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ON PBW-DEFORMATIONS OF BRAIDED EXTERIOR ALGEBRAS
MARCO MATASSA

ABSTRACT. We classify PBW-deformations of quadratic-constant type of certain quantiza-
tions of exterior algebras. These correspond to the fundamental modules of quantum sly,
their duals, and their direct sums. We show that the first two cases do not admit any defor-
mation, while in the third case we obtain an essentially unique algebra with good properties.
We compare this algebra with other quantum Clifford algebras appearing in the literature.

INTRODUCTION

The aim of this paper is to initiate a study of PBW-deformations of certain quantizations
of exterior algebras. Recall that a PBW-deformation of a quadratic algebra is a filtered al-
gebra such that its associated graded algebra coincides with the original quadratic one, see
for instance [BrGa96, PoPo05|. The name comes from the main example of the universal
enveloping algebra U(g) of a Lie algebra g, whose associated graded algebra is the symmetric
algebra S(g), as a consequence of the Poincaré-Birkhoff-Witt theorem. Other classical ex-
amples include Weyl algebras and Clifford algebras, which can be seen as PBW-deformations
of symmetric algebras and exterior algebras, respectively. Here we will focus on deformations
of quadratic-constant type, which classically correspond to Clifford algebras.

The quadratic algebras which we will consider are quantizations of the exterior algebras
A(V), where V is a U(g)-module and g is a complex simple Lie algebra. It is well known that
the enveloping algebras U(g) admit quantizations U,(g) as Hopf algebras, called quantized
enveloping algebras or Drinfeld-Jimbo algebras. As long as the parameter ¢ is not a root of
unity, the representation theory of U,(g) essentially parallels that of U(g), so that in particular
we have a U,(g)-module corresponding to V. A construction that functorially associates to
V' a quadratic U,(g)-module algebra A (V) is given in [BeZw08|, and goes under the name
of braided exterior algebras. However in general these algebras do not have the same Hilbert
series as their classical counterparts. When this happens they are called flat, and the flat
simple modules have been classified in [Zwi09]. In the case of semisimple modules we can also
consider the possibility of taking appropriate twisted tensor products.

One motivation for studying deformations of braided exterior algebras comes from the non-
commutative geometry program of Connes [Con95|. In this theory the main objects of study
are spectral triples, whose main ingredients are Dirac-type operators, which are classically de-
fined using Clifford algebras. Hence developing appropriate quantum notions would lead to an
interesting interaction between this theory and that of quantum groups. Dirac operators for
a certain class of quantum homogeneous spaces, namely quantized irreducible flag manifolds,
have been defined long ago in [Krd04]. This definition only uses some rather general assump-
tions on what a quantum Clifford algebra should be. However, a more concrete model is
needed for a detailed analysis of these operators, for instance to determine their spectra. This
analysis was performed for the case of quantum projective spaces in [DADg10] and [Mat18a],
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where it was shown that these Dirac operators give rise to spectral triples. The general strat-
egy to prove such a result is to obtain some quantum version of the Parthasarathy formula,
see the discussion in [Mat17] and [Mat18b]. The proof of this formula in the classical case
crucially uses the commutation relations in the Clifford algebra. With such a general result
still lacking in the quantum setting, we hope that a better understanding of some structural
properties of quantum Clifford algebras will lead to some progress in this direction.

In this paper we will study PBW-deformations of braided exterior algebras corresponding
to certain modules of U, (sly). These are the fundamental module V' and its dual V*, which
are known to be flat, and their direct sum, which we denote by H. First we will show that
the algebras A, (V) and A,(V*) do not admit any non-trivial PBW-deformations of quadratic-
constant type. The direct sum case on the other hand is far more interesting, also because
we have to face the problem that A (H) is not flat. For this reason we will replace it by an
appropriate twisted tensor product of the algebras A, (V') and A,(V*), which gives a quadratic
algebra with the same Hilbert series as A(H). This is defined in terms of the braiding in the
category of U, (sly)-modules, up to an important rescaling. The main result is that in this case
we find a one-parameter family of PBW-deformations, which we denote by Cl,(c) for ¢ € K*.
They all turn out to be isomorphic for different values of ¢, as well as U, (sl )-module algebras.
They admit a presentation which is very close to the classical case, namely

Clyo)=TH)/(r@y+o(r®y) — (2,y)c: x,y € H).

Here 0 : H® H — H ® H satisfies the braid equation, while the bilinear form (-,-).: H® H —
K is U,(sly)-invariant and satisfies the symmetry property (-,-).0 0 = (-, ).

The paper is organized as follows. In Section 1 we fix our conventions for quantized en-
veloping algebras. In Section 2 we recall the notions of PBW-deformations and twisted tensor
products. In Section 3 we recall the notion of braided exterior algebra, as well as determining
the braidings for the modules of interest. In Section 4 we recall some facts about the braid
equation and symmetrization. In Section 5 we show that there are no PBW-deformations
for the simple modules we consider. In Section 6 we discuss our approach to the semisim-
ple case, in terms of appropriate twisted tensor products. Next in Section 7 we classify the
PBW-deformations of these algebras. Finally in Section 8 we show some further properties
of these algebras, as well as the connection with other notions of quantum Clifford algebras.

1. QUANTIZED ENVELOPING ALGEBRAS

In this section we fix some notation for complex simple Lie algebras and quantized en-
veloping algebras. Let g be a finite-dimensional complex simple Lie algebra. Denote by 7 the
rank of g, by {a;};_, the simple roots and by {w;}/_; the fundamental weights. Denote by
{aij}; ;= the Cartan matrix. We will only consider the simply-laced case here.

For quantized enveloping algebras we use the conventions of [Jan96|. Let ¢ € C and suppose
it is not a root of unity. The quantized universal enveloping algebra U,(g) is generated by the
elements {F;, F;, K;, K; '}/_, satisfying the relations

KK '=K, 'K, =1, KK, =K;K;,,
K,E;K; ' = ¢"E;, K,F;K;'=q “Fj,
K —K;!

EZF’] - FJEZ — 5ij q — qil

)
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plus the quantum analogue of the Serre relations. The Hopf algebra structure is defined by
S(K;)=K;', S(E)=-K'E;, S(F)=-FK;, &K)=1, &(E)=c¢c(F;)=0.
For ¢ € R, the compact real form of U,(g) is defined by
Given A = Y7 n;a; we will write K, = K{"--- K!"". Let p be the half-sum of the positive
roots of g. Then we have S?(X) = KQ_plXKgp for any X € U,(g).
The finite-dimensional irreducible (Type 1) representations of U,(g) are labelled by their
highest weights A as in the classical case. We denote these modules by V(A). For ¢ € R

there is a Hermitian inner product (-, -) on V(A), unique up to a positive scalar factor, which
is compatible with the compact real form in the sense that

(av,w) = (v,a*w), v,w e V(A), a € Uyg).

We also need the braiding on the category of Type 1 representations. Given two U,(g)-modules

V and W of this type, the braiding is defined by Ry = 7 o Ryw. Here 7 denotes the flip
and Ry is the specialization of the universal R-matrix to the modules V' and W. It turns

out that the braiding /R\VW VoW — W ®YV is uniquely determined by the relation
ﬁv,w(v QW) = q(Wt(v)’Wt(w))w X v+ Z w; ® vy,

where wt(w;) > wt(w) and wt(v;) < wt(v). Here < denotes the natural partial order on the

~

set of weights. To determine Ry we can start by fixing a highest weight vector and obtain
the other values using the action of U,(g), since Ry, is a module map.

2. PBW-DEFORMATIONS AND TWISTED TENSOR PRODUCTS

In this section we recall the notion of PBW-deformation of a quadratic algebra, following
[BrGa96|, and that of twisted tensor product of algebras, following [CSV95].

2.1. PBW-deformation. Let V be a vector space over a field K and denote by T'(V) its
tensor algebra. Fix a subspace R C V ® V and denote by (R) the two-sided ideal generated
by R inside T'(V'). The algebra obtained by quotienting by such an ideal, which we denote
by Q(V,R) :=T(V)/(R), is called a (homogeneous) quadratic algebra. More generally, write
FA(V)=KaV ® (V®V) and fix a subspace P C F?(V). Then the algebra Q(V, P) =
T(V)/(P) is called a non-homogeneous quadratic algebra.

The algebra U = Q(V, P) has a natural structure of a filtered algebra. Hence we have an
associated graded algebra, which we denote by grl/. Consider the projection 7 : F*(V) —
V ®V on the second homogeneous component. Set R = 7(P) and consider the homogeneous
quadratic algebra A = Q(V, R). We have a natural surjective map p: A — grU.

Definition 2.1 (|[BrGa96]). With the notation as above, we say that U = Q(V,P) is a
PBW-deformation of A = Q(V, R) if the projection p : A — grU is an isomorphism.

It is easy to derive two necessary conditions for U to be a PBW-deformation of A, which are
given in [BrGa96, Lemma 0.4]. The first condition implies that P C F?(V) can be described
in terms of two linear maps «: R — V and f: R — K as

P={zx—a(x)— p(x):z € R}.
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The second condition can be written in terms of various relations between o and 5. Here we
will consider only the case of quadratic-constant deformations, namely a = 0.

Lemma 2.2 (|[BrGa96, Lemma 3.3]). Suppose a = 0. Then we must have §@id —id® =0
on the intersection (R@ V)N (V@ R) C V3.

In general these conditions are necessary but not sufficient. However, for the class of Koszul
algebras, these conditions turn out to be sufficient, as stated in the next theorem.

Theorem 2.3 (|BrGa96, Theorem 4.1|). Let U = Q(V, P) and let A = Q(V, R) be its asso-
ciated quadratic algebra with R = w(P). Suppose a and [ satisfy the necessary conditions.
Suppose furthermore that A is a Koszul algebra. Then U is a PBW-deformation of A.

There are many equivalent definitions of a Koszul algebra. For these definitions the reader
can consult the appendix of [BrGa96| or the book [PoPo05].

2.2. Twisted tensor products. The idea of a twisted tensor product of two algebras is a
very natural one, and for this reason it has been studied independently by many authors.
Here we will follow the treatment of [CSV95]. We assume all algebras to be unital and all
homomorphisms to preserve the units.

Definition 2.4 ([CSV95, Definition 2.1]). Let A and B be algebras over K. A twisted tensor
product of A and B is an algebra C', together with two injective homomorphisms i4 : A — C
and ig : B — C, such that the canonical linear map (i4,ip5) : A ®x B — C defined by
(14,i8)(a ®b) =i4(a)ip(b) is a linear isomorphism.

Twisted tensor products can be characterized in terms of twisting maps. Indeed, given any
twisted tensor product (C,i4,ip) of two algebras A and B, there exists a twisting map 7, as
defined below, such that C'is isomorphic to A ®, B [CSV95, Proposition 2.7].

Given a K-linear map 7: B® A — A ® B, and denoting by u4 and pp multiplication on
A and B, we can consider as a candidate for multiplication on A ® B the map

pr = (pa @ pp)(ids ® 7 ®@idp).

The notion of twisting map guarantees that this is an associative multiplication. The vector
space A ® B, together with the multiplication map u.,, will be denoted by A ®, B.

Definition 2.5 (JCSV95, Proposition/Definition 2.3]). Let 7: B® A — A® B be a K-linear
map. Then it is called a twisting map if for all @ € A and b € B it satisfies the conditions
Tb®1)=1®0band 7(1 ® a) = a ® 1, and moreover

T(up @ pa) = pr (7 @ 7)(1dp @ T @ idy).

The multiplication p, is associative if and only if 7 is a twisting map.
If A and B are graded algebras, we say that 7 is graded if 7(B; ® A;) C A; ® B, for all 4, j.

We now summarize some properties related to twisted tensor products in the presence
of additional structure, see for example [WaWil8, Section 1]. Recall that if H is a Hopf
algebra, then an H-module algebra A is an algebra which is an H-module and such that

h-(aa’) = (hay - a)(ho) -a’) and h-14 = e(h)1, for all h € H and a,d’ € A.

Proposition 2.6. 1) Let A and B be H-module algebras. If T is an H-module homomorphism
then the twisted tensor product A @, B is an H-module algebra.
2) Let A and B be Koszul algebras. If T is graded then A @, B is a Koszul algebra.
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3. BRAIDED EXTERIOR ALGEBRAS AND BRAIDINGS

We begin this section by recalling the notion of braided exterior algebra, as defined in
[BeZw08|]. Next we determine the braidings associated with certain simple modules of U, (sly).

3.1. Braided exterior algebras. The notion of braided exterior algebra provides a quantum
version of the classical exterior algebra. Given a U,(g)-module V', we can functorially associate
to it an algebra A, (V') as follows [BeZwO08|. First we define the subspace

S2V = Pker(Ryy — Aid) C V@ V. (3.1)
A>0

This space is the span of the positive eigenvectors of ﬁv,v, hence it is a quantum analogue
of the space of symmetric 2-tensors in V' ® V. Then we define the braided exterior algebra
Ag(V) :=T(V)/(S;V). Braided symmetric algebras are also defined in a similar fashion. By

definition we have that A,(V) is a quadratic algebra. Moreover, since the braiding /Fivy is a
module map, it follows that A,(V) is a U,(g)-module algebra.

While the definition makes sense for any U,(g)-module V, only for some particular ones
we have that the Hilbert series of A (V) and of the exterior algebra A(V) coincide. When
this happens we say that V' is a flat module. In this case it is known that A, (V) is a Koszul
algebra. Flat simple modules have been completely classified in [Zwi09]. The outcome of the
classification is that the flat modules essentially correspond to abelian nilradicals of parabolic
subalgebras of g, see [Zwi09, Main Theorem 5.6]. Geometrically these can be interpreted as
tangent spaces of the corresponding generalized flag manifolds.

3.2. Braidings. In the following we will be interested in studying various algebras associated
to the fundamental module of U,(sly), which we denote by V := V(wy), and its dual. The
first step will be to determine the braiding associated with these modules.

The module V' (w;) has a weight basis {v; }}¥,, where the vector v; has weight \; := w; —w;_1,
with the convention that wy = wy = 0. The U,(sly)-module structure can be realized by

)

F I S
Kijvj = ¢y, By = 0 5-1v5-1,  Fivj = 0450541

The braiding for V ® V' is well-known and can be found for example in [K1Sc97, Section 8.4.2]
(taking into account the rescaling by ¢'/V). Here and in the following we will write 6(n) for
the Heaviside step function defined by #(n) = 0 for n < 0 and #(n) = 1 for n > 0.

Proposition 3.1. Let V = V(wy). Then we have
Ry (v ®v)) = ¢ Vo @ v +6(j —1)g ¥ (g — ¢ v @ ;.

Next we will need the braiding for V* ® V*. It is very similar to that of V@ V. First we fix
a basis for V* as follows. Since V' is a simple module, there exists a unique (up to a constant)
U,(sly)-invariant pairing (-,-) : V*®V — C. Then we denote by {w;}}¥ the dual basis, that
is (w;,v;) = 0;5. It is easy to see that the U,(sly)-module structure is given by

Kaw; = ¢"i 7wy, By = —6;5q 'wijs,  Fwy = —0;_1qw;_1.
Proposition 3.2. Let V* = V(wyx_1). Then we have
ﬁv*y* (w; ® w;) = q‘sif%wj ®w; +0(i — j)q’%(q — ¢ Hw; @ w;.
We will also need the braiding for V*® V' — V ® V*, which we determine below.
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Proposition 3.3. The braiding /R\V*y VPRV -V V" is given by
i—1
Ry v (wi @ v;) = ¢V 5, @ wy — 85q™ (¢ — ) ka ® W
k=1

Proof. Observe that if ﬁvnv(wz‘ ® v;) contains the term v, ® wy then it must have the same
weight as w; ® v;. Since the vector w; has weight —\; = w;_; — w; this leads to the condition
=i +A;j = A — Ap. More explicitly this reads

W1 — w; + Wj —Wj—1 = W — Wk—1 + Wp_1 — Wy.

Also from the properties of the braiding we have wt(vi) > wt(v;) and wt(wy) < wt(w;). This
is equivalent to k£ < j and ¢ < 7, since v; and wy are the highest weight vectors of V' and V*.
Now consider the case i < j. Then, taking into account the facts listed above, we conclude
that v, ® w, appears if and only if (k,¢) = (j,4). Similarly for ¢ > j. From this we conclude
that the braiding takes the form ﬁv*,v(wz‘ ®v;) = q%vj ® w; for 1 # 7.
Now consider the case i = j. For ¢ = 1 the result is true, since v; is the highest weight
vector. We proceed by induction over ¢. We start by computing

ﬁv*,vFi(wiH ®v;) = /FEV*,V(Fz‘wH-l X Kl-_lvz‘) + ﬁV*,V(wiﬂ ® Fyv;)
= —ﬁv*,v(wz ®v;) + ﬁv*,v(7~0¢+1 ® Vig1).
On the other hand we have
Fzﬁv*,v(wiﬂ ® ;) = Q%Evi ® K 'wiy + Q%Uz‘ ® Fiw;i
= qﬁflvz‘ﬂ X Wig1 — Q%HU@' & w;.

Since ﬁv*y is a U, (sly)-module map, the two expressions coincide. Hence we get

ﬁV*,V(wiﬂ ® Vip1) = q%ilvzﬁrl & Wiy1 — (ﬁ“% ® w; + ﬁV*,V(wz‘ ® ;).
Now plugging in the induction hypothesis and simplifying we obtain the result. (l

3.3. Some useful facts. In this subsection we collect various useful facts about the modules
V and V* and their braidings. We start by giving a vector space isomorphism between V' and
V* which intertwines their respective braidings.

Lemma 3.4. We have a vector space isomorphism v : V. — V*  defined by (v;) = w14,
such that Ry« y+«(¢ @ ) = (Y @ ¥)Ryv.

Proof. Tt is clear thatAit is an isomorphism, so we only have to check that it intertwines the
braidings. We apply Ry« v+ to (¢ ® ¥)(v; ® v;) = wnt1-; ® wy41—j. Under the replacement
(t,5) > (N+1—1i, N+1—j) we have §;; = 0;; and 0(i —j) — 6(j — 7). Using these identities
in the expression given in Proposition 3.2 we obtain

=~ o L _

Ry v (¥ @ 9) (v @ v;) = ¢* " ¥ () @ P(vi) + 0(7 — 1)q~ ¥ (g — ¢~ ) (vi) @ ¥ (vy)

= (’l/)@lp)va(’Ui ®U]) |:|

Remark 3.5. This isomorphism does not respect the action of U,(sly), since the simple mod-

ules V = V(wy) and V* = V(wx_1) are not isomorphic.

It is well known that /FEV,V and /Iiv*,v* satisfy Hecke-type relations.
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Proposition 3.6. The braidings /FEV,V and /FEV*,V* satisfy the Hecke-type relations

Ry — ¢ ") Ry +¢7 %) =0, (Ryey- — ¢ " )Ry +¢777) = 0.
Proof. Tt is immediate to check that v; ® v; + ¢%v; ® v; with i < j and v; ® v; — qu; @ v;

with ¢ < j are eigenvectors with eigenvalues qlf% and —qilfﬁ, respectively. The case of V*
follows by applying the map v from Lemma 3.4, for example. U

Using these relations we can provide an equivalent description of the relations of the braided
exterior algebras Ag(V) and A, (V*), which are given by SV and S7V* as in equation (3.1).

Corollary 3.7. We have the identities
S2V = im(id + ¢ ¥Ryy), SV = im(id + ¢ N Ry ).

Proof. Since ¢'~~ is the only positive eigenvalue of ﬁvy, we have S7V = ker(ﬁvy — ¢ wid).
It follows from the quadratic relations of Proposition 3.6 that

ker(Ryy — ¢ ~id) = im(Ryy + ¢~ ~id).
This can be rewritten as S;V = im(id + ¢""~Ry.y). Similarly for V*. O

4. BRAID EQUATION AND SYMMETRIZATION

In this section we will recall some facts related to solutions of the braid equation. In
particular we will introduce symmetrization operators, which will play an important role in
checking the PBW-deformation condition later on.

4.1. Braid equation and rescaling. Let V' be a vector space and 0 : V@V — V &V be
a linear isomorphism. Write 0 := ¢ ® id and o5 := id ® 0. Then we say that o satisfies
the braid equation if the equation 00907 = 090105 holds in V®3. The pair (Vo) is called a
braided vector space. The braid equation (or equivalently of the Yang-Baxter equation) plays
an important role in the theory of Hopf algebras, see for example [K1Sc97, Section 8.1].

For reasons that will become clear later on, we will be interested in the following situation:
given a solution of the braid equation on a direct sum V' = €,.,; Vi, we want to consider
a new map which is obtained from the given solution by rescaling its components by some
constants. It is very easy to prove, as we will do below, that this rescaled map is again a
solution of the braid equation. Given any linear map 7 : V@V — V ®V we will write
T = Zuel ; for its components, thatis 7;; : V, @ V; — V; @ V.

Proposition 4.1. A map T : V@V — V ®V satisfies the braid equation if and only if
(Tj, ®id)(id ® Ty, )(T;; @ id) = (id @ Ti;) (T, @ id) (id @ Tyx), Vi, j, k € 1.
Proof. Consider T1T2T1. Then V; ® V; ® V;, is mapped into

T, T, ®id

V@V@% V®V®% — BV, VeV, ———V,0V,® V.
Similarly consider 757175. Then V; ® V; ® V}, is mapped into

VieVioV N vevioV, 22 vievieV 2 v oV e Vi
Comparing these two we obtain the stated conditions. U

Corollary 4.2. Suppose T = EME[ . satisfies the braid equation. Then T' = Ei,jel i T
satisfies the braid equation for any chozce of scalars {\;j}i jer-
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Proof. By the previous result, 7" should satisfy the conditions
AjrAikAij (T ®1d) (id @ T ) (Ti; @ id) = AijAirAje(id @ Tig) (Ti @ id) (id @ Tjy).

These are satisfied, since the prefactor is the same and 7' satisfies the braid equation. 0

4.2. Symmetrization. Now suppose 0 : V®V — V ® V satisfies the braid equation. Using
o we can define an analogue of the symmetrization operator, similarly to the classical case
with the flip map. In degree two and three this is given by

Sy =id+4+ o0, S3:=id+ o1 + 09 + 0109 + 0901 + 010207

Of course the fact that o satisfies the braid equation plays no role in the above definition.
However, this property is needed to prove the following.

Lemma 4.3. Suppose o satisfies the braid equation. Then imS3 C (imS; @ V) N (V @ imSs).

Proof. To show that imS; C imS, ® V' we observe that

S3=(1d+01) + (id + 01)o2 + (id + 01)0207. (4.1)
Similarly to show that imS; C V' ® imS, we observe that

S3 = (id + 09) + (id + 09)o1 + (id + 02)0709, (4.2)
where we have used the braid equation o10901 = 090105. O

Using the symmetrization map we can produce, in some cases, a convenient basis for check-
ing the PBW-deformation condition. Indeed, this needs to be checked on the intersection
(R V)N (V® R), where R is the space of quadratic relations of the given quadratic algebra.

5. CASE SIMPLE MODULES

In this section we will study PBW-deformations of quadratic-constant type for the braided
exterior algebras A,(V (wy)) and A,(V(wy-1)). We will show that they do not admit PBW-
deformations of this type. Hence there are no “quantum Clifford algebras” such that their
associated graded algebras coincide with these braided exterior algebras.

Recall that quadratic-constant deformations are characterized by maps 3 : R — K, where
R C V ®V is the subspace of quadratic relations, such that f ® id —id ® f = 0 on the
intersection (R ® V) N (V ® R) inside V®3. In order to check this condition we will consider
a convenient basis for this subspace, obtained via symmetrization.

In this section o will denote the maps qH%/FEVy for V(wy) and qH%/FEV*y* for V(wn-1).
Then o satisfies the braid equation, as it is a given by a rescaling of the braiding.

Notation 5.1. We define V;; := Sy(v; ® v;) for ¢ > j and Wj; := Sy(w; ® w;) for i < j.

It follows from Corollary 3.7 that {V;;};>; and {W;;}i<; are bases for the subspaces of
quadratic relations Ry and Ry, respectively. They are given explicitly by

Vii =0 Qv+ ¢y @ v, Wi = w; @ w; + ¢ w; @ w;.
We introduce similar elements by symmetrization in degree three.

Notation 5.2. We define Vij, := S3(v; ® v; @ vy) for ¢ > j > k. Similarly we define
Wik = S3(w; ® w; @ wy,) for i < j < k.
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In the next lemma we will show that
Viik € (Ry @ V)N (V& Ry), Wik € (Ry« @ V)N (V' ® Ry~),

and it will be clear that these elements are linearly independent. Then it follows that they are
bases for these subspaces of V®3 and (V*)®3. Indeed the algebras A, (V (w;)) and A, (V(wy_1))
are flat, namely have the same Hilbert series as the corresponding classical exterior algebras,
hence by dimensional reasons the elements above give a basis.

Lemma 5.3. We have the identities
Viji = Vij ® U + ¢V @ vj + ¢V @ 0
=v; ® Vi + "0 @ Vi + ¢ 002 @ V5.
Stmilarly we have the identities
Wigk = Wij @ wi + " Wiy, @ w; + "% P2 W, @ wy
= w; @ Wik + ¢ 1wy @ Wi, + @020, @ W,
Proof. Using the fact that ¢« > j > k we compute
o1(v @ v; @ vg) = q‘s”'“vj RV @V, 02(0; ®V; @) = q‘sf”lvi ® vi, ® vj,
0201 (v; ® v @ vy) = qéiﬁ‘s““”vj Qv ®v;,  0102(V; Q@ U; @ v) = @ty @ ® v;.

Plugging these into the expressions for S3 given by (4.1) and (4.2) and using the definition
of the elements V;; we obtain the result. To obtain the expressions for W;j, we use the
isomorphism 1) : V' — V* given in Lemma 3.4. Since 1 intertwines the braidings we have

Wijke = S3(Y @Y @Y)(vny1- ® UN+1-; @ UNt1-k)
= (Y ®Y @V)VN4f1-i N41-j, N+1—k-

Then applying ¢ to the expressions for V;;, we obtain the result. O

We are now ready to study PBW-deformations of these braided exterior algebras.

Theorem 5.4. For 0 < q < 1 there are no non-trivial PBW-deformations of quadratic-
constant type of the algebras Ay(V') and A,(V*).

Proof. We will show that (f ® id — id ® 3)(V,jx) = 0 implies S(V;;) = 0, namely a trivial
deformation. Applying f ® id — id ® f to the two expressions given in Lemma 5.3 we get
0= BVij)ve + ¢+ BV )vs + %2 B (Ve
— BVi)vi — T BVin)v; — ¢ B(Vig v

The case N = 2 can be checked separately to show that 5(V;;) = 0. Suppose N > 2 so that
we can take i, j, k to be all distinct. Then we obtain the condition

(q2 - 1)6(ij)vi + (1 — QQ)B(Vij)vk =0.

Since ¢* # 1 this implies 8(V;;) = 0 for all ¢ # j. Next consider the case i = j and j # k.
Using (V) = 0 for a # b we arrive at the condition (1 — ¢*)3(Vi;)vr, = 0, which implies
(Vi) = 0. Finally the argument for A,(V*) is completely identical. O
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6. SEMISIMPLE CASE

Since the simple modules V' and V* do not admit PBW-deformations, we consider some-
thing with a bit more structure like the semisimple module H := V(w;) &V (wy_1). However,
as we will explain below, instead of considering the braided exterior algebra A,(H) we will
use a different construction, which will occupy the rest of this section.

6.1. A problem and a solution. An unpleasant feature of the algebra A,(H) is its lack
of flatness, despite the algebras A, (V') and A,(V*) being flat deformations. For example, for
N =2 we have V = V* and in |Tucl3, Example 3.5.1.5] it is shown that A,(V & V) is not flat
(actually this is shown for S,(V @ V'), but the result can be immediately modified). Hence
we do not even have a vector space isomorphism between A,(H) and A,(V) ® A, (V*), which
clashes with our expectations from the classical setting.

A similar problem was encountered in [LZZ11], where the authors discuss a quantum version
of the first fundamental theorem of classical invariant theory. In the cited paper they observe
that the quantum symmetric algebra S, (€™V'), corresponding to m copies of a certain module
V, is not flat for m > 1. Their solution is to replace S,(&™V') with a twisted tensor product
of m copies of S,(V'), which is easily seen to be flat for all m.

Here we will use the same strategy and take the twisted tensor product of A (V') and
A,(V*). However, unlike |LZZ11|, we will not simply use the braiding on the category of
U,(sly)-modules as a twisting map, but we will consider a rescaled version of it. On one
hand this is needed to introduce the appropriate minus signs for a tensor product of exterior
algebras. On the other hand we will see that a non-trivial choice of this rescaling will be
needed to obtain non-trivial PBW-deformations of quadratic-constant type.

6.2. Relations of a twisted tensor product algebra. The following lemma is fairly
straightforward, and describes the space of relations of a twisted tensor product of two Koszul
algebras, which is the setting we are interested in.

Lemma 6.1. Let A = Q(V,Ry) and B = Q(W, Rw) be Koszul algebras. Let 7 : B® A —
A® B be a graded twisting map. Then the twisted tensor product A®, B is isomorphic to the
Koszul algebra Q(V & W, P), where P = Ry & Rw @ Ryw and

Ryw ={w@v—-—1(w®v):veV,we W}

Proof. We have already recalled in Proposition 2.6 that, given these assumptions, A ®, B is
a Koszul algebra, hence we only need to determine the space of quadratic relations. It is
immediate, using the properties of a twisting map, to show the following identities

(a®1)-(d®1)=ad ®1, (120 -(1x¥V)=1x0>bl,
(a®1)-(1®b)=a®b, (1®b)-(a®1)="1(bx®a).

The first two identities show that A and B are subalgebras, hence we get the relations Ry
and Ry. Next, writing 7(b® a) = ) . a; ® b; and using the last two identities, we get

d(ai@1)-(1eb)=> a®b= (1)) (a@1).

(2 3

Since 7 is a graded twisting map, that is 7(B; ® A;) C A; ® B;, it suffices to impose this
relation on the generators. Hence we get the subspace of relations

Ryw={wev—1(wev):veV,weW}cC (VoW

By dimensional reasons these are all the relations. (l
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6.3. Exterior algebra. We will now define a quantum analogue of the exterior algebra A(H),
which will not coincide with the braided exterior algebra A,(H), as explained above. Instead
we will take an appropriate twisted tensor product of A, (V') and A (V™).

The twisting map we will use is built from the braldlng of the category of U,(sly)-modules,

which we have denoted by R. Observe that RA (V*),Aq(v) 18 completely determined by RV -V
and by the multiplication maps A, by naturahty of the braiding. Moreover it is easy to see
that, if we rescale the braiding /FEV*,V by A € K*, then there is a unique way to extend this
to a graded twisting map. This motivates the following definition.

Definition 6.2. Let 7, : A,(V*) @Ay (V) — Ay(V) @A, (V*) be the twisting map determined
by Ta(w ® v) = —=ARy«y(w ® v), with v € V, w € V* and A € K*. Then we define
A a(H) =Ny (V) @7, Ay(V*) to be the twisted tensor product with respect to 7y.

Observe that 7, is a graded twisting map and a U,(sly)-module homomorphism. Then,
since Ay (V') and A,(V*) are Koszul algebras, it follows from Proposition 2.6 that A, \(H) is a
U,(sly)-module algebra which is Koszul. We denote by Ry C H® H its subspace of quadratic
relations. From Lemma 6.1 we have that Ry = Ry ® Ry~ @ Ry,y~, where

Ryv ={w®@v+ )\ﬁv*,v(w ®@v):veV,weV}
These relations can be written in a more uniform way if we make the following definition.
Notation 6.3. We define the linear map o) : H ® H - H ® H by

q1+ﬁ RV,V7 |4 & V

N Rops VeV
)\RV*J/, V* ® V
q1+% RV*,V*; V* ® V*

Oy :—

We will sometimes omit the subscript A to avoid excessive clutter. With this definition we
can write down the relations in a way which parallels the classical case.

Proposition 6.4. We have A \(H) = T(H)/(Ru), where Ry = im(id 4 o).

Proof. We need to show that Ry = Ry @ Ry« @ Ry v+ can be rewritten as Ry = im(id + o).
It follows from Corollary 3.7 that we can write

im(id+ o)) (V@ V) =Ry, im(id+o0y)(V*®@ V") = Ry-.

Next we have (id 4+ 0))(V* ® V) = Ry y+. Finally we show that (id + 0,)(V @ V*) = Ry y-.
Observe that V @ V* = ARy« (V* ® V), since ARy~ y is an isomorphism. Then

(id + o) (V @ V*) = (id + A'RyL )ARv- v (VF @ V) = ARy +id)(VF @ V).
From this computation we obtain the conclusion. O

Remark 6.5. The classical exterior algebra A(H) is isomorphic to 7'(H)/(im(id + 7)), where
7 is the flip map 7(z ® y) = y ® x. Clearly we have

im(id + 7)(V @ V*) = im(id + ) (V* @ V).

Hence in the classical limit ¢ — 1 the algebra A, \(H) reduces to the exterior algebra A(H)
and the linear map o) reduces to the flip map 7, provided that A — 1.
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The linear map o, satisfies the braid equation, since it is defined in terms of R. Moreover we
have Ry = imS,, where S, is the symmetrizer defined by o). Then it follows from Lemma 4.3
that imS; is contained in the intersection (Ry ® H)N(H ® Ry). Using this fact we will obtain
a basis of this subspace, which we will use to check the PBW-deformation condition.

7. PBW-DEFORMATIONS IN THE SEMISIMPLE CASE

In this section we classify the PBW-deformations of quadratic-constant type for the algebras
A A(H). We start by giving a convenient basis for the intersection (Ry@H)N(H®Ry) C H®3,
which will be used to check the deformation condition for the linear map 3 : Ry — K.

7.1. Basis elements. We begin by writing down a basis for the subspace of quadratic re-
lations Ry = im(id + o)) C H ® H. First observe that the elements V;; and W;; from
Notation 5.1 can be written as V;; = (id + 0y )(v; ® v;) and W;; = (id + o)) (w; ® w;).

Notation 7.1. We define M;; := (id + o) (w; ® v;). We will also write A := AG¥.

More explicitly, these elements are given by the expression
i1
Mij = w; @ v; + Nq %, @ w; — Noy(qg—q™") ka ® W (7.1)
k=1

It is clear that {V;;}i>;, {Wi;}i<;j and {M;;};; give a basis of Ry.
Next we need to determine a basis for the intersection (Ry® H)N(H® Ry) C H®3. Clearly
Vijr and Wji, from Notation 5.2 belong to this intersection, since Ry, Ry« C Ry.

Notation 7.2. We define the elements &, = S3(w; ® v; ® vy) for j > k.
In the next lemma we obtain explicit expressions for Xjjy.
Lemma 7.3. We have the identity
Xije = N2q7097% Vi @ w; + ¢ My, @ v+ Mij @ vy

i—1

—N2(g—q ") (Gikg " Vi + 0550 Vi) © wy

(=1
+ 0,007 — F)A?(q ZVM@)UM

We also have the identity
Xije = w; @ Vi + Nq "9 0; @ M + Ng P oy @ M,
i—1
—N(g—q7") ZW ® (6, Ma + Sig®* T Myj).
=1
Proof. The two identities follow by applying the two expressions for S3 given by (4.1) and
(4.2) to the elements w; ® v; ® vg. First we compute
i—1
o1(w; @ v; @ vg) = Nq % v; @ w; @ vy, — 6N (g — g ) Z Ve @ Wy @ Uy
=1
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Next, since we have the condition j > k, we get oa(w; ® v; ® vg) = ¢%*w; @ v, @ v;. Then
i1
0102(w; @ vj @ vy) = Ng %0y @ w; @ v — g TN (g — ¢ ) Z vy ® Wy ;.
=1

The most complicated term is the one obtained by applying os0;. We compute

i—1
o201 (w; @ v; @ vy) = (X ”v ®w; @ v — 6N (¢ —q Zw@wg@vk)

(=1

i—1
- Xq—ém'vj ® <)\’q_5“€vk ® w; — o N (g —q ) Z v ® wg>

(=1

1—1 -1
— 0N (g —q7") Z Vg @ (Xq_é“vk ®wp — 0uN (g —q7") Z Um ® wm> :

/=1 m=1

Since we have the condition j > k we obtain the identity

i1 -1 E—1
0ij SekVe @ Uy @ Wiy, = 0;50(j — E Vi Q U & Wy
(=1 m=1 m=1

Hence the expression for o901 (w; ® v; ® vi,) can be rewritten as

12 —(6;5+0.
0201 (w; ® v; @ vy,) = AN?q~ Ciatoimly, ®Uk®wi

~N*(q—q~ Z Oty ® vy, ® wy + kg v @ v @ wy)
=1
k—1
+ 0507 — k)N (¢ =) Y vk @ v @ wy
=1
Then the result follows by using the definitions of V;; and M,;. O

Notation 7.4. We define the elements YV, := S3(w; ® w; @ vy) for i < j.
In the next lemma we obtain explicit expressions for Y;;p.
Lemma 7.5. We have the identity

y,jk = Wz‘j X v + )\/qﬂsjk/\/lik Q@ w; + )\/qéi"ﬂsikJrlek & w;
k—1

—N(g—q) Z(5jkMzz + 5ikq6ij+1Mj£) ® wy.

=1
We also have the identity
yz]k =w; @ M jk T q(S”—Hw ® My, + )\/2 Ok~ émvk ® WZ]

k-1
—N*(g—q ") Z Ve @ (Bikq Wi + 810 Wi)

+ 5jk9(j - ’l))\/2 Z Um & sz
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Proof. Since i < j we have o (w; ® w; ® vy,) = ¢° M w; @ w; @ vg. Next we compute
j—1
oa(w; @ wj @ vy) = Ng ™% w; @ vy ® wj — 0\ (q — ) Zwi ® vy ® wy.
=1
Combining these two expressions we obtain
i1

o901 (w; @ wj @ vg) = N %, @ vy, @ wi — SN g™ (g —q7) Z w; ® vy @ wy.

=1
The most complicated piece to compute is
j—1
g102(w; @ w; @ vy) = N 0oy (w; @ v @ wy) — SN (g — ) D o1(w; @ v @ wy)
=1
i—1
= Ng <)\I Zkvk®wz_5zk>\ (q—q ZW@MU@) & w;
=1
J—1 i—1
— 0N (g —q~ Z ( ity © w; — iz)\/(q—q_l)zvm®wm> & we.
/=1 m=1
Proceeding as in the previous lemma we find
o102 (w; @ w; ® vg) = N?q~ O3k @ w; @ w;
k—1
—XN(g—q") Z v ® (Gipq " wy @ wj + 6uq " w; @ wy)
=1
i1
+ 610 —)N*(q—q)? Z Vi @ Wy @ W
m=1
Plugging these into the two expressions for S3 we obtain the result. O

It is clear from their expressions that the elements {X;x}i >k and {Vijk}i<jr are linearly
independent. Then, together with {V;j;}i>;>k and {W,ji}i<j<k, they give a basis of the
intersection (Ry ® H) N (H ® Ry). Indeed the algebra A, \(H) is a flat deformation of the
classical exterior algebra A(H), hence by dimensional reasons we have a basis.

7.2. PBW-deformations. We start by investigating the condition (f®id—id®f)(X;;,) = 0.

Lemma 7.6. Suppose (f ® id —id @ 5)(Xi;i) = 0 for all X,

1) If N # q then B(M,;) =0 for all i and j.

2) If N = q then B(M;;) = d;5c for some c € K.
Proof. To compute (f ® id —id ® B)(&jjx) = 0 we use the expressions for Aj;; given in
Lemma 7.3. Taking into account that (V) = 0 for all a,b we obtain

0= ¢"*B(M i)V + B(Mij)vk
Xqﬂs”ﬁ( w)v; — Nq~ ZHJ”“HB( i) Uk

i—1

+ XN (=) (65B(Ma) + diwg™ T B(My;) v

/=1
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We omit the verification of the case N = 2, which can be checked separately. Suppose that
N > 2, so that is possible to choose i, j, k are all distinct. We get

(¢ = N)BMa)v; + (1 = Nq)B(Myj)v, = 0.
This implies #(M;;) = 0 for i # j. Next consider the case i = j = k. We obtain

0=(q+q ")(g—N)B(Mi)v,
where we have used that §(M,;) = 0 for ¢ # j. Then we must have 5(M;;) = 0 unless X' = g¢.
To check the remaining cases we fix A = ¢. Let us rewrite the general condition as
0= q(¢"* — ¢ ") B(Ma)v; + (1 — g %) 5 (M) vy
i1
+alg—a") ) _(08(Ma) + 8ug” B (M) ve

1

~
I

We are left with checking the cases where exactly two indices coincide. In the case j = k and
1 # j we see that the condition is identically satisfied. Next for ¢+ = k and 7 # j we have

glq—q Zqﬁ Myj)ve = 0.

Recall that the elements &j;;, are defined for j > k. In this case this implies 7 > ¢ and hence
the term above vanishes. Finally we are left with the case ¢ = j and j # k. We get

—q(q =g )B(Mi)vk +alg — g~ Z B(Ma)ve = 0.

As above we have ¢ = j > k. Hence this condition can be rewritten as
—q(q — ¢ HBMi)ve + q(q — ¢ 1) B(Mk)vr = 0.
Since 0 < ¢ < 1 we conclude that S(M,;) = B(Myy) for i > k. O
Next we check the PBW-deformation condition for the elements Y.
Lemma 7.7. Suppose N = q and f(M,;) = d;jc. Then (f®@id —id® B)(Vijx) = 0 is satisfied.
Proof. We apply the linear map /8 to the two expressions for V;j; given in Lemma 7.5. First,

using S(W;;) = 0 and S(M,;) = d;;¢, we compute

k-1

B @1d) Vi = dieg ™ wj + g’ O P wi — qlg — g7 D (00 + g™ T 650w
(=1

Since ¢ < j by definition of the elements )i, we have the identity

k—1

Z 0;k0ir + Oirq ”H(sz)wz = 0t (j — 1)w;.

/=1

Plugging this in and simplifying we obtain the expression
N B @1d) Vi = ding™ " Mwj + g’ w; — 050(j — D)alq — ¢~
But then a simple inspection shows that it is the same as the other term

cid ® B) Ve = Sjpw; + 6i1,g"
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For example in the case ¢ # j and j = k we get
B @id)Vy; = Pwi — qlg — ¢ Hwi = w;.
On the other hand we have ¢! (id ® 3)Y;;; = w;. O
Now we are ready to classify the PBW-deformations of the algebra A, \(H).

Theorem 7.8. The PBW-deformations of Ay x(H) of quadratic-constant type are as follows.
1) For A # ql’% there are no non-trivial deformations.
2) For A = ql_% the non-trivial deformations are parametrized by ¢ € K* and given by

B(Viy) = BOWy;) =0, B(M;;) = ¢

Proof. Recall that A, \(H) is a Koszul algebra, since it is the twisted tensor product of two
Koszul algebras. Hence the condition f®id—id®f =0 on (Ry ® H)N(H ® Ry) is sufficient,
as well as necessary. A vector space basis for (Ry ® H) N (H ® Ry) is given by the elements

Wijktizizks AW bi<i<ks  AXijrtiger, A Vi bicine

We have seen in Theorem 5.4 that 5(V;;) = 5(Wi;) = 0. On the other hand the conditions
for f(M,;) follow from Lemma 7.6 and Lemma 7.7. O

8. FURTHER PROPERTIES

In this section we will explore some further properties of the PBW-deformations obtained in
the previous section, which we will denote from now by Cl,(c). We will obtain a presentation
similar to the classical setting, prove that they are U,(sly)-module algebras and that they
are isomorphic for different values of ¢ € K*. Finally we will compare this quantum Clifford
algebra to other notions of quantum Clifford algebras defined by other authors.

Recall that in this section we only consider the value A = ql’% and [.(M,;) = d;jc for
some ¢ € K*. We will also write the linear map o, for this value simply as ¢. Finally recall
that we denote by (-,-) : V*®@ V — C the U,(sly)-invariant pairing such that (w;, v;) = d;;.

Proposition 8.1. The algebra Cl,(c) is isomorphic to
TH)(z@y+o(z®y)—(z,y): 2,y € H),
where the bilinear form (-,-). : H @ H — C is defined by

(), VeV
() =< e+, ) oqflﬁR‘;i’v, VeVv*
0, VeoV,V e V*

Proof. The algebra Cl,(c) was defined as the quotient of 7'(H) by the ideal generated by the
subspace P. = {z — f.(x) : « € Ry}. Recall that Ry = im(id + o) by Proposition 6.4 and
that it is spanned by the elements V;;, W;; and M,;. We want to show that P, is equal to
{rey+o(z®y)—(r,y).: x,y € H}. It is clear that the latter contains the elements V;;
and W,;. Next, since M;; = (id + o) (w; ® v;) and S.(M;;) = d;;¢, we have

Mz’j - Bc(Mij) =w; ®Uj + J<wi ® Uj) - (wi7 Uj)c-

However M;; can be written in two different ways, since (id+0)(V®@V*) = (id+0)(V*®@ V),
as observed in the proof of Proposition 6.4. Indeed observe that

Mij = <1d + qliﬁﬁvﬂv)(wi X Uj) = <1d + q71+%§;17v>q17%§‘/*7v<wi & Uj),
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from which it follows that M;; = (id + o)qlf%ﬁv*y(wi ® v;). Then we need to have
(id +0 = (- )e) (wi ® ;) = (i +0 = (-, )e)a' ¥Ry (wi © vy).

This implies that the bilinear form should satisty (w;,v;). = (+,)c 0 ql_%ﬁv*y(wi ®v;). But
this is satisfied, since on V ® V* we have defined (-, ), = c(-,-) o ¢~ 1+ R‘_/ly. O

Remark 8.2. Observe that the bilinear form (-, -). is not symmetric, unlike the classical case.
On the other hand it satisfies the property (+,-).00 = (-, )., which reduces to the symmetric
case in the classical limit, since o reduces to the flip map.

Remark 8.3. In the classical limit (-, ). reduces to a multiple of the Killing form on sly, since
V and V* can be realized as certain Lie subalgebras u; and u_ of sly (see below).

This presentation shows that Cl,(c) essentially coincides with the quantum Clifford algebra
defined in [BCDRV96|, where the starting point is a braiding satisfying the Hecke condition.
It is also a convenient way to show that Cl,(c) is a U,(sly)-module algebra.

Corollary 8.4. The algebras Cl,(c) are U,(sly)-module algebras.

Proof. 1t suffices to show that the subspace of relations is invariant under the action of U, (sly).
By Proposition 8.1 this can be written as {r @ y + o(z @ y) — (x,y). : x,y € H}. It suffices
to notice that the bilinear form (-,-). is U,(sly)-invariant, since it is defined in terms of the

equivariant maps (-, -) and R‘jly. Then we obtain the conclusion. O
Next we show that the algebras Cl,(c) for different values of ¢ are isomorphic.
Proposition 8.5. We have Cl,(c) = Cl (1) as U,(sly)-module algebras.

Proof. We can obtain an isomorphism of two non-homogeneous quadratic algebras Q(V, P)
and Q(V', P’) as follows. Suppose we have a vector space isomorphism f : V' — V' such that
T(f)P = P, where T(f) : T(V) — T(V’) is the extension of f to the corresponding tensor
algebras. Then T'(f) induces an algebra isomorphism. Now consider the map

fw) =cv,  flw) =w;, ceK*.

It is clearly an equivariant automorphism of H =V @ V*. Consider the presentation given in
Proposition 8.1 and let P. = {z®@y+o(z®y) — (x,y).: x,y € H}. Then it is immediate to
check that T'(f)P. = Py, using the fact that (-,-). = ¢(-,-); and (V,V); = (V*,V*); =0. O

Finally we discuss the connection between Cl,(c¢) and the quantum Clifford algebras intro-
duced in [KrTul3|. We refer to this paper for all unexplained material appearing below.

Let us briefly review the definition of these algebras. Let g be a complex simple Lie algebra.
We consider a cominuscule parabolic subalgebra and denote by [ its Levi factor, and by u.
its nilradical and its opposite. The U,(I)-modules uy are simple, hence there is a unique
U,(D)-invariant dual pairing (-,-) : u_ ® uy — C, up to a scalar. It can be extended to a dual
pairing (-, ) : Ak (u_) @ Af(uy) — C as in [KrTul3, Proposition 3.6]. The module u, acts on
A, (uy) by left multiplication, denoted by .. We also obtain an action of u_ on A,(u;) by
dualizing right multiplication on A, (u_). We denote this action by v_. By [KrTul3, Theorem
5.1] the map A (u_) @ Ay(uy) — Ende(A,(uy)) is an equivariant isomorphism.

Hence the algebra End¢(A,(u4)), together with its factorization in terms of v_ and ~,, can
be considered a quantum Clifford algebra, which we will denote by Cl,. It should be thought
of as the Clifford algebra of the complex tangent space u, @ u_.
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Remark 8.6. The extension of the dual pairing given in [KrTul3, Proposition 3.6] is certainly
not unique. We have at least the choice of a scalar in each degree. As a matter of fact, it
is necessary to make such a choice of scalars to recover the relations of the classical Clifford
algebra, as discussed in [Mat18a|. For this reason, even though we will simply denote such

an algebra by Cl,, the choice of such scalars is understood.

Proposition 8.7. The PBW-deformation Cl,(c) is isomorphic to the quantum Clifford alge-
bra Cly, with an appropriate choice of scalars for the latter.

Proof. Let {e;} and {f;} be dual bases of u;, and u_ with respect to the dual pairing (-, -).
Moreover we assume that {e;} is an orthonormal basis with respect to an invariant Hermitian
inner product. We write ¢; = v,(e;) and i; = v_(f;) as in [Matl8a|. By definition these
operators satisfy the relations of A,(u;) and A,(u_), respectively. Their cross-relations are
computed in [Mat18a, Proposition 6.5] and [Mat18a, Proposition 6.6], and are given by

—

e; +q et — 0q(g — g7 1) Y eriy = 6yid.
1

B
Il

We remark that the bases {v;} and {w;} used in this paper do not coincide exactly with {e;}
and {f;}, but they are related by a rescaling of the form e; = ¢;v; and f; = ¢; Lw;. However
it is immediate to check that these relations remain the same under such a rescaling.

The relations above should be compared to the expression for M;; given in (7.1), with
N = q. We see that we obtain exactly the relations of Cl,(1), that is with parameter ¢ = 1.
The relations for ¢ # 1 can also be obtained in this way, namely by rescaling the dual pairing
(- )k s Ab(us) @ Af(uy) — C, as explained in [Mat18a). O
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