the dual cocycles Q and € are cohomologous, with the
unitary operator implementing the cohomological relation equal to JJ, which we will
explicitly compute in Section 3.5.

3.3. Identification of the Galois objects
To complete the picture it remains to check that the Galois object defined by the dual

cocycle € is exactly the pair (B(L?*(V)), Ad ).
For f € L*(G), consider the operator L*(f) on L?*(G) defined by

LN f =fxf
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By (3.12) we have

LN < [ fl2-

Furthermore, under the identification of (L?(G), ) with HS(L?(V)) via Op, the map L*
is simply the left regular representation of HS(L?(V)) on itself. This representation is a
multiple of the canonical representation of HS(L?(V')) on L?(V). It follows that there is
a unique isomorphism

B(L*(V)) =2 L*(L*(G))" such that Op(f) — L*(f). (3.19)
Therefore in order to find an isomorphism W*(G; Q) = B(L?(V)) it suffices to find an
isomorphism W*(G; Q) = L*(L*(G))".

From formula (2.7) for the GNS-map on W*(G;Q), for every f € A(G) we have the
following equality:

ma(f)e = SL*(f) S

for all ¢ € A(G) N L?(G) such that the right hand side is well-defined, where S is the
unbounded operator defined by S¢ = ¢. In other words, using the unitary operator J
defined in (1.1),

J=JJ=JJ=MAY?)S = SM(AY?),
we have
mo(f)e =T M(A™2) LA (f) M(AY?) Te (3.20)

for all p € A(G) N L?(G) such that the right hand side is well-defined.

We thus see that we need to understand a connection between the operators L*(f)
and M (A®). For this we will first get another useful formula for L*.

First, we denote by Uy the variant of the unitary operator U¢, defined in (3.8), without
the permutations of variables:

Us: L2V x V) = L3(G),  (Usf)(q,v) == f(¢(q),v). (3.21)
Then we denote by « the unitary representation of V on L2 (G) given by
’Y(f) = U¢.7:‘*/ (Tg ® TE)}—\/U;, (3.22)

where 7¢ : L2(V) — L?(V) is the left regular representation of V given by (r¢¢)(€') =
o =€)
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Next, for fixed & € V and f € FL(G), we denote by (Fy f)(e,&) the V-invariant
function on G given by [(g,v) — (Fv f)(q,€)] and by M ((Fv f)(e,£)) the bounded
operator on L?(G) of multiplication by the function (Fy f)(e,&).

Lemma 3.9 then leads to the following result.

Lemma 3.14. For any f € FL(G), we have the absolutely convergent (in the operator
norm) integral formula

L(f) = / M((Fv £)(0,€)) 2(€) de, (3.23)
v

Finally, we introduce a family (7% ),cc of operators on functions on G by

(T2 1) (g, / AN — €))7 M€ (Fy £)(0.€) d, (3.24)

where we remind that A(¢") = Ag(¢")/|¢]-
We need a dense subspace of FL(G) preserved by these operators:

Definition 3.15. For compact subsets K,L C @, let Lx 1(Q X V) be the subspace of
L(Q % V) consisting of functions supported on the compact set

() €QxV|qeK, &—qee(l)). (3.25)

We denote by Lo(Q x V) the union of the spaces L. .(Q x V) and by FL(G) (respec-
tively, by FLk (G)) the subspace of FL(G) consisting of functions f € FL(G) such
that Fy f belongs to Lo(Q % V) (respectively, to Lx 1(Q x V))

Lemma 3.16. The space FLy(G) is dense in L*(G) and A(G)NFLy(G) is dense in A(G).
Moreover, FLo(G) is stable under T, and T,(A(G)NFLy(Q)) is dense in L?(G) for any
zeC.

Proof. By definition (3.24), the operator T, conjugated by the partial Fourier transform
is the operator of multiplication by the function

1b

(.~ A (&—-q9) "

This immediately shows that FLgk 1 (G) is stable under T, as the modular function A
is bounded, as well as bounded away from zero, on any compact subset of ). Hence
FLy(G) is also stable under T.

Since Fy is unitary, to prove density of FLo(G) in L?(G) it suffices to show that
Lo(Q x V) is dense in L*(Q x V, |q|~dg(q) d€). For this it suffices to show that for every
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compact set K C ) the union of the sets (3.25) over the compact sets L C @ is a subset
of K x V of full measure. But this is clear, since this union is

{(.)eQxV|qeK, ¢€qé—¢(Q)}

and by assumption ¢(Q) is a subset of V of full measure.

Since the map f — f is bounded on L*(K x V,|q|"'do(q) d€) C L*(G), with image
L2(K~' x V,|q|"'do(q) d€), the functions f for f € FLy(G) form a dense subspace
of L?(G) as well. Hence the functions ¢ * f for ¢ € C.(G) and f € FLy(G) are dense
in A(G). An easy calculation shows that for any g = (¢,v) € G and compacts K, L C Q,
we have \g(FLk,.(G)) C FLyk,.(G). Hence, if f € FLk 1(G) and ¢ € C.(G) has
support contained in U x V for a compact set U C @, then p* f € FLyk, (G). Therefore
px f e A(G)NFLy(G) for all ¢ € C.(G) and f € FLy(G). Thus A(G) N FLy(G) is
dense in A(G).

Taking a standard approximate unit in L!(G) for ¢, we see also that functions of
the form ¢ * f, for p € C.(G) and f € FLy(G), are dense in FLy(G), hence in L*(G).
Moreover, since the operators T, are bounded on the spaces FLk 1(G), we may also
conclude that the functions T, (p* f) are dense in L?(G) for all 2. In particular, T, (A(G)N
FLy(Q)) is dense in L?(G) for all z. O

Proposition 3.17. The operator M(A) is affiliated with the von Neumann algebra
L*(L*(G))". Moreover, for all f € FLo(G) and z € C, we have

M(ASL*(f) = L*(A*f) on L*(G), M(A*)L*(f)M(A™%) = LX(T.f) on Ce(G).

Proof. Since A depends only on the coordinate ), the operators M (A%), t € R, commute
with the partial Fourier transform Fy . From formula (3.15) we see then that

M(A™M)L*(f) = L*(A™f) for all f & FL(G).
As L*(FLo(G)) is o-weakly dense in L*(L?(G))”, this implies that M(A) is affiliated
with L*(L?(G))”. The same formula also shows that since A*f € FLy(G) for f €
FLo(G), we have M (A*)L*(f) = L*(A*f) on L*(G).

Next, formula (3.23) and definition (3.24) of T, give, for f € FLy(G), the absolutely
convergent integral

L) = [ M(AE 6 -0 ) TFENO) 1O d (320)
%

On the other hand, using again (3.23), we have on AR L2(G):

LH()M(A™) = / M((Fy £)(,6)) 7(€)M (A7) de.
\%
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Now, for ¢ € AR [2(G), we have

(VOM(AT)p)(q,v) = (U Fy (e @ ) Fy UG (A7) ) (. v).

As Fy commutes with operators of multiplication by V-invariant functions, from this
we easily deduce:

(VOM(A™)p) (g, v) = A6~ (@ — €) > (4(E)p) (a:v)

b

=A() *A(6 (& — a7 ) F(v(E)w) (g, v).

Hence we have

b

WEM(AT?) = MAT)M(A(¢™ (o — 7€) 7)) 7(8),

which by closedness of M (A~%) finally gives

L(OMA) = (8 [ M (A0 6 - o) ) FrNe.0)) 2(6) de

on L?(G) N AR [2(@G). Together with (3.26) this shows that the identity
LY (f)M(A™7) = M(A™*)LY(T=f)
holds on L?(G) N AR L2(@), in particular, on C.(G). O
This proposition and identity (3.20) imply that for any f € A(G) N FLy(G) we have

mo(f) = TL(T_1)2/)T (3.27)

on C.(G) * C.(G) C A(G) N C.(G), hence on L?(G), as both sides of the identity are
bounded operators. Since A(G) N FLy(G) is dense in A(G) and T 5(A(G) N FLo(G))
is dense in L?(G) by Lemma 3.16, it follows that W*(G; Q) = JL*(L*(G))"J. Recalling
also that the action of G on W*(G’,Q) is given by the automorphisms Ad p,, we see
that this action transforms under the isomorphism Ad.J of W*(&;Q) onto L*(L*(G))”
into the action given by the automorphisms Ad \,. Using the isomorphism (3.19) the
latter action transforms, in turn, into the action Adw on B(L?(V)). We therefore get
the required isomorphism of the Galois objects:

Theorem 3.18. For any second countable locally compact group G = Q XV satisfying the
dual orbit Assumption 2.15, the G-Galois object (W*(é, Q),B8) defined by the dual cocy-
cle (3.17) is isomorphic to (B(L*(V)),Ad); explicitly, the isomorphism maps wo(f),
[ € A(G)NFLy(G), into Op(T_1/2f).
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As a byproduct we see that (B(L?(V)), Adn) is indeed a Galois object. We remind
that by Theorem 2.13 this is therefore the unique up to isomorphism I-factorial Galois
object defined by a genuine representation of G.

Remark 3.19. Formula (3.23) shows that it is natural to extend the representation L* to
a larger class of functions including all measurable functions on @ (viewed as functions
on G) by letting L*(f) = M(f) for such functions. With this definition we have A¥xA? =
ASTt and, by Proposition 3.17, ASx f = ASf, fx A = AST_.f for f € FLy(G). We
are therefore exactly in the situation discussed in Remark 2.11, with identities (2.13)
satisfied for ¢ = 1 and o = 1/2. This “explains” why we were able to construct the dual
cocycle  using the quantization map Op instead of the modified quantization map Op’.

3.4. Deformation of the trivial cocycle

We continue to consider a second countable locally compact group G = @ x V sat-
isfying the dual orbit Assumption 2.15 and a dual unitary 2-cocycle 2 on G defined
by (3.17).

By replacing the distinguished point & € V by &= ¢’&o we in fact get a family of
such dual cocycles €2, indexed by the elements ¢ € ). We already know that all these
cocycles are cohomologous, since they correspond to the unique Galois object defined by
a genuine representation. This is also easy to see as follows.

Proposition 3.20. We have Qy = (A, ® /\q)QA(/\q)* for all g € Q. In particular, the map
q — §y s continuous in the so-topology.

Proof. Considering as before the partial Fourier transform Fy- as a map L*(G) — L*(Qx
V., lgl~ dg(q) d€), we have

(Fo A £)(d€) = lalfla™qa7€).
From this and Lemma 3.10 we get
(A @ A)QAN)" = (Fy ® 1)Uz, (Fv @ 1),
WhereEq:QxVxG—)QXVXGisdeﬁnedby
4(d.€.9) = (¢ €, a6 (& + a7 )a ).
On the other hand, consider the map ¢4: @ — V defined by &1 = ¢’&o, so that
bq(d') == d'&§ = 8(d'a).

Then
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g0 (Co+q ) = 6N E + ) = o€+ €,

which shows that =, is exactly the map from the expression for €, in Lemma 3.10
(with & replaced by &7). This proves the proposition. 0O

Although the dual cocycles ), are all cohomologous, under quite general assumptions
they can be used to construct a continuous deformation of the trivial cocycle. Namely,
we have the following result.

Proposition 3.21. Assume that G = Q x V' in addition to satisfying the dual orbit As-
sumption 2.15 is such that the map ¢: Q — V ois open. Assume also that there exists
a sequence (z,)n of elements of the center Z(Q) of Q such that 22 — 0 in End(V)
pointwise. Then Q-1 — 1 in the so-topology.

Proof. Using the notation from the proof of the previous proposition it suffices to show
that = -1 — id a.e., or equivalently, ¢~ (& + 22€) — e for a.e. € € V. But this is
clear, since by assumption the image of ¢ contains a neighborhood of £ and ¢ is a
homeomorphism of @ onto its image. O

Example 3.22. Consider the ax + b group G over the reals, so that Q = R*, V = R,
and @ acts on V by multiplication. In other words, G is the group of matrices

{(g ll’) |a € R*, beR}.

We identify R with R via the pairing ¢**¥. Then s°t = s~ ¢ for s € Q and ¢ € V. Take
—1 as &. We then get a continuous family of cohomologous dual unitary 2-cocycles €y,
0 € R*, on G such that

Dy = (Fre@ Uz, (Fr ® 1),

where Zg: R* X R x G — R* x R X G is defined by
- 1—60t)~t 0
:Q(Satvg) = (57ta <( 0 ) 1) g)

In this case the pointwise convergence §° — 0 in End(V') means that 6~! — 0 in R. So
by the above proposition we have {29 — 1 as 6§ — 0, which is obviously the case.

3.5. Multiplicative unitaries
Our next goal is to find an explicit formula for the multiplicative unitary of the twisted

quantum group (W*(G), QA(-)Q*) for the dual cocycle Q defined by (3.17). The main
issue is to determine the modular conjugation J for the canonical weight @ on W*((:?, Q).
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It is more convenient to work with the isomorphic Galois object (L*(L?(G))”, Ad \).
The algebra (L?(G), x) becomes a *-algebra if we transport the x-structure on HS(L?(V))
to L?(G). Since the *-structure on the algebra of Hilbert—Schmidt operators is isometric,
the corresponding -structure on L?(G) must have the form f ~ UJf for a unitary
operator U on L?(G). In other words, the operator U is defined by the identity

Op(f)" = OpUJf).
Lemma 3.23. The operator U is given by
U=UsFy W FvU;,
where Uy is the operator defined by (3.21).
Proof. Consider the unitary Op: L?(V x V) — HS(L?(V)) defined by

(f)vp(f) = Opin (1 ® Fv)f).

Then by definition Gi)(f) is the integral operator with kernel (v,v") — f(v/',v — '),
hence its adjoint has the kernel (v,v') — f(v,v’ —v). In other words,

Op(/)" = Op(f*#),
where f#(v,v') = f(v+ v/, —v'). Since
= (v @ Jyv)Wi f,
we conclude that
UJ =Us(1 0 Fv)(Jv @ Jv)Wy (1 e Fp)U;.
Using that
(Jv @ Jy)Wi =Wy (Jy © Jy) and  JyFi = Fody,

we arrive at

UT = Uys(1@ Fy )Wy (1@ Fp)U; .
Finally, using that Uy = U¢Z and

Wy = S(Fy @ Fy)W, o (Fv @ Fv)%,

we get the desired formula. O
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Proposition 3.24. The modular conjugation for the canonical weight @ on the Galois
object W*(G;Q) (with respect to the GNS-map (2.7)) is J = JUJ T .

Proof. The proof is similar to that of [5, Proposition 2.8]. Let us start with the canonical
weight @7, for the Galois object (L*(L?(G))”, Ad\). Note that since M (A) is affiliated
with L*(L?(G))" and the function A is, up to a scalar factor, the only positive measurable
function F on G such that \,F = A(g) ™' F, the isomorphism L*(L*(G))” = B(L*(V)),
L*(f) — Op(f), must map M(A™) (t € R) to ¢* K~ for some ¢ > 0, where K is
the Duflo-Moore operator of formal degree (explicitly given by Lemma 3.4). We have
densely defined operators on HS(L?(V)) of multiplication on the right by ¢*K = (z € C).
Correspondingly, we have densely defined operators on L?(G), which we suggestively
denote by f +— fx AZ#. Thus, by definition,

L*(f » A%) = L*(f) M (A%)
for f in a dense subspace of L?(G). Explicitly, by Proposition 3.17 we have
frA*=A*T_,f for fe FLy(G).

Recalling the description of the GNS-representation for (B(L?(V)),Adw) in Sec-
tion 2.2, and formula (2.10) in particular, we see that as the GNS-space for @¢j we
can take L?(G), with the GNS-map Az : Mg, — L?(G) uniquely determined by

AL(L*(f) = /2 fx AT

for f € L?(G) such that the right hand side is well-defined. The corresponding modular

conjugation .J, is simply given by the involution on L?(G) = HS(L?(V)), so Ji, = U.J.
Now, using the isomorphism AdJ between W*(G;Q) and L*(L%(G))”, we can con-
sider the space L?(G) as the GNS-space for ¢ using the map

Ng >z JAL(TxT). (3.28)

In this picture the modular conjugation for ¢ is JUJJ. Therefore we only have to check
that the above GNS-map is exactly the map A used to define J.
Recall that A is given by

Alma(f) = f=ga"'2f
for all f € A(G) N AY2L?(G). Since by (3.27) we have
Tra(f)T = LX(Toyjaf) = (A7) x AY2)

for f € A(G)NFLy(G), we see that
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TAL(Tma(f)T) = M ?Ama(f))

for all such f. By comparing the norms of both sides we can already conclude that ¢ = 1.

Then, since any two GNS-representations associated with ¢ are unitary conjugate and
the vectors A(mq(f)) = f, with f € A(G) N FLo(G), form a dense subspace of L2(G), it
follows that the maps A and (3.28) are equal. O

As was shown in [11], the unitary operator .JJ must belong to W*(G). The following
makes this explicit.

Lemma 3.25. For any ¢ € C.(G) and g € G we have:

(TUT)g) = / H0E=80) (\ ) (g) Ala) V2 d(q, ).

G

Proof. We have, with absolutely convergent integrals:

Up)(g,v) = (U Fy WU Fur)(g,v)

AR (W";U;]-"ch)(qb&, §)d¢§

e S (U Fyo) (g0 — €,€) dE

T T

&) o (o7 g € — £),0") de dv’

<

I
2T

e 0 E= 0500 g o) dQ(lq/>| dv’
q/

<

@) 600" 600) 4 ((q,0)(¢', ")) (g, v')

a— o—_ ©

b ’
e 050" A(g') V2 (prgr ) (0, 0) A, 0).

As TpgJ = Ay, applying this to J instead of ¢ we get the announced formula. O

By [11, Proposition 5.4], we deduce that the multiplicative unitary Wq for the de-
formed quantum group (W*(G), QA(-)Q*) is given by the formula

Wao=(JUJT @ J)QW* (J J)Q*. (3.29)

Conjugating by the partial Fourier transform, we get a more explicit formula:
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Theorem 3.26. Let G = Q XV be a second countable locally compact group satisfying the
dual orbit Assumption 2.15, and Q be the dual unitary 2-cocycle defined by (3.17). Then
for the multiplicative unitary W of the deformed quantum group (W*(G), QA()Q*) and
any f € L*(G x G) we have

(Fv @ Fo)Wa(Fy @ Fo) f) (a1, 61502, &) = [0 (b(g5 ) + &)
X f(g2q1, @510 (Mg ') + €)7o (G + &), 0 (g ) + 51)_1b(qz_1b€2 —-&1)).

Proof. We know by Lemma 3.10 that for f € L%(Q x V x G, lg1]~tdg(q1) d&1 dg), we
have

(Fv @ YUFy @ 1) ) (g1, €13 02,v2) = fq1, €307 (&0 + &1)az, ¢ (€0 + €1)v2).

From this we obtain, for f € L*(G x G):

(Fv @ Fv)QUFy @ Fo) f) (a1, €15 g2, 2)
=67 (&0 + &) f (a1, &30 (G0 + €) a2, 67 (b0 + €1)°E2).

It follows that

(Fv @ Fv)Q*(Fy @ Fy) f) (a1, €15 42, &2)

= o7 (& + &) f (q1: €150 (€0 + 1) g, 07 M (G0 + 51)_1b€2)-

On the other hand, with the help of Lemma 3.25 we can perform calculations similar
to those of Lemma 3.10 to get, for f € L*(Q x V,|q|"*d,(q) d€), that

1 3/2
Alj(¢—(f€§:f)§))1/2 Flo™ o+ g, 67 (& +6) ).

(Fv JUTFi (g, ) =

Moreover, one easily finds that

S . 32 —
(FodFi D@9 =Fa 8. (FedFs D@9 = 1% flata "e),

Q(a)'/?

and

((‘FV ®fV)W*(‘F\*/ ®‘F\>;)f) (Q17£1;Q27£2) = |Q2|f(q2_lq17q2_lb§1;qQa€1 + 52) (330)

Hence we get
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(Fv® Fv)Wal(Fy @ Fo) ) (a1, &5 42, &2)

= (Fv @ Fv)(TUT @ 1)(J @ J) QW™ (J ® J) O (Fy @ Fy ) f) (a1, 613 ¢, &)

- 3/2 . R R
- T (x o Fgw Sy QW (e )0 (F @ F))

Ag (o~ (& + 51))1/2

(6 (& + &) 1a1, 07 (& + &) V615 02, &2)

|¢_1(£0 +£1)‘3/2‘q2|3/2 T7r% e * * %
= (Fv @ F )QW (J®J)Q (Fv @ F )f
AQ(drl(ﬁo+§1>)”2AQ(q2>1/2( e v o)

(6 & +&)  n—0 o+ &) gt i 8).

Using that

67 G- G+ &) E) = 6 G+ )

the expression above becomes

671 (6 + )1 2l 2

Ao (¢71(E +€1)* Ag(a2)1/2

(67 (60 +€) a0 (@ + €)M e (G + ) 0T (@0 +6) Ve V)
671 (60 + €01 2l /2

- 1/2 (Fv @ Fv)(J @ J) Q" (Fy @ Fi) f
AQ(<zﬁ‘1(§o+§1))/AQ(qg)m( very v @ FV)f)

(@201, —a5€0:0 (G0 + &) ' a5 0 (b0 + &) V(s Vo — €1))

- @((}—V ® Fv ) (Fy @ F) ) (0241, 45615 20 (o + €1), &2 — 4561)

= o " (B(gz ) + &)
f(@2qr, 3167 Hpla ") + €)oo+ &), 0 (Blan ) + 51)_1b(q2_1b§2 - &),

(Fv @ Fv)W* (J @ J)Q (Fy @ Fp)f)

which is what we need. O

Recall that in Section 3.4 we considered a continuous family of cohomologous dual
unitary 2-cocycles Qg, q € Q, defined by replacing & by & = ¢ &o.

Corollary 3.27. We have:

(i) the map Q@ 3 q— qu 18 so-continuous;
(ii) if ¢: Q — V is open and 2’ — 0 in End(V) pointwise for a sequence of elements
zn € Z(Q), then Wo _, — W in the so-topology.
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Proof. Part (i) follows already from formula (3.29). Indeed, the map ¢ — € is continuous
by Proposition 3.20. On the other hand, the unitary U, in formula (3.29) for the dual
cocycle Q is given by Lemma 3.23, with &, replaced by £J. To be more precise, that
lemma is formulated under the assumption that the Haar measure on () is normalized
by (3.9). If we replace & by &1 = ¢°&, and, correspondingly, the map ¢ by bq(d') =
#(q'q), but want to keep the same measure on @, then the map

Uy, : LAV x V) = L2(G), Uy, f(d',0') := f(64(d),0"),

is unitary only up to a scalar factor. But this means that for Lemma 3.23 to remain true
we just have to state it as the equality

Uy = Ug, FyWE Fv UL

As the map q — Uy, is obviously continuous in the so-topology, we conclude that the
map q — Uy, is continuous as well, hence so is the map g — Wq, .

In order to prove (ii), recall that in the proof of Proposition 3.21 we already showed
that if ¢ is open, then ¢~ (& + 22€) — e as 22, — 0. It follows that, for all ¢ € Q,

— bzt -1 ,— —
o L@ VE O =ato G+ mE) at
By Theorem 3.26 we then conclude that (Fy ® Fy)Wo _, (Fir © Fi) — Y, where the
operator Y is given by :

(Y ) (q1, 61592, 62) = |g2| " fq2q1, BBE1; 2, 2 — 43€1).

A

Since by (3.30) we have Y = (Fy ® Fv )W (F{ ® Fyy), this proves the result. O
3.6. Stachura’s dual cocycle

In this section we consider the simplest example of our setup, the ax + b group G
over the reals. In this case Stachura [30] already defined a dual cocycle on G. We refer
the reader to his paper for a motivation of the construction and just present an explicit
form of the cocycle.

Consider the following operators affiliated with W*(G):

d
X = ’L-—)\(et’o)‘

I:=X_10.
dt ’ (—=1,0)

. d
Y = ’L&A(Lt)

=0 =0

Then the dual unitary cocycle on G found by Stachura, see [30, Lemma 5.6], is defined
by

Qs :=exp{iX ®log|1+ Y|} Ch(1®sgn(1+Y),I®1), (3.31)
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where Ch : {—1,1} x {—1,1} — {—1,1} is the unique nontrivial bicharacter.?

Proposition 3.28. The dual cocycle Qs coincides with the dual cocycle Q defined by (3.18)
for & = —1. In particular, Qg is cohomologous to the dual cocycle Q defined by (3.17).

Proof. Observe that
QCh(Sl,Eg) =1+ €1+ €2 —€162.

Hence, using that I ® 1 commutes with X ® 1 and 1 ® Y, we get

205 =exp{iX ®log|1 + Y|} (1 +1®@sgn(l1+Y))
+ (I @1)exp{iX @log[l+ Y[} (1 -1@sgn(l+Y)).
In terms of the functions F. : R? — T, ¢ € {0,1}, defined by
Fe(z,y) := exp{izIn[1 +y[} sgn(1 +y)°,

we therefore have

205 = (F(X©L,19Y)+FA(X®1,18Y))
+(I®1)(FXoL1eY)-F(X®1,10Y)).
Normalizing the 2-dimensional Fourier transform by
1 i(zs
(Fraf)lst) = 5= [ flay) dod,
™
R2

we then obtain

47
RQ

1 ) .
0e= - / (FaFo)(5,0) + (Fan F1)(5,1)) €% @ e~ ds d

1 , .
+ - / (FraFo)(s,t) — (FgaF1)(s,t)) Ie X @ e dsdt.
R2

2 In fact, Stachura works in a representation of G equivalent to the regular representation. His operators
X, Y, I are the operators on L?(R* x R, ¢~ ?dq d¢) given by

(Xf)(a,8) =i(q0q + £0¢) f(q,8), (Y ) a:€) =£&f(a,8), (If)(q,8) = f(—q,—)-

The equivalence is implemented by the unitary (271')71/2]-']RU: L*(G) — L*(R* x R,q %dqde), where
U: L2(G) — L*(G) is defined by (Uf)(q,v) = lalf(a"",v).
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1
- E / (<]:]§2F0)(S7t) + (‘F’HEQFl)(Sa t)) A(eS,O) ® )\(1715) dS dt
R2
1
+ E / ((f]ik{ZFO)(Sat) - (f§2F1)(S,t)) A(—eS,O) ® )\(17,5) dsdt,
R2

with the integrals understood in the distributional sense.
We now need to compute the inverse Fourier transforms (in the sense of tempered
distributions):

1 .
(FraF2)(s,t) = o /el(““’t) exp{izln |l 4+ y|} sgn(1l + y)° dx dy.
RQ

Note first that

1 /eiz(s+ln|1+y|) dz = § (5 +In|1+ y|)_
27
R

Consider now, for fixed s € R, the function ¢(y) := s+ In|1 + y|. It has two simple
zeros located at y1 = +e~* —1 and it is continuously differentiable (away from —1) with
¢ (y+) = +e®. Therefore

So(s+In [1+y1) = o ()l 28, () + 19 (9-) |70, (9) = € (0-1eme (1) 4610 (9).

Hence we get

(FaaFo)(s,) = e / €V (§_ypoe(y) 61— oo (y)) sen(l + y)° dy
R

_ efsfit(eie_st + (71)8677;6_%).
From this we obtain

(FraFo)(s,t) + (FzF1)(s,t) = 2e757 e ™t and

(Fr2Fo)(s,t) — (Fr2F1)(s,t) = 2e s TiteTieT

and therefore

1

Qg = —
o 27

/ e st (eie_st /\(eS,O) 4 e*ie_st )\(—55,0)) X )\(Lt) dsdt.
RxR

Setting now ¢ = e® and v = —t we get
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1 . - .
Qg = — / q_le“’ (e_lq v )\(q—170) + e" T )\(_q—170)) 29 )\(1’,1,) q_ldq dv

2w
R+XR
1 i(v—g—1v) dq dv
= — A(g- Al—v .
o / € (a0 ® A=) ~
R*xR
Setting &g = —1 and remembering that we have here ¢"¢ = ¢~ '¢ and d(g,v) =

(27)~1q%dq dv, we finally get

QS — /ei<qb5075017j> A(q10)71 ® )\(1,1))—1 d(q,U),
G

which is exactly the dual cocycle Q defined by (3.18) in Remark 3.13. As we already
observed there, Q is cohomologous to 2. O

As was suggested by Stachura [30], the quantum group (W*(G), QSA()QE) is isomor-
phic to the quantum ax + b group of Baaj and Skandalis [29] (see also [33, Section 5.3]),
but his arguments fall a bit short of proving that this is indeed the case. The above
proposition together with Theorem 4.1 below complete his work.

4. Bicrossed product construction

Recall that a pair (G, G2) of closed subgroups of a locally compact second countable
group G is called a matched pair if Gy N G2 = {e} and G1G2 is a subset of G of full
measure [3]. Given such a pair, we have almost everywhere defined measurable left actions
a of G1 and B of G2 on the measure spaces G2 and G, resp., such that

gs ' = ag(s)*lﬁs(g) for g€ Gy, s € Gs.

We can then define a bicrossed product Gl >« G5. This is a locally compact quantum
group with the function algebra

Loo(él > Gg) = Gl X o LOO(GQ)

The coproduct on Loo(él >« GG3) is a bit more difficult to describe, but we will not need
to know the exact definition and refer the reader for that to [3] or [33].> Then by [33,
Proposition 2.9 and Theorem 2.13] the dual quantum group is G »< Gy = G v G, the
bicrossed product defined by the matched pair (G2, G1) of subgroups of G.

3 To be more precise, we are considering the quantum group (M, A) from [33, Section 4.2], with i: G; — G
and j: Gy — G defined by i(g) = g, j(s) = s~'. This is the same as the quantum group (M, A) from [3,
Section 3], see the discussion following [3, Definition 3.3].
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Theorem 4.1. Let G = Q x V be a second countable locally compact group satisfying
the dual orbit Assumption 2.15 and Q be the dual unitary 2-cocycle Q on G defined
by (3.17). Then the quantum group (W*(G),QA()Q*) is isomorphic to the bicrossed
product quantum group defined by the matched pair (Q,&)Qfgl) of subgroups of @ X V.

Here by &' we of course mean the element (id, —&;) € AfF(V).

Proof. Consider the measure space X = @ x V, with the measure class defined by the
product of Haar measures. By Theorem 3.26 the multiplicative unitary Wq is unitarily
conjugate to the unitary associated with the measurable (almost everywhere defined)
transformation v: X x X — X x X given by

v(q1,615 g2, &2) = (Qchngfl;
b
6 Mg e+ &) 0 G+ )0 (@ Ve +6) T (0 Ve — 61)).

Hence this transformation is pentagonal [2]. By a result of Baaj and Skandalis [2], see
also [3, Proposition 5.1] for a correction, under mild technical assumptions the pentagonal
transformations arise from matched pairs of groups. Let us follow the proof in [2] and
see which pair we get.

Following [2] we write the transformation v as v(z,y) = (x e y,x#y). The maps
(z,y) — (xey,y) and (x,y) — (z,x#y) are measure class isomorphisms, so the assump-
tions of [3, Proposition 5.1] are satisfied and therefore the pentagonal transformation v
and the multiplicative unitary We, indeed come from a matched pair of groups.

It is not difficult to check that the inverse map v~—!, which we will write as v=!(z,y) =
(zoy,x*y), is given by

v a1, &502,6) = (70 (& + &) B — &) o, 0 (9 M Eo + &) aréo — 51)_1b§1;
oM o+ &) Bl — &), &+ ¢ (& + &) ).

By [2, Lemma 2.1], there exists a second countable locally compact group Gy, a right
action of G; on X and an equivariant measurable map f;: X — G; such that for almost
all pairs (z,y) € X x X we have

rey==xfi(y)

Although this is not explicitly stated in [2], it is not difficult to see that the group Gy,
the action of G; on X and the map f; are uniquely determined by these properties up
to an isomorphism. In our case it is easy to see what we get:

Gl - Q7 (q7£)q1 = (Q1_1qaq1_1b£)7 fl(q7 é.) = q_l'
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In a similar way there exist a (unique up to isomorphism) second countable locally
compact group Ga, a right action of Gy on X and an equivariant measurable map
fa: X — G4 such that for almost all pairs (z,y) € X x X we have

zxy =yfaz).

In our case we get

G2 =Q, f2(¢,6) =7 (+&) 7", (¢,9)q = (¢_1(qglb(qb§0—§o)+€0)7qglb(§+§o)—€0)~

According to [2,3] we then get a locally compact group G’ and embeddings h;: G; — G
of the groups G; as closed subgroups such that the map G; x Ga — G, (s,9) —
hi(s)ha(g) is injective and the complement of its image is a set of measure zero. By [2,
Lemma 3.5(b)], for almost all (x,y) € X x X we have

ha(f2(2))h1(f1(y)) = ha(f1(b))h2(f2(a)), where (a,b) = v(z,y).

Again, it is not difficult to see that these properties completely determine the locally
compact group G’ up to isomorphism. In our case the above identity reads

ha(¢7 1€+ €0) Vi (a™Y) = (6 (€ + &) o (g 6o + ) a6 (g€ + &) 7).

Letting ¢; = ¢ and g2 = ¢~ (£ + &) we equivalently get

halgs Ve (q™Y) = ha (g3 6~ (a7 " 6o + B30 — £0))ha(d~ (g2 (ghéo — &) + o)D),

or in other words,

hi(q1)ha(gz) = ha(¢ (@l aa0 — di€0 + €0)) P (¢ (@l a5¢0 — &0 + &0) " qrg)-

We then see that these properties are satisfied by the group G’ := Q X V and the
embeddings

hi(q) = q = (q,0), ha(q) ==&a&; " = (¢, — ¢&).

Therefore we conclude that Wy, is unitarily conjugate to the unitary W from [3] defined
by the matched pair (Q, fongl) of subgroups of Q x V, or equivalently, to the unitary W
from [33] defined by the matched pair (£,Q&, '.Q), see the discussion following [3, Defini-
tion 3.3]. Therefore (W*(G), QA(-)Q*) is isomorphic to the dual of the bicrossed product
defined by (§0Q£61, Q), hence to the bicrossed product defined by (Q,&Q¢;"). O

Corollary 4.2. The locally compact quantum group (W*(G), QA()Q*) is self-dual. If G is
nontrivial, then this quantum group is noncompact and nondiscrete, and if G is nonuni-
modular (that is, Ag # |- |v), then the quantum group is also nonunimodular, with
nontrivial scaling group and scaling constant 1.
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Proof. In order to prove self-duality it suffices to show that the matched pairs
(Q,&Q¢& ™) and (£9Q&; ", Q) are isomorphic. The conjugation by the element (—id, &) €
Aff(V) gives such an isomorphism. Next, the quantum group (W*(G), QA(-)2*) cannot
be discrete, since W*(G) is a factor. By self-duality it then cannot be compact either.
The rest follows by [33, Propositions 4.15, 4.16]. O
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