
Astrophys Space Sci (2011) 333: 357–368
DOI 10.1007/s10509-011-0690-1

L E T T E R

Viscous �CDM universe models

Nouraddin Mostafapoor · Øyvind Grøn

Received: 22 November 2010 / Accepted: 7 March 2011 / Published online: 30 March 2011
© The Author(s) 2011. This article is published with open access at Springerlink.com

Abstract We explore flat �CDM models with bulk viscos-
ity, and study the role of the bulk viscosity in the evolution
of these universe models. The dynamical equations for these
models are obtained and solved for some cases of bulk vis-
cosity. We obtain differential equations for the Hubble pa-
rameter H and the energy density of dark matter ρm, for
which we give analytical solutions for some cases and for
the general case we give a numerical solution. Also we cal-
culate the statefinder parameters for these models and dis-
play them in the s–r-plane.

Keywords The flat �CDM model · Bulk viscosity · Scale
factor · Hubble parameter · Energy density · Deceleration
parameter · Statefinder parameters

1 Introduction

A host of observations show that our Universe is currently
undergoing an accelerating expansion. This has been con-
firmed by astronomical observations, such as observations
of type Ia supernovae (SNIa) (see Riess et al. 1998 and
Perlmutter et al. 1999), observations of large scale struc-
ture (LSS) (see Tegmark et al. 2004 and Abazajian et al.
2004) and measurements of the cosmic microwave back-
ground (CMB) anisotropy (see Spergel et al. 2003, 2007;
Dunkley et al. 2009 and Bennett et al. 2003). Based on these
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observations, cosmologists, have accepted the idea of dark
energy, which is a fluid with negative pressure making up
around 70% of the present universe energy content, to be
responsible for this acceleration due to repulsive gravita-
tion. There are many theoretical models of dark energy, but
the Lorentz invariant vacuum energy (LIVE) which can be
represented by a cosmological constant �, with a constant
equation of state parameter w = −1, is still the preferred
model. The so-called �CDM model, which in a flat universe
model contain both LIVE and cold dark matter (CDM), i.e.
dust, is the simplest cosmological model that is in agreement
with the observational data and can explain the accelerated
expansion of the Universe.

In hydrodynamics (see White 2005 and Kundu and Co-
hen 2010), viscosity is defined as a measure of the resis-
tance to flow of a fluid, and is related to the velocity gra-
dient. There are two types of viscosity, namely, shear and
bulk viscosity. The shear viscosity characterizes a change
in shape of a fixed volume of the fluid, whereas the bulk
viscosity characterizes a change in volume of the fluid of a
fixed shape. In particular, the bulk viscosity being therefore
relevant only for compressible liquids. The shear viscosity
represents the ability of particles to transport momentum. It
is usual to use shear viscosity in connection with spacetime
anisotropy, while isotropic cosmological models can have
bulk viscosity.

Many cosmological models have perfect fluid behaviour
because it is most simple to deal with this type of behaviour,
and these models seem to be in good agreement with cos-
mological observations (see Riess et al. 1998 and Spergel et
al. 2003). But, on a more physical and realistic basis we can
replace the energy-momentum tensor for the simplest per-
fect fluid by introducing cosmic viscosity. This modifies the
equation of state of the cosmic fluid. A review of universe
models with viscosity is given by Grøn (1990).
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2 Statefinder parameters

The statefinder parameter pair {s, r}, was introduced by
Sahni et al. (2003) and Alam et al. (2003), and for a flat
universe they are defined as

r ≡
...
a

aH 3
, (1)

s ≡ r − 1

3(q − 1/2)
. (2)

The statefinder diagnostic has a geometrical character,
because it is constructed from the space-time metric directly,
which is more universal than “physical” variables, which are
model-dependent. Introducing the statefinder parameters is
a natural next step beyond the Hubble parameter H depend-
ing on ȧ and the deceleration parameter q depending on ä.
The definition of the deceleration parameter is

q = − ä

aH 2
. (3)

Expressing the deceleration parameter and the statefinder
parameters in terms of the Hubble parameter and its deri-
vates with respect to cosmic time, we obtain (see reference
Evans et al. 2005)

q = −1 − Ḣ

H 2
, (4)

r = 1 + 3
Ḣ

H 2
+ Ḧ

H 3
, (5)

s = − 2

3H

3HḢ + Ḧ

3H 2 + 2Ḣ
. (6)

3 Viscous fluid

The first theory of relativistic viscous fluid was presented
by Eckart (1940). As noted by Singh et al. (2002) Eckart’s
theory deals with first order deviation from equilibrium,
while neglected second order terms are necessary to prevent
non-causal behavior. Israel and Stewart (1976) and Pavon
et al. (1982) have developed a second order theory. Grøn
(1990) and Maartens (1995) have presented exhaustive re-
views of research on cosmological models with non-causal
and causal theories of viscous fluids, respectively. In partic-
ular Grøn gave a detailed discussion of Murphy’s class of
viscous cosmological models, Murphy (1973). Bulk viscos-
ity driven cosmic expansion with the Israel-Stewart theory
have been investigated by Zimdahl (1996), Mak and Harko
(1998), Paul et al. (1998) and Arbab and Beesham (2000).
As noted by Lepe et al. (2008), although Eckart’s theory
presents some causality problems, it is the simplest alterna-
tive and has been widely considered in cosmology, as docu-
mented in Grøn’s review. In the present work we shall extend
some recent works based on the Eckart theory.

The energy momentum tensor with bulk viscosity is
given by

Tμν = (ρ + p − ξθ)uμuν + (p − ξθ)gμν, (7)

where ξ is bulk viscosity, and θ is the expansion scalar, de-
fined as θ ≡ 3H . In order to discuss the dark energy proper-
ties, some authors (Ren and Meng 2006 and Hu and Meng
2006) have proposed a possible form of bulk viscosity as

ξ = ξ0 + ξ1
ȧ

a
+ ξ2

ä

a
, (8)

where ξ0, ξ1 and ξ2 are constants.
The motivation for considering this bulk viscosity is that

according to fluid mechanics the transport viscosity phe-
nomenon is related to velocity and acceleration. Since the
exact form of the viscosity is not known, we study cos-
mological consequences of a parameterized bulk viscosity
which is a linear combination of three terms: a constant and
two terms proportional to the ‘velocity’, ȧ, and the ‘acceler-
ation’, ä, respectively. Hence, in this paper we will investi-
gate the �CDM universe models with bulk viscosity given
by (8).

4 Viscous �CDM models

The �CDM model consists of two components, the non-
relativistic matter component, with subscript m, and the dark
energy component which is assumed to be a Lorentz in-
variant vacuum energy, LIVE, given as the cosmological
constant, �. The equation of state of the dark energy and
the matter is given respectively by p� = −ρ� and pm = 0.
Thus, the total pressure and density are given by

p = pm + p� = −ρ�, (9)

ρ = ρm + ρ�. (10)

Writing out the Einstein equations

Rμν − 1

2
Rgμν = κTμν, (11)

for the Friedmann-Robertson-Walker metric of a flat uni-
verse

ds2 = −dt2 + a(t)2
[
dx2 + dy2 + dz2

]
, (12)

and using (7), we obtain

ȧ2

a2
= κ

3
ρ, (13)

ä

a
= −κ

6
(ρ + 3p − 9ξH) . (14)
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In analogy to the density parameters of the dark matter and
LIVE with present values

�m0 = κρm0

3H 2
0

, ��0 = κρ�0

3H 2
0

, (15)

we introduce a dimensionless viscosity parameter, �ξ , with
present value

�ξ0 = 3κξ

H0
. (16)

From (13) and (14) then follow

�ξ0 = �m0 − 2��0 − 2q0. (17)

This parameter is a measure of the importance of viscos-
ity compared to the densities of matter and energy. If there
is no mechanism producing viscosity, �ξ0 = 0 and q0 =
(1/2)(�m0 − 2��0). Hence one may obtain information of
the importance of viscosity in the cosmic fluid from mea-
surements of �m0, ��0 and q0 as was shown by Pavon
and Zimdahl (1993) and Zimdahl and Pavon (1994). At the
present time we have very accurate measurements of �m0

and ��0, but there is a relatively great uncertainty in the
kinematical measurements of the time variation of the Hub-
ble parameter, i.e. of q0. So at the present time we have
no accurate information from such measurements about the
importance of cosmic viscosity. Zimdahl et al. (2001) have
shown, however, that cosmic particle production can pro-
duce an effective bulk viscosity which may be of signifi-
cance for the explanation of the accelerated expansion of
the universe.

The continuity equation takes the form

ρ̇ = −3H(ρ + p − 3ξH). (18)

Inserting (8) in the continuity equation we obtain

ρ̇ = −3H

[
ρ + p − 3

(
ξ0 + ξ1

ȧ

a
+ ξ2

ä

a

)
H

]
. (19)

Using (13) and (14), we find the following differential equa-
tion for the Hubble parameter (the Raychaudhuri equation)

Ḣ

(
1 − 3

2
κξ2H

)

= 3

2
(κξ1 − 1)H 2 + 3

2
κξ2H

3 + 3

2
κξ0H + κρ�

2
. (20)

In what follows we study �CDM models with different
cases of bulk viscosity.

4.1 Case 1: ξ0 �= 0 and ξ1 = ξ2 = 0

In the present case the Raychaudhuri equation takes the form

Ḣ + 3

2
H 2 − 3

2
κξ0H − κ

2
ρ� = 0. (21)

The corresponding model with dark energy obeying the
equation of state px = wρx , w �= −1, has been considered
in Brevik (2005), Brevik and Gorbunova (2005), and Grøn
(2009). Integrating (21), we obtain

H(t) = κξ0

2
+ α

1 + Ce−3α(t−t0)

1 − Ce−3α(t−t0)
, (22)

where we have defined α and C as

α =
√(

κξ0

2

)2

+ H 2
0 ��0, C = H0 − κξ0

2 − α

H0 − κξ0
2 + α

,

where H0 and ��0 are the values of the Hubble parameter
and the density parameter of the dark energy at the present
time, t0. Using that H = ȧ

a
, we can rewrite (22) as

da

a
=

[
κξ0

2
+ α

1 + Ce−3α(t−t0)

1 − Ce−3α(t−t0)

]
dt. (23)

Integrating this, we obtain

a(t) = a0e(
κξ0

2 +α)(t−t0)

[
1 − Ce−3α(t−t0)

1 − C

]2/3

, (24)

where a(t0) = a0, is the present scale factor. Demanding
a(0) = 0 and normalizing the scale factor to unity at the
present time, we obtain

a(t) = e
κξ0

2 (t−t0)

[
sinh( 3

2αt)

sinh( 3
2αt0)

] 2
3

, (25)

which may be written

a(t) = Ae
κξ0

2 (t−t0) sinh
2
3

(
3

2
αt

)
,

A =
[
H 2

0 �m0 − H0κξ0

H 2
0 ��0 + (

κξ0
2 )2

] 1
3

.

(26)

The expression for the Hubble parameter, (22), reduces to

H(t) = κξ0

2
+ α coth

(
3

2
αt

)
. (27)

The age of the universe is given by

t0 =
(

2

3α

)
arcsinh(1/A)3/2, (28)

which is plotted as a function of κξ0 in Fig. 1 with the value
of H0 determined from the condition that t0 = 13,7 × 109

years for ξ0 = 0. It may be noted that the expression (28)
is only valid for κξ0 < H0�m0. However realistic values of
κξ0 are much smaller than this (see Brevik 2005). From this
figure we see that when the viscosity increases, t0 will also
increase.
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Fig. 1 The age of the universe as a function of κξ0. Here we have set
��0 = 0.7, �m0 = 0.3, and H0 = 0.07 which means that t0 is given in
billion years

In the limit that the bulk viscosity goes to zero, we obtain
(see Grøn 2002)

a(t) =
(

�m0

��0

) 1
3

sinh
2
3

(
3

2

√
��0H0t

)
, (29)

which is the expression for the scale factor for the �CDM
model with no viscosity. Here, �m0 is the present density
parameter of matter. The continuity equation in this case has
the form

ρ̇m = −3H (ρm − 3ξ0H) . (30)

Inserting (27), and using the expression for α we find that
the general solution of this equation is

ρm(t) = c1

[
κξ0

α
cosh (3αt) + 2 sinh (3αt

)
+ c2

+ c3e
−3
2 κξ0t ] , (31)

where

c1 ≡ 3ξ0α

4 sinh2( 3
2αt)

, c2 ≡ 4H 2
0 ��0

κξ0α
(32)

and c3 is an integration constant. Note that

lim
t→∞ρm = 3ξ0

(
α + κξ0

2

)
. (33)

Thus, due to the viscosity the density of the matter does
not approach zero in the infinitely far future. In Figs. 2
and 3 we have plotted the time dependent of the scale fac-
tor, a(t), the Hubble parameter H(t) and the energy den-
sity of matter ρ(t) for different values of κξ0. These figures
show that the scale factor starts with zero and the Hubble

Fig. 2 The scale factor as a function of time for the �CDM model
with and without viscosity. Here we have set ��0 = 0.7, �m0 = 0.3,
and H0 = 0.07. The time is given in billion years

parameter is infinitely large at beginning of the cosmic evo-
lution, which shows that there is a point singularity at the
initial epoch. Also the energy density diverges at this point.
It means that the universe starts with a big bang. As t in-
creases the scale factor will increase exponentially, and, as
t → ∞, the scale factor becomes infinite, whereas the Hub-
ble parameter and the energy density become finite. If the
bulk viscosity is zero, the energy density tends to zero as
t → ∞. Therefore, this model will give an empty universe
for large times t . For the �CDM model with bulk viscosity,
as t → ∞ the energy density converges to a finite value. It
means that for this model the energy density will stay con-
stant for large times, t . The bigger the value of the bulk vis-
cosity is, the bigger this constant value of the energy density
will be.

Using the definitions in (4)–(6) we find the following ex-
pressions for the deceleration parameter and the statefinder
parameters

q = −1 + 3

2
f 2(t), (34)
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Fig. 3 The Hubble parameter and the energy density for the non-rel-
ativistic matter as a function of time for the �CDM model with and
without viscosity. Here we have set ��0 = 0.7, �m0 = 0.3, H0 = 0.07
and c1 = 1. The time is given in billion years

r = 1 − 9

4

κξ0

α
f 3(t) sinh

(
3

2
αt

)
(35)

s = κξ0

2α

f 3(t)

1 − f 2(t)
sinh

(
3

2
αt

)
, (36)

where we have defined

f (t) ≡ α
κξ0
2 sinh ( 3

2αt) + α cosh ( 3
2αt)

. (37)

We have plotted the time evolution of the deceleration
parameter and the statefinder parameters in Fig. 4. The tran-
sition from deceleration to accelerated expansion happens
at a point of time t1, given by q = 0, that is f (t1) = √

2/3.
From Fig. 4(a) we can see that the transition time to accel-
erated expansion is earlier the larger the viscosity is. From
this figure we can see that the deceleration parameter starts
at q = 0.5 and as t increases the deceleration parameter will
decrease and as t → ∞ it will approach its minimum value,
which is q = −1. The bigger the value of the bulk viscosity
is the faster the deceleration parameter will reach this value.

Fig. 4 The time evolution of the deceleration parameter and the
statefinder parameters for the �CDM model with and without vis-
cosity have been displayed. Here we have set ��0 = 0.7, �m0 = 0.3,
H0 = 0.07. The time is given in billion years

When the bulk viscosity is zero, i.e. ξ0 = 0, the statefinder
parameters have the values {s, r} = {0,1}, which is what
we would expect for the �CDM model. From these figures
we can also see that for the �CDM model with bulk vis-
cosity, as t → ∞ the statefinder parameters will approach
{s, r} = {0,1}.
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Fig. 5 The s–r-plane for the �CDM model with and without viscos-
ity. The point {0,1} corresponds to {s, r} for the �CDM model with
no viscosity. Here we have set ��0 = 0.7, �m0 = 0.3, H0 = 0.07

In Fig. 5 we have plotted the s–r-plane for this model for
different values of κξ0. The point {0,1} corresponds to {s, r}
for the �CDM model with no viscosity.

4.2 Case 2: ξ1 �= 0 and ξ0 = ξ2 = 0

In this case the Raychaudhuri equation takes the form

Ḣ + 3

2
(1 − κξ1)H 2 − κ

2
ρ� = 0. (38)

Assuming that κξ1 < 1 and integrating this equation we ob-
tain

H(t) = Ĥ1
1 + Ĉe−3Ĥ2(t−t0)

1 − Ĉe−3Ĥ2(t−t0)
, (39)

where we have introduced

Ĥ 2
1 = H 2

0 ��0

1 − κξ1
, Ĥ 2

2 = H 2
0 ��0 (1 − κξ1)

and

Ĉ = H0 − Ĥ1

H0 + Ĥ1
.

Using the definition of the Hubble parameter we can rewrite
(39) as

da

a
= Ĥ1

1 + Ĉe−3Ĥ2(t−t0)

1 − Ĉe−3Ĥ2(t−t0)
dt. (40)

Integrating this equation and demanding that a(0) = 0, we
obtain

a(t) =
[

sinh ( 3
2 Ĥ2t)

sinh ( 3
2 Ĥ2t0)

] 2
3(1−κξ1)

(41)

Fig. 6 The age of the universe as a function of κξ1. Here we have set
��0 = 0.7 and H0 = 0.07 which means that t0 is given in billion years

which may be written

a(t) = A2 sinh
2

3(1−κξ1)

(
3

2
Ĥ2t

)
, (42)

where

A2 =
(

1 − κξ1 − ��0

��0

) 1
3(1−κξ1)

.

Normalizing the scale factor to unity at the present time, i.e.,
a(t0) = 1, we find that the age of the universe, today, is given
by

t0 = 2

3

1

H0
√

��0 (1 − κξ1)
arcsinh

√
��0

1 − κξ1 − ��0
, (43)

which shows that the age of the universe increases with ξ1

for a given value of H0 as shown in Fig. 6.
Using the expressions above we can reduce (39) to

H(t) = Ĥ1 coth

[
3

2
Ĥ2t

]
. (44)

In this case the continuity equation has the form

ρ̇m = −3H [(1 − κξ1)ρm − ξ1κρ�]. (45)

Inserting (44) in (45) and integrating, gives the following
expression for the energy density of non-relativistic mat-
ter

ρm(t) =
(

ρm0 − 3ξ1H
2
0 ��0

1 − κξ1

)
1

a(t)3(1−κξ1)
+ 3ξ1H

2
0 ��0

1 − κξ1
,

(46)
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Fig. 7 The scale factor, the Hubble parameter and the energy density
of the non-relativistic matter as functions of time for the �CDM model
with and without viscosity are plotted in (a), (b) and (c), respectively.
Here we have set ��0 = 0.7, �m0 = 0.3, H0 = 0.07. The time is given
in billion years

where ρm0 is the present energy density of the matter. We
also note here that

lim
t→∞ρm = 3ξ1H

2
0 ��0

1 − κξ1
. (47)

It means that the density of the matter does not approach
zero in the infinitely far future, due to viscosity. In Fig. 7

we have plotted the time evolution of the scale factor a(t),
the Hubble parameter H(t) and the energy density of the
non-relativistic matter for different values of the bulk vis-
cosity ξ1. From these figures we can see that the universe
starts with a big bang. Because, the scale factor starts with
zero and the Hubble parameter and energy density are in-
finitely large at beginning of the cosmic evolution. As t

increases the scale factor will increase exponentially, and,
as t → ∞, the scale factor becomes infinite, whereas the
Hubble parameter and the energy density become finite.
If the bulk viscosity is zero, the energy density tends to
zero as t → ∞. Therefore, this model will also give an
empty universe for large times t . For the �CDM model
with bulk viscosity, as t → ∞ the energy density con-
verges to a finite value. Just like in the first case, for
this model the energy density will stay constant for large
times, t , and the bigger the value of the bulk viscosity is,
the bigger this constant value of the energy density will
be.

The deceleration parameter and the statefinder parame-
ters for this case take the form

q = −1 + 3

2

Ĥ2

Ĥ1

1

cosh2 ( 3
2 Ĥ2t)

, (48)

r = 1 − 9

2

κξ1(1 − κξ1)

cosh2 ( 3
2 Ĥ2t)

, (49)

s = κξ1(1 − κξ1)

κξ1 + sinh2 ( 3
2 Ĥ2t)

. (50)

We have plotted the time evolution of the deceleration pa-
rameter and the statefinder parameters in Fig. 8. From these
figures we can see that as t increases the deceleration param-
eter will decrease, and as t → ∞ it will approach its mini-
mum value, which is q = −1. The bigger the value of the
bulk viscosity is the faster the deceleration parameter will
reach this value.

From Fig. 8(b) and Fig. 8(c) we can see that the
statefinder parameter r starts with a negative value but s

starts with a positive value, and as t increases r will in-
crease but s will decrease. We also see that as t → ∞ the
statefinder parameters will approach {s, r} = {0,1}. When
the bulk viscosity is zero, i.e. ξ1 = 0, the statefinder parame-
ters have the values {s, r} = {0,1}, which is what we would
expect for the �CDM model with no viscosity.

In Fig. 9 we have plotted the s–r-plane for this model for
different values of the bulk viscosity ξ1. From this figure we
can see that the graphs in the s–r-plane are parabola-like,
and the statefinder parameters will eventually approach the
point {s, r} = {0.1}. The point {0,1} corresponds to {s, r}
for the �CDM model with no viscosity.
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Fig. 8 The deceleration parameter and the statefinder parameters r

and s as functions of time for the �CDM model with and without
viscosity in (b), (c) and (a), respectively. Here we have set ��0 = 0.7,
�m0 = 0.3, H0 = 0.07. The time is given in billion years

4.3 Case 3: ξ0 �= 0, ξ1 �= 0 and ξ2 = 0

The Raychaudhuri equation in this case takes the form

Ḣ + 3

2
(1 − κξ1)H

2 − 3

2
κξ0H − κ

2
ρ� = 0. (51)

Fig. 9 The s–r-plane for the �CDM model with and without vis-
cosity has been displayed. The point {0,1} corresponds to {s, r} for
the �CDM model with no viscosity.Here we have set ��0 = 0.7,
�m0 = 0.3, H0 = 0.07

We assume κξ1 < 1, and introduce

A = −(1 − κξ1), B = κξ0 and C = H 2
0 ��0.

Integrating (51) we obtain the following solution

H(t) = − B

2A
− α̂

2A
tanh

[
3

4
α̂(t − t0) − φ0

]
, (52)

where we have defined

α̂ =
√

B2 − 4AC, φ0 = arctanh

[
2AH0 + B

α̂

]
.

The corresponding expression for the scale factor has the
form

a(t) = e− B
2A

(t−t0)

(
cosh [ 3

4 α̂(t − t0) − φ0]
cosh [φ0]

)−2/3A

. (53)

We find the following expressions for the deceleration pa-
rameter and the statefinder parameters

q = −1 + 3

2
Ag2(t), (54)

r = 1 + 9

2
Ag2(t)

[
Ag(t) sinh

[
3

4
α̂(t − t0) − φ0

]
− 1

]
,

(55)

s = Ag2(t)[Ag(t) sinh[ 3
4 α̂(t − t0) − φ0] − 1]

Ag2(t) − 1
, (56)

where we have defined

g(t)≡ α̂

α̂ sinh [ 3
4 α̂(t − t0) − φ0] − B cosh [ 3

4 α̂(t − t0) − φ0]
.

(57)
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Fig. 10 The time evolution of the scale factor, the Hubble parameter
and the energy density for the non-relativistic matter for the �CDM
model with and without viscosity is plotted in (a), (b) and (c), respec-
tively. Here κξ : κξ0 = .0, κξ1 = .0, κξ

′ : κξ0 = .015, κξ1 = .05 and
κξ

′′ : κξ0 = .01, κξ1 = .15. Here we have set ��0 = 0.7, �m0 = 0.3,
H0 = 0.07. The time is given in billion years

The continuity equation for this case takes the form

ρ̇m = −3H
(
ρm − 3ξ0H − 3ξ1H

2
)

. (58)

We will only give a numerical solution to this equation.

The time evolution for the scale factor, a(t), the Hub-
ble parameter, H(t), and the energy density of the non-
relativistic matter, ρ(t) have been plotted in Fig. 10. From
Fig. 10(b) and Fig. 10(c) we see that for models with viscos-
ity the Hubble parameter and the energy density diverge at
a point of time t < 0 and the bigger the viscosity is the ear-
lier this point of time will be. The scale factor is zero at this
point. Therefore the universe starts with a big bang. As t in-
creases the scale factor will increase exponentially, and the
bigger the viscosity is the faster the universe will expand.
The energy density will decrease as t increases and it will
approach a finite value as t → ∞. The bigger the viscosity
is the bigger this finite value will be.

The time evolution of the deceleration parameter and the
statefinder parameters are plotted in Fig. 11. From these
figures we see that for these universe models as t → −∞
and as t → ∞ the statefinder parameters will approach the
same values as those of the �CDM model with no viscosity,
namely, {s, r} = {0,1}.

In Fig. 12 we have plotted r as a function of s for different
values of ξ0 and ξ1. This figure shows that for small values of
ξ0 and ξ1, when t < 0, the graphs in the s–r-plane start from
the point {0,1} and as t increases they will go away from
this point. For t > 0 and as t increases the graphs go toward
the point {0,1} and they will eventually approach this point.
For bigger values of ξ0 and ξ1, we see that the graphs in
the s–r-plane make two connected and closed loops. These
graphs will at some point of time go through the point {0,1}.

4.4 Case 4: ξ0 �= 0, ξ1 �= 0 and ξ2 �= 0

In this case the differential equation for the Hubble param-
eter and the continuity equation are given in (20) and (19),
respectively. Combining these two equations we obtain

κρ̇m = 6HḢ. (59)

Integrating (59), we obtain

3H 2 = κρm + D̂, (60)

where we have defined

D̂ ≡ 3H 2
0 − κρm0. (61)

Equation (60) tells that at the beginning of the cosmic evo-
lution when the density is very large the Hubble parameter
is also very large. When the energy density decreases the
Hubble parameter will also decrease. We can see this fact
from the numerical solutions of (20) and (19) in Fig. 13.
These figures show that for this model with viscosity the en-
ergy density of the non-relativistic matter and the Hubble
parameter diverge at a point of time t < 0, it means that the
universe begins with a big bang. In Fig. 13(a) we have also
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Fig. 11 The time evolution of the deceleration parameter and the
statefinder parameters for the �CDM model with and without viscosity
is plotted in (a), (b) and (c), respectively. Here κξ : κξ0 = .0, κξ1 = .0,
κξ

′ : κξ0 = .015, κξ1 = .05 and κξ
′′ : κξ0 = .01, κξ1 = .15. Here we

have set ��0 = 0.7, �m0 = 0.3, H0 = 0.07. The time is given in billion
years

given the numerical solution for the scale factor for this case.
This figure shows that the universe starts with zero volume,
and as t increases the scale factor will increase exponen-
tially.

Fig. 12 The s–r-plane for the �CDM model with and without viscos-
ity. Here κξ : κξ0 = .015, κξ1 = .05, κξ

′ : κξ0 = .005, κξ1 = .1 and
κξ

′′ : κξ0 = .01, κξ1 = .15. Here we have set ��0 = 0.7, �m0 = 0.3,
H0 = 0.07

Figure 13 also shows that depending on the value of the
bulk viscosity coefficients, the universe will expand faster
or slower. We also see that as t → ∞ the energy density
will approach a finite value, and for different values of the
bulk viscosity coefficients this finite value can be bigger or
smaller.

In Fig. 14 we have plotted the time evolution of the de-
celeration parameter and the statefinder parameters for dif-
ferent values of the bulk viscosity coefficients. From these
figures we can see that the deceleration parameter starts with
a positive value at the beginning of the cosmic evolution
and as t increases it will approach −1. The statefinder pa-
rameters will eventually approach the values for the �CDM
model with no viscosity as t increases.

In Fig. 15 we have plotted the s–r-plane for this model,
and we see that the curves in this plane will approach the
point {s, r} = {0,1}, which corresponds to the values for the
statefinder parameters for the �CDM model with no viscos-
ity.

5 Results and conclusion

In this paper we have studied the �CDM model with bulk
viscosity. We have explored four different cases of bulk vis-
cosity for this model. In the first case the bulk viscosity co-
efficient was a constant. We found the analytical solutions
for the scale factor, the Hubble parameter, the energy den-
sity of the non-relativistic matter, the deceleration parameter
and the statefinder parameters. In the second case the bulk
viscosity was proportional to the Hubble parameter. For this
case we gave also the analytical solutions for a(t), H(t),
ρ(t), q(t), r(t) and s(t). In both cases we found that due to
viscosity the energy density will not approach zero, and that
the universe expands faster for bigger values of viscosity. In
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Fig. 13 The time evolution of the scale factor, the Hubble parameter
and the energy density for the non-relativistic matter for the �CDM
model with and without viscosity is plotted in (a), (b) and (c), re-
spectively. Here κξ : κξ0 = .0, κξ1 = .0, κξ2 = .0, κξ

′ : κξ0 = .015,
κξ1 = .05, κξ2 = .01 and κξ

′′ : κξ0 = .01, κξ1 = .15, κξ2 = .05. Here
we have set ��0 = 0.7, �m0 = 0.3, H0 = 0.07. The time is given in
billion years

the third case the bulk viscosity was given as a superposition
of the first two cases. For this case we found the analytical
solutions of a(t), H(t), q(t), r(t) and s(t), and we gave a
numerical solution for the continuity equation. In this case

Fig. 14 The time evolution of the deceleration parameter and the
statefinder parameters for the �CDM model with and without vis-
cosity. Here κξ : κξ0 = .0, κξ1 = .0, κξ2 = .0, κξ

′ : κξ0 = .015,
κξ1 = .05, κξ2 = .001 and κξ

′′ : κξ0 = .01, κξ1 = .15, κξ2 = .005.
Here we have set ��0 = 0.7, �m0 = 0.3, H0 = 0.07. The time is given
in billion years

we found that the universe begins with a big bang, but at an
earlier point of time, t < 0. The fourth case of bulk viscosity
had the form given in (8). In this case we gave the numeri-
cal solution of the Raychaudhuri equation and the continuity
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Fig. 15 The s–r-plane for the �CDM model with bulk viscosity.
Here κξ : κξ0 = .0, κξ1 = .0, κξ2 = .0, κξ

′ : κξ0 = .015, κξ1 = .05,
κξ2 = .001 and κξ

′′ : κξ0 = .01, κξ1 = .15, κξ2 = .005. Here we have
set ��0 = 0.7, �m0 = 0.3, H0 = 0.07

equation and we found similar results to the third case. We
found also that as t increases the statefinder parameters will
approach the same values as in the �CDM model with no
viscosity.

From the results of this paper we can conclude that the
�CDM models with viscosity differ from the �CDM mod-
els with no viscosity. For the �CDM model with viscosity
the energy density will not approach zero in the infinitely far
future as it is the case for the �CDM model with no viscos-
ity. From the plots of s–r-plane we can also conclude that
by use of statefinder parameter diagnostic method we can
differentiate the viscous �CDM models from non-viscous
cases.

Open Access This article is distributed under the terms of the Cre-
ative Commons Attribution Noncommercial License which permits
any noncommercial use, distribution, and reproduction in any medium,
provided the original author(s) and source are credited.
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