
COMPARISON THEOREMS FOR DEFORMATION FUNCTORS VIA

INVARIANT THEORY

JAN ARTHUR CHRISTOPHERSEN AND JAN O. KLEPPE

Abstract. We compare deformations of algebras to deformations of schemes in the setting
of invariant theory. Our results generalize comparison theorems of Schlessinger and the
second author for projective schemes. We consider deformations (abstract and embedded)
of a scheme X which is a good quotient of a quasi-affine scheme X ′ by a linearly reductive
group G and compare them to invariant deformations of an affine G-scheme containing X ′

as an open invariant subset. The main theorems give conditions for when the comparison
morphisms are smooth or isomorphisms.

1. Introduction

Given a projective scheme X defined by equations f1, . . . , fm ∈ k[x0, . . . , xn], perturbing
the equations in a flat manner so that they remain homogeneous induce deformations of X.
In practice this is often the only way to construct examples of deformations. In more stringent
terms we have a map between the degree 0 embedded deformations of the affine cone C(X)
and deformations of X in Pn. If we take into account trivial deformations we get a map to
the deformations of X as scheme. The question is, when do we get all deformations this way?

To see precisely what is going on we should compare deformation functors on Artin rings.
If R = k[x0, . . . , xn] and S = R/(f1, . . . , fm) then the above describes maps Def0

S/R →
HilbX/Pn where Def0

S/R is the functor of degree 0 deformations of S as R-algebra and Def0
S →

DefX where Def0
S is the functor of degree 0 deformations of S as k-algebra. Generalizing

comparisons theorems of Schlessinger ([Sch71], [Sch73]) the second author gave in [Kle79]
exact conditions for when these maps are isomorphisms. The object of this paper is to
further generalize these to other situations where one can compare deformations of algebras
to deformations of schemes.

The comparison map for projective schemes factors through deformations of the open
subset of C(X) where the vertex {0} is removed. Thereafter one compares deformations to
X = (C(X) \ {0})/k∗ via the quotient map. A natural question is if this can be generalized
to closed subschemes of toric varieties corresponding to ideals in the Cox ring. It turns out
one can go even further, i.e. the quotient need not be by a quasi-torus.

In this paper we consider schemes X that are good quotients of a quasi-affine scheme X ′

by a linearly reductive group G. We assume that X ′ ⊆ SpecS, where S is a finitely generated
k-algebra and that G acts on S inducing the action on X ′. We can then compare DefGS to
DefX where DefGS is the functor of invariant deformations of S. The precise definitions of
these settings are formulated with what we call G-quadruples - see Definition 3.2. Given such
a situation we define in Definition 3.10 a G-subquadruple induced by a G-invariant ideal in
S. This give us a setting to compare local Hilbert functors with the deformations functor of
an invariant surjection of k-algebras.
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Linearly reductive groups have many properties coming from the Reynolds operator which
make it possible to prove things, e.g. taking invariants is exact. Another reason to work
with them is that the functor of invariant deformations is well defined and has the usual nice
properties of a good deformation theory. This was proven by Rim.

Our main result on the local Hilbert functor is Theorem 4.3. The conditions are depth
conditions along the complement of X ′ in SpecS and along the locus where the quotient map
fails to be geometric and smooth. We state also corollaries for subschemes of toric varieties
and weighted projective space.

For the abstract deformation functor DefX the results are not so exact due to the presence
of infinitesimal automorphisms. It is not clear what the correct assumptions should be but we
found it useful to use results of Altmann regarding rigidity of Q-Gorenstein toric singularities
as a guide. If π : X ′ → X is the quotient map set S = π∗OX′ . As in the Hilbert functor case
we get conditions involving the depth of S along the locus in X where the quotient map fails
to be geometric and smooth, but also where the isotropy groups are not finite.

A new ingredient is what we call a set of Euler derivations coming from the Lie algebra g of
G. These are a generator set for the sheaf of derivations of S over OX which we prove is free.
They define an equivariant map E : Ω1

S/OX
→ S ⊗ g∗. The cokernel Q plays an important

role for the obstructions to comparing DefGS and DefX . The support of Q is contained in the
set of points x ∈ X where π−1(x) fails to have finite isotropy. In particular for toric varieties
it is contained in the non-simplicial locus.

Our most general result for DefX is Theorem 5.19. The results are more easily presented
when G is a quasitorus, i.e. the product of a torus and a finite abelian group (Theorem 5.27)
and even better when Q = 0 (Theorem 5.20). If S is a regular ring then we get a rigidity
statement as corollary.

As a by-product of our generalization of the Euler derivation we are able to give criteria
for when there exists a generalized Euler sequence for the scheme X. See Definition 5.9 and
Theorem 5.12.

We conclude with examples of how our results can be used to study deformations of toric
varieties and subschemes of these. In particular we consider Calabi-Yau hypersurfaces in sim-
plicial toric Fano varieties, first order deformations of toric singularities and reprove rigidity
results of Altmann ([Alt95, 6.5]) and of Totaro ([Tot12, Theorem 5.1]).

Throughout this paper k is an algebraically closed field, in Section 5 we assume character-
istic 0 and in Section 6 that k = C.

Acknowledgments. We would in particular like to thank Dmitry Timashev for patiently ex-
plaining aspects of invariant theory that led to the the correct setting for our results. We are
grateful to Nathan Owen Ilten, Manfred Lehn, Benjamin Nill and Arne B. Sletsøe for helpful
discussions and answering questions.

2. Preliminaries

2.1. Cotangent cohomology. To fix notation we give a short description of the cotangent
modules and sheaves. Given a ring R and an R-algebra S there is a complex of free S modules;

the cotangent complex LS/R• . See e.g. [And74, p. 34] for a definition. For an S module M

we get the cotangent cohomology modules T i(S/R;M) = H i(HomS(LS/R• ,M)). If R is the
ground field we abbreviate T i(S/R;M) = T iS(M) and T iS(S) = T iS = T iX if X = SpecS.
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If X is a scheme we may globalise these as follows. If R is a sheaf of rings on X and S
an R algebra we set LS/R• to be the complex of sheaves associated with the presheaves U 7→
LS(U)/R(U)
• . Let F be an S module. We get the cotangent cohomology sheaves T i(S/R;F) as

the cohomology sheaves ofHomS(LS/R• ,F) and the cotangent cohomology groups T i(S/R;F)

as the cohomology of HomS(LS/R• ,F).
Because of the functoriality of these constructions we have T i(S/R;F) as the sheaf asso-

ciated to the presheaf U 7→ T i(S(U)/R(U);F(U)) and T •(S/R;F) as the hyper-cohomology

of HomS(LS/R• ,F). In particular there is a “local-global” spectral sequence

(2.1) Hp(X, T q(S/R;F))⇒ Tn(S/R;F) .

If S is the structure sheaf OX and R corresponds to the ground field, then we abbreviate as
above to T iX(F).

The properties of the cotangent cohomology we use, e.g. the Zariski-Jacobi sequence and
flat base change results, may be found in [And74]. We include here one result that does not
seem to be well known. Let Z ⊆ X be a closed subscheme, then following Laudal [Lau79,
3.2.10] one may define cotangent cohomology with support in Z denoted T iZ(OX/R;F). If
Z ⊆ X = SpecS is given by V (I), we write T iI(S/R;S) = T iZ(OX/R;OX).

Theorem 2.1. [Lau79, Theorem 3.2.11] There is a long exact sequence

· · · → T iZ(OX/R;F)→ T i(OX/R;F)→ T i(OX\Z/R;F)→ T i+1
Z (OX/R;F)→ . . .

and a spectral sequence yielding

T p(OX/R;HqZ(F))⇒ TnZ (OX/R;F) .

Here HqZ(F) are the local cohomolgy sheaves, see Section 3.4.

2.2. Deformation functors. The deformation theory we use in this paper is described in
various degrees of generality and readability in [LS67], [Sch68], [Ill71], [Lau79], [Ser06] and
[Har10]. For a slightly different, but applicable, newer approach see e.g. [FM98]. For the
functor of invariant deformations see [Rim80].

Let C be the category of Artin local k-algebras with residue field k. We list here the
deformation functors on C of interest to us. We denote the functor of deformations of a
scheme X by DefX . The functor of embedded deformations of a subscheme X ⊂ Y is denoted
HilbX/Y and called the local Hilbert functor. The deformations of an R-algebra S is denoted
DefS/R and if R = k we simply write DefS .

If G is an algebraic group acting on a scheme X then it also acts on the set of deformations
over A. If σ ∈ G and f : X → SpecA is a deformation then σ acts by

X X

Spec k SpecA

i

f 7→
X X

Spec k SpecA

i◦σ−1

f .

If G is linearly reductive then there is a well behaved sub-deformation functor of invariant
deformations DefGX . Similarly if R → S is equivariant for a linearly reductive group G then
there is a subfunctor DefGS/R of invariant deformations. If G is a quasi-torus so that the action

corresponds to a grading by an abelian group C then we often write Def0
S/R for the degree

0 ∈ C deformations instead of DefGS/R.

This is a post-peer-review, pre-copyedit version of an article published in Collectanea Mathematica. 
The final authenticated version is available online at: http://dx.doi.org/10.1007/s13348-018-0232-z



4 JAN ARTHUR CHRISTOPHERSEN AND JAN O. KLEPPE

The tangent and obstruction spaces for DefX are T iX = T i(OX/k;OX) for i = 1 and 2.
If f : X → Y is a closed embedding then the tangent and obstruction spaces for HilbX/Y
are T i(OX/f−1OY ;OX) for i = 1 and 2. The tangent and obstruction spaces for DefS/R are

T i(S/R;S) for i = 1 and 2 and finally the tangent and obstruction spaces for DefGS/R are

T i(S/R;S)G for i = 1 and 2. If D is one of these deformation functors let T iD, i = 1, 2, denote
the corresponding tangent and obstruction space.

Recall that a morphism F → G of functors is smooth if for any surjection B → A in C,
the morphism

F (B)→ F (A)×G(A) G(B)

is surjective. A functorial map of deformation functors D → D′ induces maps T iD → T iD′ . We
use throughout the standard criteria for smoothness, namely that T 1

D → T 1
D′ is surjective and

T 2
D → T 2

D′ is injective. See [Ser06, Proposition 2.3.6] for a more general statement and proof.
If T 1

D → T 1
D′ is an isomorphism and T 2

D → T 2
D′ is injective it is not necessarily true that

D → D′ is an isomorphism. This is true if D and D′ satisfy Schlessinger’s condition H4, see
[Sch68, 2.11 and 2.15]. If X ⊂ Y is a closed subscheme then HilbX/Y satisfies H4. In general
DefX does not, but in our case we will not only have an isomorphism at the tangent level
but also surjectivity of infinitesimal automorphisms allowing us to state that the functors we
compare are isomorphic (Lemma 5.1).

3. G-quadruples

3.1. Definitions. We consider now a standard situation in invariant theory. Definitions of
different types of quotients in algebraic geometry vary slightly in the literature. For us the
best one is the original notion of good (and geometric) quotient due to Seshadri.

Definition 3.1 ([Ses72] Definition 1.5). Let G be an affine algebraic group acting on an
algebraic scheme Y and π : Y → X a morphism. Then we say that π is a good quotient if the
following properties hold:

(i) π is a surjective, affine G-invariant morphism
(ii) (π∗OY )G = OY
(iii) if W ⊆ Y is closed and G-invariant then π(W ) is closed in X
(iv) if W1 and W2 are closed, disjoint and G-invariant in Y , then π(W1) and π(W2)
are disjoint in X.

In this case one writes X = Y//G. If G is reductive acting algebraically on Y = Spec(A)
then Y → Spec(AG) is a good quotient. (See e.g. [Ses72, Theorem 1.1].) If π : Y → Y//G
is a good quotient and all G-orbits are closed then π is called a geometric quotient ([Ses72,
Definition 1.6]). The condition closed orbits is equivalent to that π induces a bijection between
G-orbits and Y//G.

Remark. It will be essential for us that the good quotient map is affine. In some definitions of
good this is not included. That would allow e.g. the non-separated quotient (C2\{(0, 0})//C∗
where C∗ acts by diag(λ, λ−1).

It is convenient to give the situation we study a name.

Definition 3.2. Let G be a linearly reductive algebraic group. Let X be a noetherian k-
scheme, Z ( X a (possibly empty) closed subset, S a finitely generated k-algebra on which
G acts and J ⊆ S an ideal such that the G action restricts to an action on SpecS \V (J). We
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call (X,Z, S, J) a G-quadruple if the following properties are satisfied: If X ′ = SpecS \ V (J)
and U = X \ Z then there is a commutative diagram

U ′ X ′ SpecS

U X

π|U′ π

where U ′ = π−1(U) and

(i) π is a good quotient of X ′ by the action G
(ii) π|U ′ is a geometric quotient and smooth of relative dimension dimG
(iii) depthJ S ≥ 1.

The sheaf of algebras S = π∗OX′ is called the associated sheaf of algebras of the G-quadruple.

We will throughout the rest of this paper use the above notation to refer to the various
objects in the definition.

Remark. AG-quadruple may be constructed using Geometric Invariant Theory. (See [MFK94],
although the presentation in [Muk03] applies more directly to our situation.) Starting with
the action of G on a reduced and irreducible affine scheme Y = SpecS and a character χ of
G, let Y ss and Y s be the semistable and stable points of Y with respect to χ. This gives a
G-quadruple by letting X ′ = Y ss, J = I(Y \ Y ss), X = Y ss//G, U ′ equals the open subset
of Y s where the quotient map is smooth, U = U ′/G and Z = X \ U .

3.2. Examples. Here are some examples.

Example 3.3. The Spec construction. If X = SpecS and G is trivial then (X, ∅, S, (1)) is a
G-quadruple.

Example 3.4. The usual Proj construction. If X = ProjS for S finitely generated Z-graded
k-algebra generated in degree 1 with irrelevant ideal m and G = k∗ then (X, ∅, S,m) is a
G-quadruple.

Example 3.5. The Proj construction in general. Let S be a finitely generated Z+ graded
k-algebra with S0 = k and set X = ProjS. Assume S = R/I where R = k[x0, . . . , xn] is
graded with deg xi = qi ∈ N. Let m = (x0, . . . , xn) and suppose depthm S ≥ 1. This defines
an embedding of X into the weighted projective space P(q) = P(q0, . . . , qn).

Following Miles Reid we say that P(q) is well formed if no n of the q0, . . . , qn have a
common factor. Similarly we will say that the corresponding grading on S is well formed. For
every q ∈ Nn+1 there exists a well formed grading q′ such that P(q′) ' P(q), see e.g. [Del75,
Proposition 1.3] or [Dol82, 1.3.1]. Let J ′k be the ideal of R generated by {xi : k - qi} and set

J ′ =
⋂
k≥2

J ′k =
⋂

p prime
p|lcm(q0,...,qn)

J ′p .

The singular locus of the well formed P(q) is Z = V (J ′) ⊆ P(q) and satisfies codimZ P(q) ≥ 2.
Then (X,X ∩ Z, S,m) is a G-quadruple.

Example 3.6. The Cox construction for complex toric varieties. This is our main example
and it includes the previous ones, see e.g. [Cox95] and [CLS11, Chapter 5]. To fix notation
for the rest of this paper we recall the construction. Using the standard notation for toric
geometry let X = XΣ be an n-dimensional toric variety given by a fan Σ in NR. We assume
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here for simplicity that XΣ has no torus factors, but this is not necessary for applying our
results (see [CLS11, 5.1.11]). Let Σ(1) = {ρ1, . . . , ρN} be the set of rays of Σ and let vi be
the primitive generator of ρi∩N . The divisor class group of X is given by the exact sequence

0→ Zn b−→ ZN → Cl(X)→ 0

where b(u) = (〈u, v1〉, . . . , 〈u, vN 〉). The ring S = C[xρ : ρ ∈ Σ(1)] is naturally graded by
the abelian group Cl(X) and with this grading it is called the Cox ring or total homogeneous
coordinate ring of X.

For each cone σ in Σ there is a monomial∏
ρi*σ

xi ∈ S

and define B(Σ) to be the ideal of S generated by these. It is called the irrelevant ideal of
the Cox ring. Let Z(Σ) = V (B(Σ)) ⊆ SpecS. Let G be the quasi-torus HomZ(Cl(XΣ),C∗).
The theorem of Cox states that X is an almost geometric quotient for the action of G on
SpecS \ Z(Σ).

Let Sing(XΣ) be the singular locus, i.e.

Sing(XΣ) =
⋃
σ∈Σ

σ not smooth

V (σ)

where V (σ) is the closure of the torus orbit corresponding to σ. The smooth locus is given
by the subfan consisting of smooth cones in Σ. Then it follows from the construction (see
e.g. [CLS11, Exercise 5.1.10]) that (XΣ,Sing(XΣ), S,B(Σ)) is a G-quadruple. Note that a G
invariant S-module M is the same thing as a Cl(X) graded S-module and that MG = M0,
the degree 0 ∈ Cl(X) part of M . Moreover if α = [D] ∈ Cl(X) then Sα = Γ(X,OX(D)). In
particular the associated sheaf of algebras of the G-quadruple is in this case

S =
⊕

[D]∈Cl(X)

OX(D) .

Example 3.7. Quotient singularities. Let G ⊂ GLn(C) be a finite group without pseudo-
reflections. Then (Cn/G, Sing(Cn/G),C[x1, . . . , xn], (1)) is a G-quadruple.

Example 3.8. Grassmannians. Consider the Grassmannian G(d, n) and let S be the poly-
nomial ring on variables xij for i = 1, . . . , d and j = 1, . . . , n. Thus G = GLd acts on S by
viewing the variables as entries in a d × n matrix. Let J be the ideal generated by the

(
n
d

)
maximal minors in such a matrix. Then (G(d, n), ∅, S, J) is a G-quadruple.

Example 3.9. Moduli spaces. Compactifications of moduli spaces constructed using GIT on
affine schemes give G-quadruples as explained above. Among these are the moduli of smooth
hypersurfaces in Pn, vector bundles and quiver representations.

3.3. G-subquadruples. We may also define G-subquadruples.

Definition 3.10. Given a G-quadruple (Y,W,R, J) and a G-invariant ideal I ⊆ R we may
construct a new G-quadruple as follows. Let S = R/I, set J̄ = (I + J)/I and assume
depthJ̄ S ≥ 1. Let π : Y ′ → Y be the good quotient as in Definition 3.2. The quasi-affine
scheme X ′ = SpecS \ V (J̄) is a closed G-invariant subset of Y ′. Thus π : X ′ → X = π(X ′)
is a good quotient where X has structure sheaf (π∗OX′)G. It follows that (X,X ∩W,S, J̄) is
also a G-quadruple. We call it the G-subquadruple induced by I.
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SpecS SpecR

X ′ Y ′

U ′X U ′Y

X Y

UX UY

f ′

π

f
π|U′

Figure 1. The diagram for G-subquadruples.

A G-subquadruple determines a diagram as in Figure 1 where Z = X ∩W , UX = X ∩ UY
and by definition U ′X = π−1(UX). Let S = π∗OX′ be the associated sheaf of algebras of
(X,Z, S, J̄). Let f : X → Y be the closed embedding. Let IW be the radical ideal of
SpecR \ U ′Y and set IZ = (IW + I)/I. We will use this notation and the notation in the
diagram throughout.

Now π|U ′Y is a geometric quotient, so in particular inverse images of points are G-orbits.

Thus for anyG-invariant subset V ⊆ U ′Y we have π−1(π(V )) = V . ThusX ′∩U ′Y = π−1(π(X ′∩
U ′Y )) = π−1(π(X ′) ∩ π(U ′Y )) since x, y ∈ U ′Y and π(x) = π(y) implies x and y are in the
same G-orbit. This shows that U ′X = X ′ ∩ U ′Y = SpecS \ V (IZ), so the above diagram is
commutative. Note that the vertical square involving U ′X , U

′
Y , UX , UY is Cartesian, but the

one involving X ′, Y ′, X, Y need not be.

3.4. Depth and local cohomology. We recall the connection between depth and local
cohomology for rings and schemes which we use through out. See [Gro67, Section 3] and
[Gro05, Exp. 1-3] for proofs and details. If S is a Noetherian ring, I an ideal of S, and M an
S-module (not necessarily finitely generated) we define depthI(M) by

depthI(M) = max{j ∈ Z ∪ {∞} : Hj−1
I (M) = 0} .

where H i
I(−) is the right derived functor of ΓI(−) and ΓI(M) = ker(M → Γ(SpecS \

V (I),M)). By Proposition 2.4 of [Gro05, Exp. 3], if reg denotes the length of a maximal

M -regular sequence in I (letting reg = ∞ if IM = M), then Hj
I (M) = 0 for every j < reg,

and if M is finitely generated then reg = depthI(M).
For a quasi-coherent sheaf F on a noetherian scheme X we have the local cohomology

groups H i
Z(X,F) and the local cohomology sheaves HiZ(F) with the spectral sequence

Hp(X,HqZ(F))⇒ Hn
Z(X,F) .

We define depth as in the ring case by

depthZ(F) = inf{i ∈ Z ∪ {∞} : HiZ(F) 6= 0}
(see [Gro67, Proposition 2.2] and compare with [Gro67, Theorem 3.8]). Note that if F is
coherent, we have depthZ F = infx∈Z depthFx where depthFx is the depth of Fx as OX,x
module (see [Gro67, Corollary 3.6]).
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If U = X \ Z and j : U → X is the inclusion then there are exact sequences

· · · → H i
Z(X,F)→ H i(X,F)→ H i(U,F)→ H i+1

Z (X,F)→ · · ·

and

0→ H0
Z(F)→ F → j∗F|U → H1

Z(F)→ 0

Hi+1
Z (F) ' Rij∗F|U for i > 0 .

The condition depthZ(F) ≥ 2 will appear many times and we see from the above that it is
equivalent to that the natural map F → j∗F|U is an isomorphism.

Let (X,Z, S, J̄) be a G-quadruple with associated sheaf of algebras S, for instance a G-
subquadruple of (Y,W,R, J) induced by I ⊆ R, let Z ′ = V (IZ) ∩ X ′ and note that X ′ =
SpecS \ V (J̄) and U ′X = X ′ \ Z ′ are open sets of SpecS. Since depthZ S is so often used in
this paper and S is in general not coherent, we want to relate it to depthZ′ OX′ . Note that
we have

H i(X,S) ' H i(X ′,OX′) and H i(UX ,S|UX
) ' H i(X ′ \ Z ′,OX′)

for i ≥ 0 because π is affine. Moreover using [Gro67, Corollary 5.6] and π affine we get that

H i
Z∩V (V, π∗OX′) ' H i

Z′∩V ′(V
′,OX′)

for every open affine V ⊆ X and V ′ = π−1(V ) open affine of SpecS. It follows that HiZ(S) =
π∗(HiZ′(OX′)) and

depthZ S = depthZ′ OX′ .
Notice that the latter is defined by a coherent sheaf, thus characterized by the length of
maximal regular sequences. We also have

(3.1) HiZ′(OX′) ' ˜H i
Z′(X

′,OX′)|X′ ' H̃
i
IZ

(S)|X′

because H̃ i
J̄
(S)|X′ = 0. More generally since SpecS is affine there is a diagram

H i(X ′,OX′) H i+1
J̄

(S)

H i(X ′ \ Z ′,OX′) H i+1
IZ

(S)

∼

∼

for i > 0; for i = 0 the horisontal maps are surjective with kernels S and coker(H0
IZ

(S) →
S) respectively. Since the vertical map fits into a long exact sequence involving the local
cohomology group H i

Z′(X
′,OX′) we get an exact sequence of S-modules

(3.2) · · · −→ H i
Z′(X

′,OX′) −→ H i+1
J̄

(S) −→ H i+1
IZ

(S) −→ H i+1
Z′ (X ′,OX′) −→ · · · .

Remark. We may relate depthIZ S, depthJ̄ S and depthZ S = depthZ′ OX′ . We get

depthZ S ≥ d and depthJ̄ S ≥ d ⇐⇒ depthIZ S ≥ d .

Indeed, the implication⇐ follows from depthIZ S ≤ depthJ̄ S (due to IZ ⊆ J̄) and (3.1). The
implication ⇒ follows from (3.2) and the spectral sequence above.
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4. Deformations of the embedded scheme - HilbX/Y

We begin with a general lemma.

Lemma 4.1. If in a Cartesian square of schemes

X ′
f ′−−−−→ Y ′y yπ

X
f−−−−→ Y

the morphism π is flat and affine and f is a closed immersion then

T i(OX/f−1OY ;π∗OX′) ' T i(OX′/f ′
−1OY ′ ;OX′)

for all i ≥ 0.

Proof. We first compare the corresponding sheaves. The diagram is Cartesian so f ′ is also a
closed immersion. Closed immersions are affine and the base change of an affine morphism is
affine, so all morphisms in the diagram are affine.

Let V = SpecB ⊆ Y be an open affine subset, U = SpecA = f−1(V ), π−1(V ) = SpecB′

and π−1(U) = SpecA′. The diagram locally corresponds to a cocartesian diagram of rings

A′ ←−−−− B′x xπ#

A ←−−−− B

with π# flat, so T q(A/B;A′) ' T q(A′/B′;A′) for all q ≥ 0 ([And74, Appendice, Proposition
76]). Applying the corresponding cotangent cohomology sheaves we have

T q(OX/f−1OY ;π∗OX′)(U) = T q(A/B;A′)

T q(OX′/f ′
−1OY ′ ;OX′)(π−1(U)) = T q(A′/B′;A′)

thus

T q(OX/f−1OY ;π∗OX′) ' π∗T q(OX′/f ′
−1OY ′ ;OX′)

for all q ≥ 0.
Again because the maps are affine, Hp(X,π∗F) ' Hp(X ′,F) for any quasi-coherent F .

Thus all terms in the two spectral sequences (2.1) for the two cohomology groups are isomor-
phic and the result follows. �

Lemma 4.2. Let (X,Z, S, J̄) be a G-subquadruple of (Y,W,R, J) induced by I ⊆ R with as-
sociated sheaf of algebras S. If depthZ S ≥ 1 and the natural map H0(X,S)→ H0(UX ,S|UX

)

is surjective, equivalently H0(X,S) ' H0(UX ,S|UX
), then

(i) depthZ OX ≥ 1
(ii) H0

J̄
(S) = H0

IZ
(S) = 0

(iii) there is an isomorphism H1
J̄
(S) ' H1

IZ
(S).

Proof. Suppose depthZ S ≥ 1 and H0(X,S) → H0(UX ,S|UX
) is surjective. Since taking

invariants is exact (i) follows from HiZ(S)G = HiZ(OX). We have depthJ̄ S ≥ 1 and IZ ⊆ J̄

This is a post-peer-review, pre-copyedit version of an article published in Collectanea Mathematica. 
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by the assumption that (X,Z, S, J̄) is a G-subquadruple, so we get (ii) and (iii) by considering
the commutative diagram

0 S H0(X,S) H1
J̄
(S) 0

0 H0
IZ

(S) S H0(UX ,S|UX
) H1

IZ
(S) 0

where the middle vertical map is an isomorphism by H0
Z(X,S) ' H0(X,H0

Z(S)) = 0 and
assumption.

Finally, to show that depthZ S ≥ 1 and H0(X,S)→ H0(UX ,S|UX
) surjective is equivalent

to H0(X,S) ' H0(UX ,S|UX
), suppose the vertical map is an isomorphism. Then the diagram

above (or the remark in Section 3.4) implies H0
IZ

(S) = 0, hence depthZ S ≥ 1 by (3.1). �

Theorem 4.3. If (X,Z, S, J̄) is a G-subquadruple of (Y,W,R, J) induced by I ⊆ R with
associated sheaf of algebras S and

(i) H0(X,S) ' H0(UX ,S|UX
) and H1

Z(OX) = 0 (e.g. depthZ S ≥ 2),

(ii) HomR(I,H1
J̄
(S))G = 0

then DefGS/R and HilbX/Y are isomorphic deformation functors.

Proof. To see that depthZ S ≥ 2 implies that the assumptions in (i) hold use HiZ(S)G =
HiZ(OX), the spectral sequence of Section 3.4 which implies H i

Z(X,S) = 0 for i ≤ 1, and the
diagram in the proof of Lemma 4.2.

We will prove that both deformation functors are isomorphic to HilbUX/UY
. Note first that if

f : X → Y is any closed embedding then T 0(OX/f−1OY ;F) = 0 for any OX -module F . Thus
the spectral sequence in Theorem 2.1 yields T 1

IZ
(S/R;S) ' HomR(I,H0

IZ
(S)) = 0 by Lemma

4.2. Furthermore this and Lemma 4.2 (iii) show that T 2
IZ

(S/R;S) ' HomR(I,H1
IZ

(S)) '
HomR(I,H1

J̄
(S)).

We start with applying the long exact sequence in Theorem 2.1 and get

0→ T 1(S/R;S)→ T 1(OU ′X/R;OU ′X )→ T 2
IZ

(S/R;S)→ T 2(S/R;S)→ T 2(OU ′X/R;OU ′X )

where we set iY : U ′Y ↪→ SpecR and R = (f ′)−1i−1
Y OSpecR. Now iY is an open immersion so

R ' (f ′)−1OU ′Y . By assumption π|U ′Y is smooth, in particular flat so by Lemma 4.1

T i(OU ′X/R;OU ′X ) ' T i(OUX
/f−1OUY

;π∗OU ′X ) .

Therefore after taking invariants and using the conditions we see that

T i(S/R;S)G → T i(OUX
/f−1OUY

;OUX
)

is an isomorphism for i = 1 and injective for i = 2. Thus DefGS/R ' HilbUX/UY
.

We have HiZ(OX) = 0 for i ≤ 1 by Lemma 4.2 and assumption, so again the spectral
sequence and vanishing of T 0(OX/f−1OY ;OX) implies T iZ(OX/f−1OY ;OX) = 0 for i ≤
2. We apply the long exact sequence in Theorem 2.1 again to get T 1(OX/f−1OY ;OX) '
T 1(OUX

/f−1OUY
;OUX

) and T 2(OX/f−1OY ;OX)→ T 2(OUX
/f−1OUY

;OUX
) injective. Thus

HilbX/Y ' HilbUX/UY
. �
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Remark. (i) From the proof we see that the slightly weaker assumptions depthZ S ≥ 1,
HomR(I,H1

IZ
(S))G = 0 and HomOY

(I,H1
Z(OX)) = 0 also imply the result in the theorem.

(ii) If the theorem applies and T 2(S/R;S)G = 0 then HilbX/Y is unobstructed even though

H1(X,NX/Y ) or H2(X, T 2
X/Y ) do not vanish. See Example 4.8.

Corollary 4.4. If (X,Z, S, J̄) is a G-subquadruple of (Y,W,R, J) induced by I ⊆ R and
depthIZ S ≥ 2, then DefGS/R and HilbX/Y are isomorphic deformation functors.

Proof. Both assumptions in Theorem 4.3 are satisfied because depthIZ S ≥ 2 implies depthJ̄ S ≥
2, whence H1

J̄
(S) = 0 and depthZ S ≥ 2 by remark of subsection 3.4. �

In the case of the Cox construction for toric varieties (Example 3.6) we get a corollary
which is a generalization of the comparison theorem as stated in [PS85], cf. [Kle79, Theorem
3.6 and Remark 3.7]. Actually [Kle79, Remark 3.7] implies the comparison theorem in [PS85].
Proofs and full statements of the results we use here may be found in [CLS11, Chapter 5 and
6].

Let Y be a toric variety with Cox ring R. Every closed subscheme X of Y corresponds
to a homogeneous, with respect to the Cl(Y ) grading, ideal I ⊆ R, [CLS11, Proposition
6.A.6]. Moreover there is a sheafification construction taking any graded R-module M to a

sheaf M̃ on Y . In particular if S = R/I then S̃ =
⊕

α∈Cl(Y )OX(α). Also, as in the case of

projective space, one may compute sheaf cohomology from local cohomology at the irrelevant
ideal ([EMS00, Proposition 2.3]). In particular there is an exact sequence

(4.1) 0→ H0
B(S)→ S →

⊕
α∈Cl(Y )

H0(X,OX(α))→ H1
B(S)→ 0 .

We therefore get the following result for subschemes of toric varieties.

Corollary 4.5. Let X be a subscheme of a toric variety Y corresponding to a homogeneous
ideal I in the Cox ring R of Y . Set S = R/I and let Z be the intersection of the singular
locus of Y with X and U = X \ Z. Assume I is generated by homogeneous polynomials of
degrees α1, . . . , αm ∈ Cl(Y ). If

(i) depthZ OX ≥ 2 and H0(X,OX(α)) ' H0(U,OX |U (α)) for every α ∈ Cl(Y ) (e.g.
depthZ OX(α) ≥ 2 for all α ∈ Cl(Y ) ) ,

(ii) Sαi ' H0(X,OX(αi)) for all i = 1, . . .m

then Def0
S/R and HilbX/Y are isomorphic deformation functors.

Proof. The first statement is just a rewrite of Theorem 4.3 (i) using S =
⊕

α∈Cl(Y )OX(α).

What is left is to show that HomR(I,H1
B(S))0 = 0, where we mean degree 0 in the Cl(Y )

grading. Clearly ϕ ∈ HomR(I,H1
B(S)) is determined by its values on generators of I, so if

H1
B(S)αi = 0 for all i = 1, . . .m we are done. But this follows from the statement in (ii) and

the exact sequence (4.1). �

Corollary 4.6. Let X = ProjS be a subscheme of a well formed weighted projective space
P(q) = ProjR defined by the homogeneous ideal I. Let m be the irrelevant maximal ideal of
R and Z the intersection of the singular locus of P(q) with X. If

(i) depthZ OX ≥ 2 and H0(X,OX(m)) ' H0(UX ,OX |UX
(m)) for every m ∈ Z, (e.g.

depthZ OX(m) ≥ 2 for all m ∈ Z )
(ii) HomR(I,H1

m(S))0 = 0

This is a post-peer-review, pre-copyedit version of an article published in Collectanea Mathematica. 
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then Def0
S/R and HilbX/Y are isomorphic deformation functors.

We give some examples to illustrate the conditions in Theorem 4.3 and Corollary 4.5. Note
that in the (multi)-graded case we may think of Def0

S/R as deformations that preserve the

Hilbert function and that they correspond to Hilbert function strata of the Hilbert scheme,
see [Kle98, Theorem 1.1] and [HS04].

Example 4.7. Points. If X = ProjS is s points in general enough position in Pn, then the
Hilbert function of X is

hX(ν) = dimSν = inf{s,
(
ν + n

n

)
}

by e.g [GMR83]. Let ν0 be the smallest integer with

s ≤
(
ν0 + n

n

)
.

The exact sequence
0→ Sν → H0(X,OX(ν))→ H1(IX(ν))→ 0

and the fact that h0(OX(ν)) = s yield Iν = 0 for ν < ν0 and H1(IX(ν)) ' H1
m(S)ν = 0 for

ν ≥ ν0 so by Corollary 4.6, Def0
S/R ' HilbX/Pn for points in general enough position.

Six general points in P2 will have Hilbert function (1, 3, 6, 6, . . . ) and hence Def0
S/R '

HilbX/Pn . On the other hand the complete intersection of a quadric and a cubic will have

hX = (1, 3, 5, 6, 6, . . . ). Thus dim I2 = h1(IX(2)) = 1, so Hom(I,H1
m(S))0 ' k and the

functors need not be isomorphic, cf. Corollary 4.6 (ii). Indeed since both obstruction spaces
vanish (S is a complete intersection) the map Def0

S/R → HilbX/Pn corresponds dually to

a surjection of formally smooth complete k-algebras. The above two cases show that the
Hilbert function stratum given by (1, 3, 6, 6, . . . ) is an open subscheme of Hilb6(P2) while
(1, 3, 5, 6, . . . ) gives a smooth codimension 1 stratum.

Example 4.8. Curves. Consider a smooth curve C sitting on a hypersurface V of degree
s <

∑3
i=0 qi in P(q0, q1, q2, q3). Let C = ProjS ⊂ P(q) = ProjR with S = R/I and suppose

that SpecR/IV \ {0} is smooth, i.e. V quasi-smooth. Applying Hom(−,OC) to the sequence
0→ IV/P(q) → IC/P(q) → IC/V → 0 we get an exact sequence of normal bundles

0→ NC/V → NC/P(q) → OC(s)→ 0

(cf. [Har10, p. 93]) and NC/V ' (ω−1
C ⊗ ωV )−1. Thus by Serre duality H1(NC/V ) = 0 and

H1(NC/P(q)) ' H1(OC(s)) while H0(NC/P(q))→ H0(OC(s)) is surjective.
Applying this to the long exact sequence in Theorem 2.1 we get

(4.2) 0→ HomR(I, S)0 → H0(NC/P(q))→ HomR(I,H1
m(S))0 → T 2(S/R;S)0 → 0 ,

because T 2
m(S/R;S)0 ' HomR(I,H1

m(S))0 and the composition

H1(NC/P(q))→ T 3
m(S/R;S)0 → HomR(I,H2

m(S))0 → H1(OC(s))

is injective. Similarly there is a commutative diagram

H0(NC/P(q)) HomR(I,H1
m(S))

H0(OC(s)) H1(IC(s))
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so if HomR(I,H1
m(S))0 ' H1(IC(s)) then T 2(S/R;S)0 = 0 and Def0

S/R is unobstructed. If

d0, d1, . . . , dm are the degrees of the minimal generators of I and s = d0, then it is easy to see
that there is such an isomorphism if H1(IC(di)) = 0 for all i = 1, . . . ,m.

If P(q) = P3 and s = 2 then V ' P1 × P1 and we can use the Künneth formula to
compute these cohomology groups. The outcome is that the above vanishing holds and we
get HomR(I,H1

m(S))0 ' H1(IC(2)), so T 2(S/R;S)0 = 0. Moreover if C has bidegree (p, q)
with 2 ≤ p ≤ q then

h1(IC(2)) =

{
0 if p > 2

max{0, q − 3} if p = 2
.

Thus Def0
S/R ' HilbC/P3 are smooth if p > 2 or q = 3 while Def0

S/R corresponds to a smooth

stratum of codimension q − 3 in Hilbd,g(P3) otherwise, see [Tan80].
If s = 3 then among curves on a cubic surface in P3 we find the curve that gives rise to

Mumford’s example of an irreducible component W of Hilb14,24(P3) which is not reduced at
its generic point ([Mum62]). Let H be a hyperplane section of V and E a line on V . Take
C to be a generic element of the complete linear system |4H + 2E| on V . Such a curve may
be constructed as the linked curve to the curve consisting of two disjoint conics in a general
(3, 6) complete intersection, and there is a resolution

0→ R(−9)→ R(−8)2 ⊕R(−7)2 → R(−6)3 ⊕R(−3)→ I → 0 ,

cf. [Cu81]. One computes that h1(IC(d)) = 0 when d ≥ 6 and h1(IC(3)) = h1(OC(3)) = 1, so
HomR(I,H1

m(S)) ' H1(IC(3)) ' k and T 2(S/R;S)0 = 0 in (4.2). Thus Def0
S/R is represented

by a formally smooth complete k-algebra which by (4.2) corresponds to the reduced subscheme
of the component W at its generic point.

5. Deformations of the scheme - DefX

In this section we must assume that the characteristic of the ground field is 0. Fix for the
whole of this section a G-quadruple (X,Z, S, J) with associated sheaf of algebras S. Moreover

fix M , a finitely generated SG-module, and set F = π∗(M̃|X′) to be the corresponding sheaf
of SG-module on X. This section is mostly concerned with computing cotangent groups with
values in S or OX , but because of future applications it is better to be a little more general
and consider values in M , F and FG.

5.1. Conditions for DefGS → DefX to be smooth or an isomorphism.

Lemma 5.1. If T 2(S/OX ;S)G = 0 and T 2
J (S/k;S)G = 0 then DefGS → DefX is smooth. If

moreover T 1(S/OX ;S)G = 0 and T 1
J (S/k;S)G = 0 then DefGS → DefX is an isomorphism.

Proof. First note that since taking G invariants is exact we have T iX(S)G ' T iX . Sec-
ondly [And74, Appendice, Proposition 56] and the fact that π is affine imply T iX(S) '
T i(π−1OX/k;OX′). The Zariski-Jacobi sequence for k → π−1OX → OX′ reads

→ T i(OX′/π−1OX ;OX′)→ T iX′ → T i(π−1OX/k;OX′)→ T i+1(OX′/π−1OX ;OX′)→

so the first condition yields (T iX′)
G → T iX surjective for i = 1 and injective for i = 2. The

exact sequence in Theorem 2.1 for X ′ ⊆ SpecS is

· · · → T iJ(S/k;S)→ T iS → T iX′ → T i+1
J (S/k;S)→ · · ·

This is a post-peer-review, pre-copyedit version of an article published in Collectanea Mathematica. 
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so the second condition implies the same for (T iS)G → (T iX′)
G and we have proven the first

statement.
To prove the second statement we need to show that the conditions imply DefGS (A) →

DefX(A) injective for all objects A of C. More explicitly we must show that if S1
A and S2

A

are invariant deformations over A mapping to X1
A and X2

A, then for every isomorphism of
deformations ϕX,A : X1

A → X2
A there exists an equivariant isomorphism ϕS,A : S1

A → S2
A

inducing ϕX,A.

If T 1(S/OX ;S)G = 0 and T 1
J (S/k;S)G = 0 then the same argument as above shows that

(T iS)G → T iX is surjective for i = 0 and injective for i = 1. We will prove the statement by
induction on the length of A. Let ρ : B → A be a small extension and assume the statement
is true for A. Let S1

B and S2
B be invariant deformations of S over B mapping to X1

B and
X2
B. Assume ϕX,B : X1

B → X2
B is an isomorphism of deformations. Let ϕX,A : X1

A → X2
A

be the induced isomorphism where Xi
A = Xi

B ×SpecB SpecA. By induction there exists an
isomorphism ϕS,A : S1

A → S2
A inducing ϕX,A and where SiA = SiB ⊗B A.

The obstruction to lifting ϕS,A to an isomorphism S1
B → S2

B is in (T 1
S)G ⊗ ker ρ and maps

to 0 in T 1
X ⊗ ker ρ because a lifting of ϕX,A exists (namely ϕX,B). Thus by injectivity at the

T 1 level the obstruction vanishes and there exists a lifting ϕ′S,B : S1
B → S2

B. It maps to an

isomorphism ϕ′X,B which may differ from our given ϕX,B. However ϕX,B − ϕ′X,B defines an

element of T 0
X⊗ker ρ and the surjectivity at the T 0 level yields an element DS,B ∈ (T 0

S)G⊗ker ρ
mapping to ϕX,B − ϕ′X,B. Thus ϕS,B := ϕ′S,B +DS,B is an isomorphism inducing ϕX,B. �

We will later need a statement with more general values. The proof is the same as the first
part above.

Lemma 5.2. If T 2(S/OX ;F)G = 0 and T 2
J (S/k;M)G = 0 then there is a surjective morphism

T 1
S(M)G � T 1

X(FG).

The modules T iJ(S/k;M) are easily described in terms of local cohomology.

Lemma 5.3. If depthJM ≥ 1 then there is an isomorphism T 1
J (S/k;M) ' Derk(S,H

1
J(M))

and an exact sequence

0→ T 1(S/k;H1
J(M))→ T 2

J (S/k;M)→ T 0(S/k;H2
J(M))→ T 2(S/k;H1

J(M)) .

In particular if depthJM ≥ 2 or S is regular then T 2
J (S/k;M) ' Derk(S,H

2
J(M)) as SG-

modules.

Proof. Since H0
J(M) = 0 the exact sequence comes from the edge exact sequence for the

spectral sequence in Theorem 2.1. �

5.2. Euler derivations. We show that if depthZ S ≥ 2 then the relative tangent sheaf ΘX′/X

is globally free of rank equal to the dimension of G. This will allow us to give finer criteria
for the equivalence of deformation functors. The result follows from general considerations
and we start with some lemmas.

Let G be a reductive group acting on an affine scheme X = SpecA over a field k of
characteristic 0. Let g = Te be the Lie algebra of G (where e is the identity element in G).
Consider the corresponding representation of Lie algebras φ : A ⊗ g → DerAG(A,A). Recall
that if ξ ∈ g = Derk(k[G], k(e)) then φ(1⊗ ξ) is the composition

(5.1) A
µ−→ A⊗ k[G]

1⊗ξ−−→ A⊗ k(e) ' A
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where µ is the comultiplication of the group action. Note that if f is invariant then µ(f) = f⊗1
so the composition is in DerAG(A,A).

If D ∈ DerAG(A,A) and x is a closed point of SpecA, let Dx be the value in DerAG(A, k(x)).

For a fixed closed point x let px : G→ Gx be the orbit map. Then φ(1⊗ ξ)x(f) = ξ(p#
x (f))

so φ(ξ)x equals the image of ξ via the map of Zariski tangent spaces dpx : Te → TGx,x. Note
that TGx,x = Derk(OGx, k(x)) ⊆ DerAG(A, k(x)) ⊆ Derk(A, k(x)) = TX,x.

Lemma 5.4. If there is an open dense subset of SpecA where all isotropy groups are finite,
then φ : A⊗k g→ DerAG(A,A) is injective.

Proof. Choose a basis ξ1, . . . , ξr for g and assume φ(
∑
ai⊗ ξi) = 0. Then

∑
ai(x)dpx(ξi) = 0

in TGx,x for all x. But by assumption dpx is an isomorphism on an open dense subset U .
Thus for all i = 1, . . . , r we have ai = 0 on U so ai = 0 in A. �

Lemma 5.5. If the quotient map SpecA → SpecAG is smooth of relative dimension dimG
and a geometric quotient then φ : A⊗k g→ DerAG(A,A) is an isomorphism.

Proof. Injectivity follows from Lemma 5.4. We will show surjectivity for the maps of stalks
Ax⊗g→ DerAG(A,A)x = DerAG

y
(Ax, Ax) where x 7→ y via the quotient map. By assumption

OGx ' A ⊗AG k(y) and so DerAG
y

(Ax, k(x)) ' Derk(OGx, k(x)) = TGx,x ' g. On the other

hand since AG → A is smooth we have DerAG
y

(Ax, k(x)) ' DerAG
y

(Ax, Ax) ⊗Ax k(x) and so

the surjectivity follows from Nakayama’s Lemma. �

We write M∨ = HomA(M,A) for the dual module. The above construction yields also a
map ψ : ΩA/AG → Homk(g, A) namely the composition

ΩA/AG → Ω∨∨A/AG = HomA(DerAG(A,A), A)
φ∨−−→ Homk(g, A) .

Thus ψ(da)(ξ) = φ(1⊗ ξ)(a)

Lemma 5.6. If x is a closed point in SpecA mapping to y ∈ SpecAG with finite isotropy
group and Gx is closed in SpecA then ψx : ΩAx/AG

y
→ Homk(g, Ax) is surjective.

Proof. By Nakayama’s Lemma it is enough to prove ΩAx/AG
y
⊗Ax k(x) → Homk(g, k(x)) is

surjective, which we can do by showing that the k-dual map is injective. But this is the map
g⊗ k(x)→ DerAG

y
(Ax, k(x)) induced by φ. Thus it factors in the following way

g⊗ k(x) ' TGx,x ⊆ DerAG
y

(Ax, k(x)) .

�

We now apply these local lemmas to our situation. By F ⊗k g we mean the SG-module
that as S-module is isomorphic to the sum of dim g copies of F and the G-action is given
by g(f ⊗ ξ) = gf ⊗ Adg(ξ) where Adg : g → g is the adjoint action. Similarly we can define
F ⊗k g∗ for the dual of the adjoint action.

Lemma 5.7. If depthZ S ≥ 2 then there is an SG isomorphism

T 0(S/OX ;S) ' S ⊗k g .

More generally if depthZ F ≥ 2 then T 0(S/OX ;F) ' F ⊗k g as SG-modules.
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Proof. By definition π|U ′ satisfies locally the conditions in Lemma 5.5 . This globalizes to an

isomorphism ΘU ′/U ' OU ′ ⊗k g. Since π is smooth on U ′ we get Ω1
U ′/U ' OU ′ ⊗ g∗. Since

T 0(S/OX ;F) = Hom(Ω1
S/OX

,F) it also has depth ≥ 2 in Z, cf. Theorem 2.1. It is therefore

isomorphic to j∗Hom(π∗Ω
1
U ′/U ,F|U ) ' F ⊗k g where j is the inclusion U ⊆ X. �

For example let G = Gm and A be a finitely generated algebra, or a localization of such,
with algebra generators x1, . . . , xn. Then µ : A→ A⊗ k[t, t−1] is of the form f(x1, . . . , xn) 7→
f(ta1x1, . . . , t

anxn) for integers a1, . . . , an. We get

φ(1⊗ d

dt |t=1
)(f) =

d

dt
f(ta1x1, . . . , t

anxn)|t=1 =
n∑
i=1

aixi
∂f

∂xi

by the chain rule. Thus the generator of g maps to the Euler derivation of the Z-graded
algebra A. This motivates the name in the following definition.

Definition 5.8. Assuming depthZ S ≥ 2, let E1, . . . , Er be a set of global sections that
generate the free sheaf T 0(S/OX ;S). We call such a set a set of Euler derivations for the
G-quadruple. A set of Euler derivations defines an SG-map E : Ω1

S/OX
→ S ⊗ g∗. Let

Q = coker(E) and Z(Q) be the support of Q.

The morphism E is just the natural map Ω1
S/OX

→ (Ω1
S/OX

)∨∨ after choosing a basis for

the free sheaf (Ω1
S/OX

)∨∨ thus we have an exact sequence

(5.2) 0→ T or(Ω1
S/OX

)→ Ω1
S/OX

E−→ S ⊗ g∗ → Q→ 0

where T or(Ω1
S/OX

) is the torsion submodule of Ω1
S/OX

.

If depthZ S ≥ 2 and the sheaf T 1(S/OX ;S)G = 0 then the Zariski-Jacobi sequence for
k → OX → S leads to a short exact sequence

0→ T 0(S/OX ;S)G → (T 0
S )G → T 0(OX/k;S)G → 0 .

Therefore by Lemma 5.7 we can make the following definition.

Definition 5.9. If depthZ S ≥ 2 and the sheaf T 1(S/OX ;S)G = 0 then we call the short
exact sequence

0→ (S ⊗ g)G → ΘG
S → ΘX → 0

the Euler sequence associated to the G-quadruple. Here ΘX = T 0(OX/k;OX).

Remark. If G → GL(V ) is a representation and S = Sym(V ∗) then Derk(S) ' S ⊗ V as
SG-module. From the above we have an SG-map S ⊗ g→ S ⊗ V . In this case it is induced
from the natural map g→ Hom(V, V ) ' Sym1(V ∗)⊗ V given by the representation.

Lemma 5.10. If depthZ F ≥ 2 then

T i(S/OX ;F) ' ExtiS(Ω1
S/OX

,F) for i = 0, 1, 2.

Proof. Consider the spectral sequence ExtpS(Tq(S/OX ;S),F) ⇒ T p+q(S/OX ;F). Since the
Tq(S/OX ;S) are supported on Z when q ≥ 1, the depth condition yields the result. �

Assume S is a sheaf of OX -algebras on a scheme X and Z ⊆ X is locally closed. If F
and G are S-modules, denote by ExtiS,Z(F ,G), respectively ExtiS,Z(F ,G), the higher derived

functors of G 7→ H0
Z(X,HomS(F ,G)), respectively G 7→ H0

Z(X,HomS(F ,G)). We refer to
SGA 2 Exposè VI ([Gro05]) for details and the results we will use.
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Lemma 5.11. Assume depthZ F ≥ 2.

(i) There is an isomorphism Ext1S(Ω1
S/OX

,F) ' HomS(Q,H2
Z(F)).

(ii) If depthZ(F ⊗ g)G ≥ 3 or Q = 0 then

T 1(S/OX ;F)G = Ext1S(Ω1
S/OX

,F)G = HomS(Q,H2
Z(F))G = 0 .

Proof. By Lemma 5.7, Hom(Ω1
S/OX

,F) ' F ⊗ g so we get an exact sequence

· · · → Ext1S,Z(Ω1
S/OX

,F)→ Ext1S(Ω1
S/OX

,F)→ R1j∗(F ⊗ g)|U
ε−→ Ext2S,Z(Ω1

S/OX
,F)→ · · ·

from the long exact sequence for ExtiS,Z(Ω1
S/OX

,F). Here j is the inclusion of U in X. Now

since depthZ F ≥ 2 the left sheaf vanishes. The sheaf R1j∗(F ⊗g)|U is isomorphic to H2
Z(F ⊗

g) ' H2
Z(F)⊗ g. Using the spectral sequence ExtpS(Ω1

S/OX
,HqZ(F))⇒ Extp+qS,Z (Ω1

S/OX
,F) we

get

Ext2S,Z(Ω1
S/OX

,F) ' HomS(Ω1
S/OX

,H2
Z(F)) .

Thus our exact sequence becomes

0→ Ext1S(Ω1
S/OX

,F)→ H2
Z(F)⊗ g

ε−→ HomS(Ω1
S/OX

,H2
Z(F))→ · · ·

where ε is the map induced by E in the sequence (5.2). It follows that

Ext1S(Ω1
S/OX

,F) = ker ε ' HomS(Q,H2
Z(F))

proving the first statement.
Clearly if Q = 0 then Ext1S(Ω1

S/OX
,F) = 0 and the inclusion

Ext1S(Ω1
S/OX

,F)G ↪→ H2
Z(F ⊗ g)G ' H2

Z((F ⊗ g)G)

yields the second statement. �

We now have conditions for the existence of an Euler sequence.

Theorem 5.12. If depthZ S ≥ 2 and HomS(Q,H2
Z(S))G = 0 then there is an Euler sequence

0→ (S ⊗ g)G → ΘG
S → ΘX → 0 .

Proposition 5.13. The closed subset Z(Q) ⊂ X is contained in the set of points x ∈ X
where π−1(x) contains a point with positive dimensional isotropy group.

Proof. We may prove the result locally on an affine chart, i.e. for π : SpecA → SpecAG. A
standard result in invariant theory says that the stable points are the complement of π−1(π(L))
where L is the locus of points with positive dimensional isotropy. The result follows now from
Lemma 5.6. �

Example 5.14. For toric varieties Proposition 5.13 says that Z(Q) is contained in the non-
simplicial locus. In fact one can prove directly using Euler derivations that these loci are
equal. In particular for simplicial toric varieties Q = 0 and we recover the Euler sequence of
[BC94, Theorem 12.1]

Example 5.15. For Grassmannians (Example 3.8) even Z is empty, Proposition 5.13 applies.
If L is the universal subbundle and P is the universal quotient bundle then the tangent sheaf
is P ⊗ L∨. Our Euler sequence is just the usual sequence induced by the tautological exact
sequence.
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5.3. The groups T i(S/OX ;F). As we shall see in the computations here and the results in
the next section the behavior of the sheaf Q, the cokernel of the Euler derivations (Definition
5.8) plays an important role when comparing deformation functors.

Lemma 5.16. If depthZ F ≥ 2 and HomS(Q,H2
Z(F))G = 0 then

T i(S/OX ;F)G ' ExtiS(Ω1
S/OX

,F)G for i = 0, 1, 2 .

Proof. Lemma 5.11 says that under the conditions above, T 1(S/OX ;F)G = Ext1S(Ω1
S/OX

,F)G =

0. We have local global spectral sequences which at the E2 level are

Hp(X, T q(S/OX ;F))⇒ T p+q(S/OX ;F)

Hp(X, ExtqS(Ω1
S/OX

,F))⇒ Extp+qS (Ω1
S/OX

,F) .

Write (just for this proof) T i = T i(S/OX ;F) and E i = ExtiS(Ω1
S/OX

,F). The edge homo-

morphisms for the spectral sequence ExtpS(Tq(S/OX ;S),F)⇒ T p+q(S/OX ;F) yield natural

maps E i → T i. Lemma 5.10 implies T i(S/OX ;F)G ' ExtiS(Ω1
S/OX

,F)G for i = 0, 1. Since

Ext1S(Ω1
S/OX

,F)G = 0 the spectral sequences yield a commutative diagram with exact rows

0 H2(X, E0)G Ext2
S(Ω1

S/OX
,F)G H0(X, E2)G H3(X, E0)G

0 H2(X, T 0)G T 2(S/OX ;F)G H0(X, T 2)G H3(X, T 0)G

so the isomorphism for i = 2 follows from Lemma 5.10 and the Five Lemma. �

Proposition 5.17. Assume depthZ F ≥ 2

(i) If HomS(Q,H2
Z(F))G = 0 then T 1(S/OX ;F)G ' H1(X, (F ⊗ g)G) and there is an

exact sequence

0→ H2(X, (F ⊗ g)G)→ T 2(S/OX ;F)G → H0(X, Ext2S(Ω1
S/OX

,F)G)

→ H3(X, (F ⊗ g)G)

(ii) If depthZ(F ⊗ g)G ≥ 3 then there is an exact sequence

0→ HomS(Ω1
S/OX

,H2
Z(F))G → H0(X, Ext2S(Ω1

S/OX
,F)G)→ HomS(Q,H3

Z(F))G .

(iii) If Q = 0 then Ext2S(Ω1
S/OX

,F) ' HomS(T or(Ω1
S/OX

),H2
Z(F)).

Proof. Since the condition in (i) implies T 1(S/OX ;F)G = 0 by Lemma 5.10 and Lemma 5.11
(i) follows from the local-global spectral sequence and Lemma 5.7 and Lemma 5.16.

Let j be the inclusion of U in X. To prove (ii) we consider the long exact sequence for
ExtiS,Z(Ω1

S/OX
,F) as in the proof of Lemma 5.11, and get

(5.3) H2
Z(F ⊗ g)→ Ext2S,Z(Ω1

S/OX
,F)→ Ext2S(Ω1

S/OX
,F)→ H3

Z(F ⊗ g)

u−→ Ext3S,Z(Ω1
S/OX

,F) .

Taking invariants and using the depth assumption this yields

0→ Ext2S,Z(Ω1
S/OX

,F)G → Ext2S(Ω1
S/OX

,F)G → H3
Z(F ⊗ g)G

u−→ Ext3S,Z(Ω1
S/OX

,F)G .
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Using the spectral sequence ExtpS(Ω1
S/OX

,HqZ(F))⇒ Extp+qS,Z (Ω1
S/OX

,F) we get

Ext2S,Z(Ω1
S/OX

,F)G ' Ext0S(Ω1
S/OX

,H2
Z(F))G .

Moreover there is a composite map ε = v ◦ u
H3
Z(F ⊗ g)

u−→ Ext3S,Z(Ω1
S/OX

,F)
v−→ HomS(Ω1

S/OX
,H3

Z(F))

where v is the map to E0,3
2 in the above spectral sequence. Thus keru ⊆ ker ε. On the

other hand ε is the map induced by E in the exact sequence (5.2). Therefore ker ε =
HomS(Q,H3

Z(F)) and we get the exact sequence in the statement.
To prove (iii) note that if Q = 0 then even without the depth assumption the above argu-

ment shows that ker ε = 0. Thus u is injective. Moreover by Lemma 5.11, Ext1S(Ω1
S/OX

,F)

vanishes so (5.3) becomes

0→ H2
Z(F ⊗ g)→ HomS(Ω1

S/OX
,H2

Z(F))→ Ext2S(Ω1
S/OX

,F)→ 0 .

The sequence (5.2) is now short exact and we can apply HomS(−,H2
Z(F)) to get an exact

sequence

0→ H2
Z(F ⊗ g)→ HomS(Ω1

S/OX
,H2

Z(F))→ HomS(T or(Ω1
S/OX

),H2
Z(F))→ 0 .

This proves (iii). �

Remark. If S is regular then H0(X, Ext2S(Ω1
S/OX

,F)G) → HomS(Q,H3
Z(F))G is surjective.

See the proof of Theorem 6.10 below.

5.4. Results.

Example 5.18. Finite G. We can apply the above to the situation in Example 3.7, i.e.
G ⊂ GLn(C) is finite without pseudo-reflections and

(X,Z, S, J) = (Cn/G, Sing(Cn/G),C[x1, . . . , xn], (1)) .

Assume that codimZ X ≥ 3 (the singularity need not be isolated). Then since X is Cohen-
Macaulay, depthZ OX ≥ 3 and since G is finite, depthIZ S ≥ 3 and Q = 0. It follows from
Proposition 5.17, Lemma 5.10 and Lemma 5.1 that X is rigid. This was first proven by
Schlessinger, see [Sch71] and [Sch73].

In general consider an affine G-quadruple

(X,Z, S, J) = (SpecSG, Z, S, (1))

with finite G and Z the locus where π : SpecS → X is not étale. Then by the above
results we have DefGS ' DefX if depthIZ S ≥ 3. In particular if S is Cohen-Macaulay and
equidimensional then it is enough to assume codimZ ≥ 3. See also [Ste88, Section 7].

Our main result in its most general form is

Theorem 5.19. Let (X,Z, S, J) be a G-quadruple with associated sheaf of algebras S and
assume depthZ S ≥ 2. If

(i) HomS(Q,H2
Z(S))G = 0

(ii) H0(X, Ext2S(Ω1
S/OX

,S)G) = 0

(iii) H2(X, (S ⊗ g)G) = 0
(iv) T 1(S/k;H1

J(S))G = 0 and Derk(S,H
2
J(S))G = 0

then DefGS → DefX is smooth. If moreover
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(v) H1(X, (S ⊗ g)G) = 0
(vi) Derk(S,H

1
J(S))G = 0

then DefGS → DefX is an isomorphism.

Proof. The result follows directly from Lemma 5.1 and Proposition 5.17. �

Using the same proposition and lemma we get a slight improvement if Q = 0.

Theorem 5.20. Let (X,Z, S, J) be a G-quadruple with associated sheaf of algebras S and
assume depthZ S ≥ 2. If

(i) Q = 0
(ii) HomS(T or(Ω1

S/OX
),H2

Z(S))G = 0

and (iii) and (iv) of Theorem 5.19 hold, then DefGS → DefX is smooth. If moreover (v) and
(vi) of Theorem 5.19 hold then DefGS → DefX is an isomorphism.

We give two examples to illustrate how the statement fails if the assumptions are not met.

Example 5.21. For smooth curves in P3 we only need to verify (iv) of Theorem 5.20 to
conclude that Def0

S → DefX is smooth since Z is empty and (S⊗g)G = OX . We claim that a

general space curve X = ProjS in Hilbd,g(P3) satisfying g < d+ 3 also satisfy (iv). Indeed in
this case J is the irrelevant maximal ideal (x0, .., x3), thus H2

J(S) '
⊕

ν H
1(X,OX(ν)). We

get Derk(S,H
2
J(S))0 = 0 provided H1(X,OX(1)) = 0. It is well known that a general curve

with g < d+ 3 satisfies this property.
We need to show T 1(S/k,H1

J(S))0 = 0. Let I be the homogeneous ideal of X in P3 =
ProjR. Since HomR(I,H1

J(S))0 = T 1(S/R,H1
J(S)) → T 1(S/k,H1

J(S))0 is surjective, it suf-
fices to show Hom(I,H1

J(S))0 = 0. Space curves of maximal rank (i.e. H1(IX(v)) = 0
provided H0(IX(v)) 6= 0) necessarily satisfy this property. The main theorem of Ellia and
Ballico in [BE85] implies that the general curve in the range g < d − 3 has maximal rank.
Thus the first four assumptions of the theorem are satisfied.

It follows that Def0
S → DefX is smooth in this range. But if g > 0 then H1(X,OX) 6= 0,

i.e. (v) does not hold and we do not expect Def0
S → DefX to be an isomorphism.

Example 5.22. Let X = SpecA be the affine cone over G(2, 4) in the Plücker embedding.
It is a node in A6 so dimT 1

X = 1. On the other hand A = SG where S = k[x1,1, . . . , x2,4] and
G = SL2 corresponding to an affine G-quadruple (X, {0}, S, (1)). Of course T 1

S = 0. If m ⊂ A
is the ideal of {0} in X, then the ideal IZ = mS ⊂ S is generated by the 2 × 2 minors of a
general 2× 4 matrix so depthZ S = 3. Thus conditions (i), (iii) and (iv) of Theorem 5.19 are
satisfied.

We compute Ext2
S(Ω1

S/A, S). Let fij be the minor with columns i and j. If 1 ≤ i < j ≤ 4

write {k, l} = {1, 2, 3, 4}\{i, j}. Then one checks that for each pair (α, β) with 1 ≤ α < β ≤ 4∑
1≤i<j≤4

εij
∂fij
xαβ
· fkl = 0

for suitable signs εij . We may use this to construct a free SG-resolution

0→ S
M−→ S6 → S ⊗k V ∗ → Ω1

S/A → 0

where the entries of M generate IZ and V is the vector space of 2× 4 matrices. In particular

Ext2
S(Ω1

S/A, S)G ' (S/IZ)G = A/m = k
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and indeed condition (ii) of Theorem 5.19 fails.

We assume now that G is a quasitorus (also called a diagonalizable group). See e.g.
[ADHL15, Section 1.2] for details and proofs of the statements below. We recall the definition

Definition 5.23. A quasitorus is an affine algebraic group G whose algebra of regular func-
tions Γ(G,OG) is generated as a k-vector space by the characters χ : G → k∗. A torus is a
connected quasitorus.

One proves that a quasitorus is a direct product of a torus and a finite abelian group. It is
also characterized by the fact that any rational representation of G splits into one-dimensional
subrepresentations. In particular in our case the adjoint action is trivial so F ⊗ g ' Fr as
SG-modules.

Lemma 5.24. If G is a quasitorus and G is an SG-module then there are inclusions

HomS(Q,G)G ⊆ HomOX
(QG,GG) ⊆ (GG)r .

Proof. Since G is quasitorus S ⊗ g ' Sr as SG-modules and the globally generated free sheaf
Sr is generated by invariants. Thus Q is generated by G invariants, so

HomS(Q,G)G → HomOX
(QG,GG)

is injective. The second inclusion follows from first taking invariants of (5.2) and then applying
HomOX

(−,GG). �

The results become better if the codimension of Z(Q) is sufficiently large.

Proposition 5.25. If G is a quasitorus and

depthZ F ≥ 2, depthZ FG ≥ 3 and depthZ(Q)FG ≥ 4

then there is an exact sequence

0→ rH2(X,FG)→ T 2(S/OX ;F)G → HomS(Ω1
S/OX

,H2
Z(F))G → rH3(X,FG)

Proof. From Proposition 5.17 and Lemma 5.24 it is enough to prove that

HomOX
(QG,H3

Z(FG)) = 0

but this follows from the assumptions and the following lemma. �

Lemma 5.26. Let A be a noetherian ring, M a finitely generated A-module, I ⊆ J two ideals
of A and suppose depthIM ≥ d and depthJM ≥ d + 1. If Q is an A-module with support
contained in V (J) then HomA(Q,Hd

I (M)) = 0.

Proof. Consider the two spectral sequences

Ep,q2 = Hp
I (ExtqA(Q,M)) and ′Ep,q2 = ExtpA(Q,Hq

I (M))

which both converge to Extp+qA,I (Q,M). We have Hq
I (M) = 0 for q < d so the second spectral

sequence yields HomA(Q,Hd
I (M)) ' ExtdA,I(Q,M). On the other hand since depthJM ≥ d+

1 we have ExtqA(Q,M) = 0 for q < d+1. Thus by the first spectral sequence ExtdA,I(Q,M) = 0,
cf. [Gro05, Exp. VII], Lemma 1.1. �

Theorem 5.27. Assume G is a quasitorus and let (X,Z, S, J) be a G-quadruple with asso-
ciated sheaf of algebras S and assume depthZ S ≥ 2. If

(i) depthZ OX ≥ 3 and depthZ(Q)OX ≥ 4
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(ii) HomS(Ω1
S/OX

,H2
Z(S))G = 0

(iii) G is finite or H2(X,OX) = 0

and (iv) of Theorem 5.19 hold, then DefGS → DefX is smooth. If moreover

(v) G is finite or H1(X,OX) = 0

and (vi) of Theorem 5.19 hold then DefGS → DefX is an isomorphism.

Proof. Apply Lemma 5.1, Proposition 5.17 and Proposition 5.25. �

If S is regular then we get a statement about the rigidity of X and more generally about
rigidity of X along a sheaf F , i.e. when T 1

X(F) = 0. Note that if (X,Z, S, J̄) is a G-
subquadruple of (Y,W,R, J) as defined in Definition 3.10 then the vanishing of T 1

Y (f∗OX)
implies that the forgetful map HilbX/Y → DefX is smooth. This is often useful for proving
unobstructedness.

Corollary 5.28. Assume G is a quasitorus and let (X,Z, S, J) be a G-quadruple with S a

regular ring, M a finitely generated SG-module and F = π∗(M̃|X′). If

(i) depthZ F ≥ 2, depthZ FG ≥ 3 and depthZ(Q)FG ≥ 4

(ii) G is finite or H2(X,FG) = 0
(iii) HomS(Ω1

S/OX
,H2

Z(F))G = 0

(iv) Derk(S,H
2
J(M))G = 0

then T 1
X(F) = 0. In particular if the conditions hold for M = S then X is rigid.

Proof. This follows from Lemma 5.2, Lemma 5.3 and Proposition 5.25. �

Remark. By the Hochster-Roberts theorem X will be Cohen-Macaulay and equidimensional
if S is a regular ring so we may exchange depth with codimension if M = S.

Example 5.29. Weighted projective space. Consider now X = P(q) = P(q0, . . . , qn) as
described in Example 3.5. We use Corollary 5.28 to prove that if no n − 1 of the q0, . . . , qn
have a common factor then P(q) is rigid.

The subscheme Z is the singular locus of X and the condition means that codimZ ≥ 3.
Let S = k[x0, . . . , xn] with n ≥ 2. We have

J ′ =
⋂

p prime
p|lcm(q0,...,qn)

(xi : p - qi)

so in fact codim J ′ ≥ 3. The sheaf Q is trivial since the isotropy is finite everywhere. This
takes care of condition (i).

The cohomology H2(X,OX) = 0 and since J = (x0, . . . , xn) clearly H2
J(S) = 0. We are left

with (iii) but as in Example 5.18 since locally the quotient is by a finite group on a smooth
space, depthZ S = codimZ and H2

Z(S) = 0.

6. Applications to toric varieties

We collect here some results for toric varieties XΣ over C that illustrate the various aspects
of our comparison theorems. We consider the G-quadruple (XΣ, Sing(XΣ), S,B(Σ)) described
in Example 3.6 and will use the notation defined there. Note that toric varieties are Cohen
Macaulay and S is a polynomial ring. Moreover the condition depthZ S ≥ 2 is always satisfied
since U ′ = SpecS \ Z(Σ′) where Σ′ is the fan of smooth cones in Σ and codimZ(Σ′) ≥ 2.
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6.1. Subschemes of simplicial toric varieties. As explained before Corollary 4.5 a sub-
scheme of a toric variety yields a G-subquadruple induced by a homogeneous I in the Cox
ring R of the toric variety Y = YΣ. Let X ⊂ Y be the subscheme. We have Z = Sing(Y )∩X,
S = R/I and J = (I +B(Σ))/I.

We assume for simplicity that Y is simplicial and all maximal cones have dimension d and
that X is Cohen-Macaulay and equidimensional. This means that the quotient

π : Y ′ = SpecR \ V (B(Σ))→ Y

is a geometric quotient with all isotropy finite. In particular Q = 0. Moreover locally on a
chart Uσ ⊂ Y , corresponding to a maximal cone in Σ, the quotient map sits in a commutative
diagram

Cd Cd × (C∗)r

Cd/Gσ Uσ

π

'

where Gσ is finite abelian. See e.g. the proof of [BC94, Theorem 1.9]. If Z is closed in X ⊆ Y
then codimπ−1(Z) = codimZ.

Since Q = 0 we may apply Theorem 5.20, but we still need to ensure that

HomS(T or(Ω1
S/OX

),H2
Z(S))G = 0 .

Because codimπ−1(Z) = codimZ this will be the case if codimZ ≥ 3.

Theorem 6.1. If X is an equidimensional Cohen-Macaulay subscheme of a simplicial toric
variety Y and

(i) codimZ ≥ 3
(ii) H2(X,OX) = 0
(iii) T 1(S/k;H1

J(S))0 = 0 and Derk(S,H
2
J(S))0 = 0

then Def0
S → DefX is smooth. If moreover

(i) H1(X,OX) = 0
(ii) Derk(S,H

1
J(S))0 = 0

then DefGS → DefX is an isomorphism.

We give now two often studied situations where the theorem applies. First, let X = ProjS
where S is a finitely generated Z+ graded algebra as in Example 3.5.

Corollary 6.2. Let X = ProjS be an equidimensional Cohen-Macaulay subscheme of a well
formed weighted projective space P(q0, . . . , qn) defined by the homogeneous ideal I. Let m be
the irrelevant maximal ideal of S and Z the intersection of the singular locus of P(q) with X.
Assume codimZ ≥ 3 and depthm S ≥ 2. If H2(X,OX) = 0 and H1(X,OX(qi)) = 0 for all
i = 0, . . . , n then Def0

S → DefX is smooth. If moreover H1(X,OX) = 0 then DefGS → DefX
is an isomorphism.

Secondly let X be a Calabi-Yau hypersurface in a simplicial Gorenstein Fano toric variety
Y . (See the survey book [CK99] or the original paper by Batyrev [Bat94] for details.) Thus
Y is given by the normal fan of a simple reflexive polytope and X is a divisor in the class of
−KY and therefore ample and Cartier. In particular ωX = OX and H i(X,OX) = 0 for i ≥ 1.
We refer to it as a Calabi-Yau hypersurface even though it may be highly singular.
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Let Di be the divisors corresponding to the rays ρi. The hypersurface X is defined by some
f ∈ Rβ where β =

∑
Di. For our results it is not necessary to assume any generality for f .

We will need the following lemma and are grateful to Benjamin Nill for supplying the proof.
(We use standard toric geometry notation as found in e.g. [CLS11].)

Lemma 6.3. Let P be a simple reflexive lattice polytope with inward normal fan Σ and let
Y be the corresponding simplicial Gorenstein Fano toric variety. For every ray ρi in Σ the
Q-Cartier divisor Ei =

∑
j 6=iDj = −KY −Di is nef and big.

Proof. Let P ∗ be the dual reflexive polytope and vi the primitive lattice points on ρi (i.e.,
the vertices of P ∗). Let h be the piecewise linear function on NR such that h(vi) = 0 and
h(vj) = −1 for j 6= i. Then Ei is the divisor associated to h and Ph = {m ∈ MR : 〈m, vi〉 ≥
0 and 〈m, vj〉 ≥ −1 for i 6= j} is the corresponding polytope. Geometrically, Ph is P after
moving the facet Fi = (vi)

∗ of P one step inwards (so that the origin now lies on the boundary
of Ph). Thus dimPh = dimP and Ei is big.

Let σ be a maximal cone of Σ, and σ∗ the corresponding vertex of P . Since Σ is simplicial,
Ei is Q-Cartier so there exists lσ ∈MQ with 〈lσ, v〉 = h(v) for v ∈ σ. It is well known that if
lσ is contained in Ph for all σ then Ei is nef.

There are two cases, vi 6∈ σ or vi ∈ σ. If vi 6∈ σ, then lσ evaluates to −1 on any vertex of σ.
In other words, lσ = σ∗ ∈ P . Thus lσ evaluates ≥ −1 on any vj . Moreover, since by duality
lσ = σ∗ 6∈ Fi, we get that lσ evaluates > −1 on vi. However, P is a lattice polytope, hence lσ
as a vertex of P is a lattice point, so lσ evaluates ≥ 0 on vi.

Assume vi ∈ σ. Since Σ is simplicial, the facet of P ∗ corresponding to the maximal cone σ
is the convex hull of vi and a (d− 2)-dimensional face G of P ∗. Note that by duality G∗ is an
edge of P , and σ∗ is contained in G∗ and the facet Fi = (vi)

∗. In particular, the intersection
of the affine hull of G∗ with the hyperplane H orthogonal to vi (which is parallel to Fi) is
precisely the point lσ. Since G∗ is an edge of P ∗, it has a vertex w different from σ∗. Since
w is not in Fi (otherwise, G∗ would be contained in Fi, hence vi would be contained in G),
we have that vi evaluates > −1 on w. Because P is a lattice polytope, w is a lattice point, so
vi evaluates ≥ 0 on w. In particular, lσ (as it lies on the affine hull of G∗ and evaluates to 0
with vi) lies between σ∗ and w. Therefore, lσ ∈ P . This implies that not only lσ evaluates to
0 on vi, but it evaluates ≥ −1 with all other vj ’s, as desired. �

Theorem 6.4. Let X be a Calabi-Yau hypersurface in a simplicial Gorenstein Fano toric
variety Y defined by f ∈ Rβ where R = C[x1, . . . , xN ] is the Cox ring of Y and β is the
anti-canonical class. If dimY ≥ 3 and codim(X ∩ Sing(Y )) ≥ 3 in X then DefX is smooth
and its tangent space is isomorphic to the degree β part of the Jacobian algebra of f . That is

T 1
X '

(
C[x1, . . . , xN ]/(

∂f

∂x1
, . . . ,

∂f

∂xN
)

)
β

.

Proof. We try to apply Theorem 6.1. Since H i(X,OX) = 0 for i = 1, 2 by the Calabi-Yau
property, it suffices to show that H1

J(S)β, H2
J(S)Di and H1

J(S)Di all vanish. From the exact
sequence

0→ R(−β)→ R→ S → 0

we see that this would follow from

(i) H1
J(R)β = 0 and H1

J(R)Di = 0
(ii) H2

J(R)0 ' H1(Y,OY ) = 0
(iii) H2

J(R)Di ' H1(Y,OY (Di)) = 0
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(iv) Hj+1
J (R)Di−β ' Hj(Y,OY (KY +Di)) = 0 for j = 1, 2.

Now (i) is true because depthJ(R) ≥ 2 and (ii) is true for all complete toric varieties. To
prove (iii) we have that −KY is ample so we may e.g. apply a vanishing theorem of Mustaţǎ
as stated in [CLS11, Theorem 9.3.7]. The last vanishing follows from the assumption that
dimY ≥ 3, Lemma 6.3 and the Q-Cartier version of a vanishing result of Batyrev-Borisov as
stated in [CLS11, Theorem 9.3.5]. �

6.2. Local cohomology computations. In the following it will be important to be able
to compute with the modules H i

B(S) where S is the Cox ring of a toric variety and B the
irrelevant ideal for some fan. There is a combinatorial method due to Mustaţǎ and we will
make some simplifications in the case i = 2.

Let {m1, . . . ,ms} be monomial generators for any squarefree monomial ideal B ⊆ S. For
I ⊆ {1, . . . , s} let TI be the simplicial complex on the vertex set {1, . . . , s} where {j1, . . . , jk}
is a face if xi - lcm(mj1 , . . . ,mjk) for some i ∈ I. If p ∈ Zm define neg(p) ⊆ {1, . . . ,m} to be
the set {i | pi ≤ −1}. Let {e1, . . . , em} be the standard generators of Zm.

Theorem 6.5. ([Mus00, Theorem 2.1]) If p ∈ Zm then there are isomorphisms H i
B(S)p '

H̃ i−2(TI ; k) when I = neg(p). Moreover the map

H i
B(S)p

·xi−→ H i
B(S)p+ei

corresponds to the map H i−2(Tneg(p); k) → H i−2(Tneg(p+ei); k) induced in cohomology by the
inclusion Tneg(p+ei) ⊆ Tneg(p). In particular, if pi 6= −1, then ·xi is an isomorphism.

From now on assume S is the Cox ring and B the irrelevant ideal for a fan Σ.

Lemma 6.6. The codimension 2 prime ideals of B are the (xi, xj) with ρi and ρj not in the
same cone in Σ.

Proof. This follows directly from the description of the prime components of B. See e.g.
[CLS11, Proposition 5.1.6]. �

Let B2 be the intersection of the codimension 2 primes of B. Let K be the simplicial
complex which has B2 as Stanley-Reisner ideal. Let Γ be the graph with vertices {0, . . . ,m}
and edges {i, j} when ρi and ρj are in the same cone in Σ. Define C(Γ) to be the clique
complex of Γ. Let ΓI be the induced subgraph with vertices in I.

Lemma 6.7. The complex K is the Alexander dual of C(Γ). In particular there is a one
to one correspondence between facets of C(Γ) and a minimal generating set for B2 given by
F 7→ xF c. This correspondence identifies TI with the complex with vertex set equal the set of
facets of C(Γ) containing an element of I and {Fi1 , . . . , Fik} is a face if i ∈

⋂
Fij for some

i ∈ I.

Proof. The facets of K are the complements {i, j}c where {i, j} is a non-edge of Γ. We have
f ∈ C(Γ)∨ ⇔ f c /∈ C(Γ) ⇔ f c contains a non-edge of Γ ⇔ f ⊆ {i, j}c for a non-edge {i, j}
⇔ f ∈ K. A set {xF c

i1
, . . . , xF c

ik
} is a face of TI if there is an i ∈ I with i /∈

⋃
F cik = (

⋂
Fik)c,

that is if i ∈
⋂
Fik . �

Lemma 6.8. If i ∈ I let fi be the face of TI given by {F : i ∈ F}. The map H0(ΓI)→ H0(TI)
defined by [i] 7→ [F ] where F is any vertex in fi is an isomorphism.
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Proof. First note that {i, j} is an edge in ΓI iff there is a maximal clique F of Γ containing
{i, j} which is iff fi∩fj 6= ∅. To show that the map is well defined assume [i] = [j]. Then there
is an edge path through the vertices i = i0, i1, . . . , ir = j in ΓI . Then since the fik ∩ fik+1

6= ∅
we may find a path from any vertex of fi to any vertex in fj .

The map is clearly surjective. To show injectivity assume F ∈ fi and G ∈ fj are connected
by an edge path F = F0, F1, . . . , Fr = G. This means that the intersection of cliques Fk∩Fk+1

contains an element ik ∈ I. This implies that there are edges {ik, ik+1} ∈ Γ and therefore in
the induced subgraph ΓI . Thus [i] = [j]. �

Proposition 6.9. There is an isomorphism H2
B(S)p ' H̃0(ΓI , k) where I = neg(p).

Proof. This follows now directly from Theorem 6.5, Lemma 6.7 and 6.8. �

6.3. T 1 for toric singularities. There has been much interest in computing deformations of
affine toric varieties. In particular there are several combinatorial descriptions of these due to
Altmann, see e.g. [Alt00] and the references therein. We give here an alternative description
using the Cox ring and compute T 1 in some special cases. To simplify matters we will assume
codim Sing(X) ≥ 3.

Let X be an affine toric variety with cone σ and Cox ring S. In the grading defined by the
abelian group Cl(X) we have X = SpecS0. Set Z = Sing(X). Thus (X,Z, S, (1)) is an affine
G-quadruple where G = HomZ(Cl(X),C∗). The associated sheaf of algebras is just S itself.
If Σ is the fan consisting of smooth faces of σ and B = B(Σ) the corresponding irrelevant
ideal then the sheaves HiZ(S) correspond to the modules H i

B(S).
Let n = dimX = rkN , m = |Σ(1)| and r = rk Cl(X) = m− n. Let C ⊆ Cl(X) be the free

part of the abelian group. Fix an isomorphism C ' Zr so that the map Zm → C has matrix
A = (aij). The Zr part of the Cl(X) grading on S = C[x1, . . . , xm] is given by the columns
of A, i.e. deg xj = (a1j , . . . , arj). A set of Euler derivations as in Definition 5.8 is

{Ei =
∑
j

aijxj
∂

∂xj
: i = 1, . . . , r} .

Thus the module Q corresponding to the sheaf Q in Definition 5.8 has a graded presentation

(6.1)
m⊕
j=1

S(− deg xj)
Ã−→ Sr → Q→ 0

where Ã = (aijxj). The support of Q on X is the non-simplicial locus corresponding to the
irrelevant ideal B(Q) ⊂ S for the fan consisting of simplicial faces of σ.

Theorem 6.10. Let X be an affine toric variety.

(i) If X is simplicial then HomS(Ω1
S/S0

, H2
B(S))0 ' T 1

X .

(ii) If codim Sing(X) ≥ 3, then there is an exact sequence

0→ HomS(Ω1
S/S0

, H2
B(S))0 → T 1

X → HomS(Q,H3
B(S))0 → 0

and inclusions HomS(Q,H3
B(S))0 ⊆ HomS0(Q0, H

3
B0

(S0)) ⊆ H3
B0

(S0)r.

Proof. As in the proof of Lemma 4.1, T 1
X = T 1

S0
= T 1

S0
(S)0. The Zariski-Jacobi sequence for

C → S0 → S and the fact that S is regular yields T 1
S0

(S) ' T 2
S/S0

. Furthermore by Lemma

5.10 we have T 2
S/S0

' Ext2
S(Ω1

S/S0
, S). The result, except for the 0 on the right in the exact

sequence in (ii), now follows by applying the proof of Proposition 5.17 to the affine case.
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Recall from the proof of Proposition 5.17 that the cokernel of HomS(Ω1
S/S0

, H2
B(S)) →

Ext2
S(Ω1

S/S0
, S) is the kernel K of H3

B(S)r → Ext3
S,B(Ω1

S/S0
, S) in the long exact sequence for

ExtiS,B(Ω1
S/S0

, S). We have a commutative diagram with exact rows and columns

Ext1
S(Ω1

S/S0
, H2

B(S))

0 K H3
B(S)r Ext3

S,B(Ω1
S/S0

, S)

0 HomS(Q,H3
B(S)) H3

B(S)r HomS(Ω1
S/S0

, H3
B(S))

=

u

v

where the right column comes from the spectral sequence for ExtiS,B(Ω1
S/S0

, S). By as-

sumption H2
B(S)0 = 0 so by the below Lemma 6.11, Ext1

S(Ω1
S/S0

, H2
B(S))0 = 0 and K '

HomS(Q,H3
B(S)). �

Lemma 6.11. Let G be a linearly reductive group acting on an n-dimensional k vector space
V . Let A = Sym(V ) and let N be an AG-module with NG = 0. Then Ext1

A(Ω1
A/AG , N)G = 0.

Proof. If

AG = k[ϕ1, . . . , ϕm] ⊆ A = k[x1, . . . , xn]

then the beginning of an AG projective resolution of Ω1
A/AG looks like

· · · → Am

(
∂ϕj
∂xi

)
−−−−→ A⊗k V ∗ → Ω1

A/AG → 0 .

If M is the image of Am in A⊗k V ∗ then M is generated by invariants, so HomA(M,N)G = 0.
Thus Ext1

A(Ω1
A/AG , N)G = 0 by the long exact sequence for Ext. �

We can ask when the contribution from HomS(Ω1
S/S0

, H2
B(S))0 = DerS0(S,H2

B(S))0 van-

ishes. This would happen if H2
B(S)αi = 0 for i = 1, . . . ,m where αi is the degree of xi. Lifting

this to the Zm grading we need H2
B(S)p = 0 when p = q + ei and q = (. . . , 〈u, vj〉, . . . ) for

some u ∈ M . If we assume codim Sing(X) ≥ 3 then H2
B(S)0 = H2

Sing(X)(S0) = 0. In the Zm

grading this means H2
B(S)q = 0 when q is as above. Thus by Theorem 6.5 it is enough to

check when the coordinate 〈u, vi〉 of q equals −1.
Let Γf be the graph with vertices {0, . . . ,m} and edges {i, j} when {ρi, ρj} span a 2-

dimensional face of σ and ΓfI the induced subgraph as above. If codim Sing(X) ≥ 3 then ΓfI
is a subgraph of ΓI(Σ) with the same vertex set so the map H̃0(ΓfI ) → H̃0(ΓI) is surjective.
If u ∈M and 〈u, vi〉 = −1 let

Ii(u) = {j ∈ {1, . . . ,m} : 〈u, vj〉 ≤ −1} \ {i}

and set Γi(u) = ΓfIi(u). (These graphs also appear in the study of deformations of smooth

complete toric varieties in [Ilt11].) Thus we have

Proposition 6.12. Let X be an affine toric variety that is smooth in codimension 2 and
Γi(u) is connected for all u ∈M . Then HomS(Ω1

S/S0
, H2

B(S))0 = 0.
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The connectivity of these graphs can be proven if there is a polytope we can use. For this
we need the following lemma.

Lemma 6.13. Let P be a polytope, H∗ a closed half-space with bounding hyperplane H and
v a vertex of P with v ∈ H. If Γv(H) is the induced subgraph of the edge graph of P on the
vertices in

{w ∈ vertP : w ∈ H∗} \ {v}
then Γv(H) is connected.

Proof. If H ∩ intP 6= ∅ let H ′ be the supporting hyperplane in H∗ that is parallell to H. By
standard arguments every vertex in Γv(H) is either on H ′ or has a neighbor vertex in H∗

that is nearer to H ′. Thus Γv(H) is connected in this case.
If H ∩ intP = ∅ then H is a supporting hyperplane. If P ⊂ H∗ then Γv(H) is the edge

graph of P with one vertex removed. Since edge graphs of d-polytopes are d-connected Γv(H)
is connected (trivially also for d = 0, 1). If P ∩ H∗ = F is a face then the same argument
applied to F yields the result. �

Proposition 6.14. A Q-Gorenstein affine toric variety that is smooth in codimension 2 has
HomS(Ω1

S/S0
, H2

B(S))0 = 0.

Proof. An affine toric variety is Q-Gorenstein if and only if there is a primitive u0 ∈ M and
a positive integer g such that 〈u0, vi〉 = g for all generators vi of the rays of σ. This means
that if P is the convex hull of the vi in the hyperplane 〈u0,−〉 = g, then for all u ∈ M the
graph Γi(u) is a Γv(H) as in Lemma 6.13. �

Example 6.15. We compute T 1
X for a non-simplicial toric 3-dimensional Gorenstein isolated

singularity. Note that it follows from Theorem 6.10 and Proposition 6.14 that a toric d-
dimensional Q-Gorenstein isolated singularity is rigid if d ≥ 4. (For a complete description of
T 1 for all toric Q-Gorenstein singularities see [Alt95] and [Alt00].) From Theorem 6.10 and
Proposition 6.14 it follows that T 1

X ' Hom(Q,H3
B(S))0.

The cone σ has a special form as it comes from a plane lattice polygon P with smooth face
fan (and more than 3 vertices). If (α1, β1), ..., (αm, βm) are the vertices of such a P then the
primitive generators of the rays of σ are vi = (αi, βi, 1).

The fan Σ consists of all faces of σ except σ itself. Using the description of the prime
components in [CLS11, Proposition 5.1.6] one sees that B = B2 in the notation Section 6.2.
Thus we may use the methods there to show that H3

B(S)p ' H1(ΓI , k) where I = neg(p).
Now it is easy to see that H3

B(S)p 6= 0 if and only if all pi ≤ −1. Note that the Gorenstein
property can be seen through the one to one correspondence p 7→ −p − (1, . . . , 1) between
non-zero pieces of H3

B(S)0 and S0.
In our situation Cl(X) ' Zr so there is an exact sequence

0→ Z3 A′−→ Zm A−→ Zr → 0

where the rows of A′ are [αi, βi, 1] and A = (aij) gives the set of Euler derivations. Using
the presentation of Q in (6.1) we may describe the Zm graded pieces of Hom(Q,H3

B(S))0

as follows. It is convenient to use the above one-to-one correspondence so set q = −p −
(1, . . . , 1). If Hom(Q,H3

B(S))0,p 6= 0 then A · q = 0 and neg(q) = ∅. If this is satisfied then
Hom(Q,H3

B(S))0,p is isomorphic to the kernel of the submatrix Atq consisting of the rows Ati
of At where qi > 0.
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From the smoothness of P it follows that all the 3× 3 minors of A′ are non-zero. Thus A
has the special property:

(6.2) All r × r minors of A are non-zero.

Let k be the number of i with qi 6= 0. If k ≥ r then (6.2) implies that Atq has trivial kernel.
On the other hand if 1 ≤ k < r let q′ = (qi1 , . . . , qik) be the vector of non-zero components.
Since Aq = 0 we must have (Atq)

tq′ = 0, but this is impossible since by (6.2) the columns of

(Atq)
t are independent.

We conclude that the only non-zero Hom(Q,H3
B(S))0,p is when p = (−1, . . . ,−1) and that

dimT 1
X = dim Hom(Q,H3

B(S))0 = r = m− 3.

6.4. Rigidity results. The above together with Corollary 5.28 yield rigidity results for toric
singularities. First we reprove a theorem of Altmann in [Alt95].

Corollary 6.16. A Q-Gorenstein affine toric variety that is smooth in codimension 2 and
simplicial in codimension 3 is rigid.

Proof. This follows directly from Corollary 5.28 and Proposition 6.14. �

With the same type of arguments we can reprove Totaro’s generalization, [Tot12, Theorem
5.1] of theorems of Bien-Brion and de Fernex-Hacon.

Corollary 6.17. A toric Fano variety that is smooth in codimension 2 and simplicial in
codimension 3 is rigid.

Proof. Corollary 6.16 takes care of the local situation so what is left to prove is condition
(iv) in Corollary 5.28. This follows from H2

B(Σ)(S)Di = H1(X,OX(Di) = 0 since X is Fano.

Alternatively, the Fano condition implies that the fan Σ is the face fan of a polytope. Thus
the same arguments as above show that H2

B(Σ)(S)Di = 0. �
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