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Abstract In this paper we study the evolution of spatially
homogeneous and anisotropic Bianchi type-I Universe mod-
els with the cosmological constant, Λ, and filled with non-
linear viscous fluid. The dynamical equations for these mod-
els are obtained and solved for some special cases. We cal-
culate the statefinder parameters for the models and display
them in the s-r-plane.
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1 Introduction

Astronomical observations indicate that the Universe is un-
dergoing an accelerated expansion (see refs. Riess et al.
(1998), Perlmutter et al. (1999), Tegmark et al. (2004),
Abazajian et al. (2004), Spergel et al. (2003), Spergel
et al. (2007), Dunkley et al. (2009) and Bennett et al.
(2003)). Based on these observations we know that the Uni-
verse is nearly spatially flat. We also know that the Uni-
verse consists of about 73% dark energy, which is a fluid
with negative pressure, and is responsible for the accelera-
tion of the expansion of the Universe. This unknown dark
energy is physically equivalent to the Lorentz invariant vac-
uum energy (LIVE) and is almost equally distributed in the
universe.

The Universe has been successfully described by Ein-
stein’s general theory of relativity. Using this theory we
can find different models for the Universe. Friedmann-
Robertson-Walker (FRW) models describe spatially homo-
geneous and isotropic universes. But, the FRW models have
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higher symmetries than the real Universe, and therefore they
are probably poor approximations for the very early uni-
verse.

The measurements of the cosmic microwave background
(CMB) anisotropy (see refs. Spergel et al. (2003), Spergel
et al. (2007), Dunkley et al. (2009) and Bennett et al.
(2003)) support the existence of anisotropies at the early
universe. Therefore, in order to understand the early stage
of the evolution of the universe, spatially homogeneous and
anisotropic Bianchi type-I (BI) cosmological models are
studied.

Bianchi type-I universe models are the simplest models
of anisotropic universes that describe a homogeneous and
spatially flat space-time and if filled with perfect fluid with
the equation of state p = wρ, w < 1, eventually evolve into a
FRW universe (see Jacobs, K. C. (1968)). The isotropy of
the present-day universe makes the BI model a prime candi-
date for studying the possible effects of an anisotropy in the
early universe on modern-day data observations.

Bianchi type-I universe models with viscous fluid have
been studied by some cosmologists. The influence of viscos-
ity on Bianchi type-I models has been investigated by Belin-
skij, V. A. and Khalitnikov, I. M. (1975), and they found that
asymptotically for large times, such Bianchi type-I models
will approach an isotropic steady-state universe model with
a de Sitter space which expands exponentially. For asymp-
totically early times they found that there exists a Kasner
era in which the effects of matter, radiation and viscosity
are negligible. Other authors (see refs. Heller, M. (1978),
Woszczyna, A. (1980), Woszczyna, A. and Betkowski, W.
(1982)) have also concluded that anisotropic models have in
general a vacuum stage near an unavoidable initial singular-
ity in which the energy-momentum tensor has no influence
on the cosmic evolution. But, Grøn, Ø. (1990) has found
that in a Bianchi type-I universe model filled with viscous
Zel’dovich fluid, the bulk viscosity may remove the initial
singularity. He also concluded that the viscosity and also



2

LIVE (see Heller, M. (1978)), has an important role in
isotropizing the universe.

We will, in this paper, study the influence of viscosity
on the evolutions of homogeneous and anisotropic Bianchi
type-I cosmological models, filled with nonlinear viscous
fluid, both with and without a cosmological constant, Λ. In
the end we will apply the statefinder diagnostics to these
models to find which models are in agreement with the ob-
servational data.

The present work generalizes a recent analysis of viscous
isotropic FRW-universe models (see Mostafapoor, N. and
Grøn, Ø. (2011)) to anisotropic universe models.

2 Viscous Fluid Cosmology of Bianchi Type-I

The gravitational field in the spatially homogeneous and
anisotropic case is given by a Bianchi type I metric, and it
has the form

ds2 = dt2 − R2
i (dxi)2, (1)

where R1 = a(t), R2 = b(t), R3 = c(t) are the directional
scale factors. The energy momentum tensor of a linear vis-
cous field has the form

T µ
ν = (ρ + peff) uµuν − δ

µ
ν peff

+ ηgµβ
[
uν;β + uβ;ν − uνuαuβ;α − uβuαuν;α

]
, (2)

where

peff = p −
(
ξ −

2
3
η

)
uν;ν, (3)

is the effective pressure, p pressure and ρ is the energy den-
sity. The coefficients of bulk and shear viscosity which are
denoted by ξ and η, respectively, are both positively definite,
i.e., ξ > 0, η > 0. In a comoving reference frame with di-
agonal metric tensor, the non-vanishing components of the
energy-momentum tensor of a linear viscous fluid are

T 0
L0 = ρL, (4)

T i
Li = −peff + 2ηHi, (5)

where Hi are the directional Hubble parameters. In the
same frame the non-vanishing components of the energy-
momentum tensor of nonlinear viscous fluid are

T 0
N0 = ρN , (6)

T i
Ni = −pN + αθ2 + βθHi + λ(Hi)2. (7)

Here, α, β and λ are constants and Novello, M. and d’Olival,
J. B. S. (1980) assume that they satisfy the following con-
straints relation which will be adopted here too,

(3α + β)9H2 + λ

3∑
i=1

H2
i = 0. (8)

We will in this paper consider an energy momentum tensor
that is given by

T = TL + TN , (9)

where TL and TN are the energy momentum tensors of fluids
with linear and nonlinear viscosity, respectively. In this case,
in the same comoving reference frame with diagonal metric
tensor, the non-vanishing components of (9), are

T 0
0 = ρ, (10)

T i
i = − p + 2ηHi + (3ξ − 2η)H + 9αH2 + 3βHHi

+ λ(Hi)2, (11)

where

ρ = ρL + ρN ,

p = pL + pN .

The pressure p is connected to the energy density by means
of an equation of state describing a perfect fluid, given by

p = wρ. (12)

We will now give the definitions of some physical param-
eters. The volume expansion is

θ ≡ uµ;µ = 3H, (13)

where we have introduced a generalized Hubble parameter
H, in analogy with Hubble parameter in a FRW universe, as

3H ≡
τ̇

τ
(14)

=

(
ȧ
a

+
ḃ
b

+
ċ
c

)
(15)

= H1 + H2 + H3, (16)

where τ is the volume scale factor of the BI space-time, and
is defined as

τ ≡ abc. (17)

Letting ∆Hi = Hi − H the definition of the anisotropy pa-
rameter, A, ca be written as (see Grøn, Ø. (1985))

A =
1
3

3∑
i=1

(
∆Hi

H

)2

=
1
9

∑
i< j

(
Hi − H j

H

)2

, (18)
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This parameter tells how anisotropic the space is, and A =

0 represents an isotropic space. The shear scalar σ is defined
by

σ2 ≡
1
2
σµνσµν, (19)

where

σµν =
1
2

[
uµ;α

(
δαν − uαuν

)
+ uν;α

(
δαν − uαuν

)]
−

1
3
θ
(
gµν − uµuν

)
. (20)

This gives

2σ2 =

3∑
i=1

H2
i − 3H2 (21)

=
1
3

Aθ2 (22)

=
ȧ2

a2 +
ḃ2

b2 +
ċ2

c2 −
1
3
θ2. (23)

From equations (8) and (18) follow that

3(3α + β) + λ(1 + A) = 0. (24)

If α, β, λ are constant this relationship requires that A is
constant, which is not the case in general for Bianchi type I
universe models with viscous fluids. Hence from now on we
will assume that λ = 0, and thus also that β = −3α. Hence
if α > 0 it follows that β < 0.

2.1 Field equations and their solutions

The Einstein’s field equation with the cosmological con-
stant, Λ, are given by

Rµ
ν −

1
2
δ
µ
νR = T µ

ν + δ
µ
νΛ, (25)

where we have set κ = 8πG = 1. With β = −3α and λ = 0,
the field equations take the form

b̈
b

+
c̈
c

+
ḃ
b

ċ
c

= − p + 3ξH + 2η∆H1 − 9αH∆H1 + Λ, (26)

ä
a

+
c̈
c

+
ȧ
a

ċ
c

= − p + 3ξH + 2η∆H2 − 9αH∆H2 + Λ, (27)

ä
a

+
b̈
b

+
ȧ
a

ḃ
b

= − p + 3ξH + 2η∆H3 − 9αH∆H3 + Λ, (28)

ȧ
a

ḃ
b

+
ḃ
b

ċ
c

+
ċ
c

ȧ
a

= ρ + Λ. (29)

Using the definition of the anisotropy parameter, A, in
equation (18), we can write equation (29) as

ρ =

(
1 −

A
2

)
3H2 − Λ. (30)

Expressing this equation by the volume expansion, i.e. θ =

3H, and the shear scalar σ, equation (19), we obtain

ρ =
1
3
θ2 − σ2 − Λ. (31)

Solving equations (26)-(28), we find the expressions for the
metric functions. By subtracting (26) from (27), (26) from
(28) and (27) from (28), one finds

ä
a
−

b̈
b

+
ċ
c

[
ȧ
a
−

ḃ
b

]
=

[
−2η + 9αH

] [ ȧ
a
−

ḃ
b

]
, (32)

ä
a
−

c̈
c

+
ḃ
b

[ ȧ
a
−

ċ
c

]
=

[
−2η + 9αH

] [ ȧ
a
−

ċ
c

]
, (33)

b̈
b
−

c̈
c

+
ȧ
a

[
ḃ
b
−

ċ
c

]
=

[
−2η + 9αH

] [ ḃ
b
−

ċ
c

]
. (34)

We divide (32) by
[

ȧ
a −

ḃ
b

]
, (33) by

[
ȧ
a −

ċ
c

]
and (34) by[

ḃ
b −

ċ
c

]
, and we obtain

äb − b̈a
aḃ − ȧb

= −2η + 9αH −
ċ
c
, (35)

äc − c̈a
aċ − ȧc

= −2η + 9αH −
ḃ
b
, (36)

b̈c − c̈b
bċ − ḃc

= −2η + 9αH −
ȧ
a
. (37)

Integrating equations (35)-(37), we get the following rela-
tions between H1 and H2, H2 and H3, and H1 and H3

ȧ
a
−

ḃ
b

= X1τ
3α−1exp (−Φ) , (38)

ḃ
b
−

ċ
c

= X2τ
3α−1exp (−Φ) , (39)

ȧ
a
−

ċ
c

= X3τ
3α−1exp (−Φ) . (40)

Here X1, X2, X3 are integration constants, which satisfy

X1 + X2 − X3 = 0,

and we have defined

Φ ≡ 2
∫

ηdt.

We have here used

˙(lnτ) = 3H, ⇒ τ = e3
∫ t

0 Hdt, (41)
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where we have assumed that τ(0) = 0. Integrating equations
(38)-(40), we find

a
b

= D1exp
[
X1

∫
τ3α−1e−Φdt

]
, (42)

b
c

= D2exp
[
X2

∫
τ3α−1e−Φdt

]
, (43)

a
c

= D3exp
[
X3

∫
τ3α−1e−Φdt

]
, (44)

where D1, D2, D3 are integration constants. From the equa-
tions (42)-(44) we can write the metric functions as

a(t) = A1τ
1/3exp

[∫
τ3α−1e−Φ

(X1

3
+

X3

3

)
dt

]
, (45)

b(t) = A2τ
1/3exp

[∫
τ3α−1e−Φ

(X2

3
−

X1

3

)
dt

]
, (46)

c(t) = A3τ
1/3exp

[
−

∫
τ3α−1e−Φ

(X3

3
+

X2

3

)
dt

]
, (47)

where

A1 =
3
√

(D1D3), A2 =
3
√

(D2/D1), A3 =
3
√

1/(D2D3).

We will now go back to equations (38)-(40) and rewrite
them in compact form as

Hi − H j = Xkτ
3α−1e−Φ. (48)

Using equation (8) and adding Einstein equations (26),
(27) and (28), we obtain the Raychaudhury equation

Ḣ = −3H2 +
1
2

(1 − w)ρ +
3
2
ξH + Λ, (49)

where we have used the equation of state

p = wρ.

The deSitter spacetime has ρ=ξ=Ḣ=0 and H =

√
Λ
3 with

Λ > 0.

2.2 Energy Conservation Equation

In a comoving reference frame with diagonal metric tensor
the equation of energy conservation T ν

0;ν = 0 may be written
as

Ṫ 0
0 +

˙(
ln
√
−g

)
T 0

0 −
1
2

˙gααTαα = 0. (50)

Inserting the components of the energy momentum tensor in
equation (11), we obtain

ρ̇ + 3H(ρ + p) =3(3ξ − 2η)H2 + 2η
3∑

i=1

H2
i + 27αH3

− 9αH
3∑

i=1

H2
i . (51)

Using the definition of the anisotropy parameter, we can
rewrite this equation as

ρ̇ + 3H(ρ + p) =3(3ξ + 2ηA)H2 − 27αAH3. (52)

From this equation we can see that at the early stage of the
cosmic expansion, when the Hubble parameter has a large
value, viscosity has an important role in energy production.
If p = −ρ then ρ̇ > 0.

2.3 Statefinder Formalism for Bianchi Type-I Universe
Models with Nonlinear Viscous Fluid

The statefinder parameter pair {s, r}, was introduced by
Sahni et al. (2003) and Alam et al. (2003), and for a
flat FRW universe they are defined as

r ≡
...
a

aH3 , (53)

s ≡
r − 1

3(q − 1/2)
. (54)

The statefinder diagnostic has a geometrical character,
because it is constructed from the space-time metric directly,
which is more universal than "physical" variables, which are
model-dependent. Introducing the statefinder parameters is
a natural next step beyond the Hubble parameter H depend-
ing on ȧ and the deceleration parameter q depending on ä.
For a FRW-universe the definition of the deceleration pa-
rameter is

q = −
ä

aH2 . (55)

Expressing the deceleration parameter and the statefinder
parameters in terms of the Hubble parameter and its deriva-
tives with respect to cosmic time, we obtain (see reference
Evans et al. (2005))

q = −1 −
Ḣ
H2 , (56)

r = 1 + 3
Ḣ
H2 +

Ḧ
H3 , (57)

s = −
2

3H
3HḢ + Ḧ
3H2 + 2Ḣ

. (58)

The corresponding parameters for a Bianchi type I uni-
verse are defined by equations (56)-(58), where the general-
ized Hubble parameter H is defined in equation (13). In or-
der to calculate these parameters we first differentiate equa-
tion (49), and obtain

Ḧ = −6HḢ +
1
2

(ρ̇ − ṗ) +
3
2

(
ξ̇H + ξḢ

)
. (59)

We find the general expressions for the deceleration param-
eter and statefinder parameters for Bianchi type-I universe



5

models with nonlinear viscous fluid by inserting equation
(49) and equation (59) in equations (56)-(57), and obtain

q = 2 −
3
2
ξ

H
−

1
2

(1 − w)ρ
H2 −

Λ

H2 , (60)

r =10 − 9
ξ

H
+

1
2

(ρ̇ − ṗ)
1

H3 +
3
2

(ρ − p)(
1
2
ξ − H)

1
H3

+
3
2
ξ̇ − 3

2ξ
2

H2 +
Λ

H2

(
1 −

3
2
ξ

H

)
, (61)

From these expressions, we can see that if we know the
equation of state, the deceleration parameter and statefinder
parameter are related to the quantities H, ρ, ξ, ξ̇ and Λ.

Using equation (60) and defining the density parameters
of the dark matter and dark energy represented by the cos-
mological constant, Λ, with present values, as

Ωm0 =
ρm0

3H2
0

, ΩΛ0 =
Λ

3H2
0

, (62)

and introducing a dimensionless viscosity parameter, Ωξ,
with present value

Ωξ0 =
3ξ
H0

, (63)

we obtain

q = 2 −
3
2

(1 − w)Ωm −
1
2

Ωξ − 3ΩΛ. (64)

In terms of anisotropic parameter this expression takes the
form

2q = 4 − 3(1 − w)(1 −
A
2

) − 3(1 + w)ΩΛ −Ωξ. (65)

We rewrite this equation to obtain

Ωξ = 4 − 3(1 − w)(1 −
A
2

) − 3(1 + w)ΩΛ − 2q. (66)

Equation (66) generalizes our previous work on viscous
isotropic FRW-universe models (see Mostafapoor, N. and
Grøn, Ø. (2011)) to anisotropic universe models. From this
equation we see that by measuring the deceleration param-
eter and the content of the dark energy, ΩΛ, in the universe
we may obtain information about the amount of viscosity in
the cosmic fluid as was shown by Pavon, D. and Zimdahl,
W. (1993). Assuming that the universe is isotropic at the
present time and w = 0 for pressure-less matter, we get

Ωξ0 = Ωm0 − 2ΩΛ0 − 2q0. (67)

If there is no mechanism producing viscosity, Ωξ0 = 0
and q0 = (1/2)(Ωm0 − 2ΩΛ0). As it was mentioned in
Mostafapoor, N. and Grøn, Ø. (2011) at the present time we

have very accurate measurements of Ωm0 and ΩΛ0, but there
is a relatively great uncertainty in the kinematical measure-
ments of the time variation of the Hubble parameter, i.e., of
q0. So at the present time we have no accurate information
from such measurements about the importance of cosmic
viscosity. Zimdahl, W. et al. (2001) have shown, however,
that cosmic particle production can produce an effective bulk
viscosity which may be of significance for the explanation
of the accelerated expansion of the universe.

3 Anisotropy parameter

Differentiating equation (30), we obtain

ρ̇ = −
3
2

H2Ȧ + (1 −
A
2

)6HḢ. (68)

Inserting equations (49) and (52) in equation (68), we obtain

d
dt

(ln(A)) =

[
1
2

(w − 1)(2 − A) + 6α
]

3H

− 4η − 3ξ −
(1 + w)Λ

H
. (69)

4 General solutions for Bianchi Type I Universe Models
with Nonlinear Viscosity

Inserting equation (48) into equation (18) we obtain

A = C
τ2(3α−1)e−2Φ

9H2 , (70)

where C ≡ X2
1 + X2

2 + X2
3 . In order to be able to take the limit

of a linear viscous fluid we shall assume that α < 1/3. With
the expression (70) for the anisotropy parameter equation
(30) takes the form

ρ = 3H2 −
C
6
τ2(3α−1)e−2Φ − Λ. (71)

From equations (70) and (71) we see that the shear viscosity
contributes to not only the isotropization but also the energy
production of the universe.

5 Solutions for a Bianchi Type I Universe filled with
Zel’dovich Fluid in the Presence of a Cosmological
Constant

For a Zel’dovich fluid with w = 1 equation (69) reduces to

d
dt

(ln(A)) = 18αH − 4η − 3ξ − 2
Λ

H
. (72)
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Assuming Λ = 0 and that β, η and ξ are constants, we can
integrate equation (72) from the point of time t = 0 of the
Big Bang to an arbitrary time t, obtaining

A(t) = A0τ
6αe−(4η+3ξ)t. (73)

We see that the shear and bulk viscosities contribute to
isotropization of the universe. With Λ = 0 and no viscosity
Grøn, Ø. (1985) has shown that the anisotropy parameter
has constant value A = 2. We therefore choose A0 = 2.

Differentiating equation (70) and then inserting it in
equation (72), gives

Ḣ = −3H2 +
3
2
ξH + Λ. (74)

Assuming that the bulk viscosity is constant, we can solve
this equation for a Zel’dovich fluid, and we get the following
expression for the Hubble parameter

H(t) =
ξ

4
+ Ĥ coth

[
3Ĥt

]
, (75)

where

Ĥ2 ≡

(
ξ

4

)2

+ H2
Λ and H2

Λ ≡
Λ

3
.

The volume scale factor of the BI space-time, normalized to
unity at the present time, t0, now takes the form

τ(t) = e
3ξ
4 (t−t0)

sinh
[
3Ĥt

]
sinh

[
3Ĥt0

] . (76)

Now that we know the expressions for the H and τ, us-
ing equations (70) and (71) we can obtain expressions for
the anisotropy parameter and the energy density of the
Zel’dovich fluid. In the case of a linear viscous fluid the
anisotropy parameter is

A = 2e−(4η+3ξ)t. (77)

In figure 1 and figure 2 we have plotted the Hubble pa-
rameter, the energy density, the volume scale factor and the
anisotropy parameter as functions of time for some appropri-
ate values of Λ, ξ, β and η. These figures show that both the
Hubble parameter and the energy density are infinitely large
at the beginning of the cosmic evolution. As t increases the
Hubble parameter and the energy density will decrease and
will, eventually, approach finite values. The volume scale
factor is zero at t = 0, and as t increases it will also in-
crease. For β = 0 the anisotropy parameter has the value 2
at t = 0, and, as t increases it will tend to zero as t → ∞. The
bigger the values of shear and bulk viscosities are the faster
the anisotropy parameter goes to zero. This means that the
shear and bulk viscosities contribute to isotropization of the
Universe.

From the evolution of the energy density we see that if
the values of ξ and η increase, the energy density will also
increase. Therefore, it follows that the presence of nonlin-
ear fluid and the shear and the bulk viscosities contribute to
energy production of the universe.

The evolution of the deceleration parameter and the r-s-
plane for this solution are displayed in figure 3 and figure
4. From these figures we see that the statefinder parameters
will approach {s, r} = {0, 1} as t → t0, which is the values for
the ΛCDM universe model. It means that these models will
eventually become more like the ΛCDM universe model as
t → t0.

6 Solutions for the Bianchi Type I Universe in the Limit
A → 0

Now, inserting equation (30) into equation (49), we obtain

Ḣ =

[
1
2

(1 − w)(1 −
A
2

) − 1
]

3H2 +
3
2
ξH +

(1 + w)Λ
2

. (78)

Assuming that A→ 0 at late times, equation (78) reduces to

Ḣ = −
3
2

(1 + w)H2 +
3
2
ξH +

(1 + w)Λ
2

. (79)

In the limit A→ 0 equation (69) reduces to

(1 + w)Λ =
[
(6α + w − 1)3H − 4η − 3ξ

]
H. (80)

Inserting this into equation (79) we obtain

Ḣ = 3(3α − 1)H2 − 2ηH. (81)

Integrating equation (81) we get

H(t) =
H0[

1 + 3
2

1−3α
η

H0

]
e2η(t−t0) − 3

2
1−3α
η

H0

. (82)

where H0 = H(t0). A new integration with the average scale
factor a = τ1/3, normalized to unity at the present time, t0,
and assuming that a(0) = 0, leads to

e2ηt0 = 1 +
2η

3(1 − 3α)H0
. (83)

and

a(t) =

[
1 − e−2ηt

1 − e−2ηt0

] 1
3(1−3α)

. (84)

The Hubble parameter in this case takes the form

H(t) =
e2ηt0 − 1
e2ηt − 1

H0. (85)
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Fig. 1 The Hubble parameter, the volume scale factor and the
anisotropy parameter as functions of time for Bianchi type 1 model
plotted in Fig.1(a), 1(b) and 1(c), respectively. Here w = 1 and
Λ = 1.0 in all cases, and A1: β = 0.1, ξ = 1.0, η = 1.0, A2: β = 0.0,
ξ = 1.0, η = 1.0 and A3: β = 0.0, ξ = 2.0, η = 2.0.

In the limit t → ∞, we see from equation (84) that a(t)
approaches

amax =
[
1 − e−2ηt0

] 1
3(3α−1) . (86)
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Fig. 2 The energy density as a function of time. Here w = 1,
Λ = 1.0 and β = 0.0.
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Fig. 3 The deceleration parameter as a function of time.

In figures 5, 6 and 7 we have plotted the Hubble parameter,
the energy density and the average scale factor as functions
of time for different values of α and η, respectively. From
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(a) The r-s-plane. Here w = 1, β = 0, ξ = 1 and η = 1.
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(b) The r-s-plane. Here w = 1, β = 0 and Λ = 1.

Fig. 4 The r − s-plane. The point {0, 1} corresponds to {s, r} for
the ΛCDM model with no viscosity.

these figures we see that both the Hubble parameter and the
energy density tend to zero as t → ∞. The volume of the
universe will increase as t → t0, but, as t → ∞ it will ap-
proach a finite value. From these results we can conclude
that as t → ∞ this universe will be empty and it will stop
expanding.

7 Solutions for the case with variable shear viscosity

Inserting equation (71) into (49), we obtain

Ḣ = −
3
2

(1+w)H2+
3
2
ξH−

C
12

(1−w)τ2(3α−1)e−2Φ+
1
2

(1+w)Λ.

(87)

We will first consider the case with shear viscosity being
proportional to the Hubble parameter, given by

η = −
3
2

(1 − 3α)H. (88)
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(a) H(t). Here η = 1.
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(b) H(t). Here α = 0.3.

Fig. 5 The Hubble parameter as a function of time.

In order to solve Raychaudhury equation we have to specify
the form of the bulk viscosity, ξ. Some authors (see Ren
and Meng (2006) and Hu, M. G. and Meng, X. H. (2006))
have proposed a possible form of bulk viscosity as

ξ = ξ0 + ξ1
τ̇

τ
+ ξ2

τ̈

τ
. (89)

Using that

3Ḣ =
d
dt

(
τ̇

τ

)
=
τ̈

τ
− 9H2,

the bulk viscosity in equation (89) takes the form

ξ = ξ0 + 3ξ1H + 3ξ2(Ḣ + 3H2). (90)

Inserting equations (88) and (90) into equation (87), we ob-
tain

Ḣ =
3aH3 + bH2 + cH + d

1 − aH
, (91)
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Fig. 6 The average scale factor as a function of time.

where we have defined

a ≡
9
2
ξ2, b ≡

3
2

[
3ξ1 − (1 + w)

]
,

c ≡
3
2
ξ0 and d ≡

1
2

(1 + w)Λ −
C
12

(1 − w). (92)

In what follows we will solve equation (91) for some special
cases of bulk viscosity.

7.1 The case: ξ0 , 0, ξ1 , 0 and ξ2=0.

In this case equation (91) reduces to

Ḣ =
3
2

[
3ξ1 − (1 + w)

]
H2 +

3
2
ξ0H −

C
12

(1−w) +
1
2

(1 + w)Λ,

(93)

Integration with τ(0) = 0, τ(t0) = 1, gives

H(t) =
ξ0

2
[
(1 + w) − 3ξ1

] + Ĥ coth
[
3
2

Ĥ
[
(1 + w) − 3ξ1

]
t
]
.
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(a) ρ(t). Here η = 1.
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(b) ρ(t). Here α = 0.3.

Fig. 7 The energy density as a function of time.

(94)

where

Ĥ2 ≡

(
ξ0

2
[
(1 + w) − 3ξ1

] )2

+

(1+w)
3 Λ − C

18 (1 − w)
(1 + w) − 3ξ1

.

The volume scale factor take then the form

τ(t) = e
3ξ0(t−t0)

2[(1+w)−3ξ1]

 sinh
[

3
2 Ĥ

[
(1 + w) − 3ξ1

]
t
]

sinh
[

3
2 Ĥ

[
(1 + w) − 3ξ1

]
t0
] 

2
(1+w)−3ξ1

, (95)

where

t0 =
2

3Ĥ
[
(1 + w) − 3ξ1

]arcoth

H0 −
ξ0

2[(1+w)−3ξ1]
Ĥ

 . (96)

In this case equations (70) and (71) reduce to

A =
C

9H2 , (97)
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and

ρ = ρ0 + 3(H2 − H2
0), (98)

where ρ0 = ρ(t0) is the energy density at the present time. If
we assume that the bulk viscosity is constant, i.e. ξ = ξ0, we
see that for a Zel’dovich fluid with w = 1 equations (94) and
(95) are identical to equations (75) and (76), respectively.

7.1.1 The case for dust, i.e. w = 0.

In this case equations (94) and (95) reduce to

H(t) =
ξ0

2(1 − 3ξ1)
+ Ĥ coth

[
3
2

Ĥ(1 − 3ξ1)t
]
, (99)

and

τ(t) = Te
3ξ0(t−t0)
2(1−3ξ1) sinh

2
1−3ξ1

[
3
2

Ĥ(1 − 3ξ1)t
]
, (100)

where

T ≡

H2
0(1 − 3ξ1) − H2

0ΩΛ − H0ξ0 + C
18

ξ2
0

4(1−3ξ1) + H2
0ΩΛ −

C
18


1

1−3ξ1

. (101)

This expression generalizes the scale factor of the viscous
isotropic FRW-universe model (see Mostafapoor, N. and
Grøn, Ø. (2011)) to the volume scale factor of an anisotropic
universe model. In the limit that the bulk viscosity goes to
zero, we obtain

τ(t) =

[
1 −ΩΛ0

ΩΛ0

]
sinh2

(
3
2

√
ΩΛ0H0t

)
. (102)

In the case of an isotropic universe this equation reduces to,
see Grøn, Ø. (2002),

a(t) = τ(t)1/3 =

(
Ωm0

ΩΛ0

) 1
3

sinh
2
3

(
3
2

√
ΩΛ0H0t

)
, (103)

which is the expression for the scale factor for the ΛCDM
model with no viscosity. Here H0, Ωm0 and ΩΛ0 are the
values of the Hubble parameter, the density parameter of the
dark matter and the density parameter of the dark energy at
the present time, t0, respectively.

The equation (96) for the age of the Universe in the pres-
ence of bulk viscosity reduces to

t0 =
2

3Ĥ(1 − 3ξ1)
arcoth

H0 −
ξ0

2(1−3ξ1)

Ĥ

 . (104)

The age of the universe as a function of ξ0 and ξ1 is dis-
played in figure 10 with the value of H0 determined from
the condition that t0 = 13.7 × 109 years for ξ = 0. From this

figure we see that when the viscosity increases, the age of
the universe will also increase.

In figures 8 and 9 we have plotted the Hubble parameter,
the scale factor, the energy density and the anisotropy pa-
rameter for some different values of bulk viscosity, i.e. ξ0

and ξ1. From this figures we see that in this model the uni-
verse starts with a Big Bang at t = 0 with zero anisotropy. As
t increases the volume of this universe increases, but the en-
ergy density decreases. The energy density decreases faster
for smaller values of bulk viscosity, which means that the
bulk viscosity plays an important role in the energy pro-
duction of the universe. The anisotropy parameter increases
with time, but it will approach a finite value. The bigger the
value of the bulk viscosity is the smaller is the anisotropy
parameter. This means that bulk viscosity also contributes
to isotropization of universe.

8 Results and Conclusion

In this paper we have studied the Bianchi type-I uni-
verse models with nonlinear viscous fluid and applied the
statefinder formalism to these models. We have by using a
special relation between the bulk viscosity and the Hubble
parameter and its derivatives and by assuming that the shear
viscosity is proportional to the Hubble parameter given an-
alytical solutions to the Raychaudhury and the continuity
equation. The analytical solutions are given for Zel’dovich
fluid with w = 1 and for pressure-less matter with w = 0.
We have also shown that when the viscosity is set to zero we
recover the standard ΛCDM model.

What we have found for these models is that the pres-
ence of bulk viscosity and the nonlinear viscous fluid will
increase the energy density of matter. The evolution of
the Hubble parameter, the volume scale factor and the
anisotropy parameter will also depend on the bulk viscosity.
If we increase the value of the bulk viscosity the anisotropy
parameter will decrease.

From the results of this paper we can conclude that the
Bianchi type-I universe models with nonlinear viscous fluid
differ from the Bianchi type-I models with linear viscous
fluid. This is because the nonlinear viscous fluid will in-
crease the energy density of matter. From the plots of the
r-s-plane we can also conclude that by use of statefinder pa-
rameter diagnostic method we can differentiate the Bianchi
type-I universe models with nonlinear viscous fluid from
other models.
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Fig. 8 The Hubble parameter, the scale factor, the energy density
and the anisotropy parameter as functions of time. Here ΩΛ0 = 0.7,
ξ0 = 0.5 and C = H0 = t0 = 1 for simplicity.
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Fig. 9 The Hubble parameter, the scale factor, the energy density
and the anisotropy parameter as functions of time. Here ΩΛ0 = 0.7,
ξ1 = 0.2 and C = H0 = t0 = 1 for simplicity.
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Fig. 11 The r-s-plane. The point {0, 1} corresponds to {s, r} for the
ΛCDM model with no viscosity.
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