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Abstract: In this study, the in-plane structural behavior, capacity, and performance of dry-joint 

stone masonry walls (DJ- SMWs) and the effects of the vertical stress level on these factors are 

investigated via a stochastic discontinuum analysis that considers the material uncertainty. A 

discontinuum type of analysis is performed based on the discrete element method (DEM), where 

each stone masonry unit is explicitly represented in the computational model. To better simulate 

the cracking and shear failure modes within the stone units, a coupled fracture energy- based 

contact constitutive model is implemented into a commercial discrete element code, 3DEC. First, 

the proposed modeling approach is validated by comparing to experimental findings in literature. 

Then, the approach is used to explore the failure mechanism and the force–displacement behavior 

of DJ-SMWs, considering different vertical stress levels and material properties. The results of the 

novel modeling strategy provide a better understanding of the progressive collapse mechanism of 

DJ-SMWs and the influence of the vertical stress level. Furthermore, the outcomes of this research 

indicate the major role of the frictional resistance at the joints in the safety and performance 

assessment of the dry-joint load-bearing masonry walls. Finally, important inferences are made 

regarding the non-spatial and spatial stochastic discontinuum analysis. 
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1 Introduction 

Unreinforced masonry (URM) is the most used ancient construction technique, dating back 

thousands of years due to its inherent durability. Generally, URM structures are built with local 

materials and made up of masonry units (such as stone, clay brick, or adobe) laid dry or bonded 

with mortar. In this research, special attention is given to the safety assessment of unreinforced 

dry-joint stone masonry walls (DJ-SMWs). The DJ-SMWs serve as the main load bearing 

structural element for many ancient constructions, existing stone-built cultural heritage, and 

residential buildings. DJ-SMWs can be composed of regular cut stones or built in a disordered 

(irregular) configuration, where the structural stability predominantly depends on the frictional 

resistance among the stone interfaces. Furthermore, even when there is mortar between the units, 

weathering effects and lack of maintenance cause significant deterioration and often the total loss 

of the mortar, or at least of the loss of mortar-stone bond, over the lifetime of a structure, eventually 

rendering it similar to a dry-joint system. Recent and past earthquakes demonstrated that many of 

the unreinforced dry-joint and low-bond strength masonry structures are vulnerable to seismic 

actions and have been severely affected by past earthquakes [1–3]. Therefore, to better preserve, 

repair, and strengthen these structures, a thorough understanding of the DJ-SMW behavior under 

combined compression-shear forces is necessary. 

Even though the seismic assessment of stone architectural heritage has drawn a growing 

interest over the last decades, a limited number of experimental data are available in the literature. 

The joint properties of such masonry type have been recently examined to gain a better insight into 

the initial and residual frictional resistance at the joints [4,5]. Furthermore, large scale tests have 

been performed to investigate the macro behavior of DJ-SMWs under monotonic and cyclic 

loading [6,7]. Wang et al. [8] tested the effectiveness of different retrofitting applications using 

local materials to increase the lateral capacity of DJ-SMWs subjected to cyclic loading. Velez et 

al. [9] performed a series of quasi-static tilting table tests on reduced scale dry-joint masonry 

structures with different configurations (e.g., walls and one- and two-story houses) to obtain their 

out-of-plane failure mechanisms and capacity (or collapse multiplier).  

Besides, different computational modeling approaches have been proposed to simulate DJ-

SMWs, based on finite and/or discrete element methods. Lourenço et al. [6] and Senthivel and 
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Lourenço [10] carried out two-dimensional (2D) discontinuous nonlinear finite element analysis 

(FEA), referred to as micro-modeling, to predict the force-displacement response of DJ-SWMs, 

considering plane stress continuum elements for stone units and zero thickness line interface 

elements for the joints. A similar approach, so called finite-discrete element method (FDEM), was 

applied to simulate various dry-joint stone masonry constructions in two- and three-dimensions by 

Smoljanovic et al. [11,12]. In FDEM, the simulation of fracture in the stone masonry walls is 

achieved using embedded pre-defined contact elements implemented within the triangular (2D) or 

tetrahedral (3D) finite elements. Ngapeya et al. [13] investigated the influence of the geometrical 

imperfections on the load-bearing capacity of dry-joint hollow concrete masonry walls, where link 

elements (working in compression but not in tension) were utilized in nonlinear FEA analysis. 

Moreover, alternative simple equilibrium models (based on strut-and-tie representation) were 

proposed by Roca [14] to predict the ultimate capacity of URM shear walls. Recently, Bui et al. 

[15] studied the in-plane and out-of-plane behavior of dry-joint masonry constructions using the 

discrete element method (DEM). In DEM, the stone skeleton is represented via a system of 

individual blocks (rigid and/or deformable), interacting along their boundaries. DEM-based 

models have been further utilized to analyze dry-joint arches, vaults, and pier-arch systems, as 

discussed in [16–21].  

However, most of these studies perform deterministic analysis, in which averaged material 

properties are used and variation in the mechanical properties of the material is neglected. Indeed, 

masonry is a highly heterogeneous composite material, where the material properties vary 

considerably within the discontinuous medium. Recent studies clearly revealed the influence of 

spatial and non-spatial variations of the unit and joint properties on the macro response of URM 

structures in terms of fracture mechanism and force-displacement behavior, as demonstrated in 

[22–24]. Therefore, a stochastic approach is needed to consider and quantify the variability in the 

material properties when analyzing URM constructions. 

In this context, the present study proposes a novel stochastic discontinuum-based modeling 

strategy to assess the mechanical behavior, performance, and safety level of DJ-SMWs, including 

the uncertainties in the material properties. Furthermore, a coupled fracture energy-based contact 

constitutive model is implemented to improve the capabilities of the employed modeling strategy, 
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discussed in the following sections. Thus, the objectives of this research are summarized as 

follows: 

• To propose a stochastic discontinuum model, simulating all possible failure mechanisms 

in DJ-SMWs considering the uncertainties in the material properties. 

• To better understand and quantify the effect of the vertical stress level on the dry-joint 

walls' behavior. 

• To quantify the role of interfacial frictional resistance at the joints in DJ-SMWs. 

• To explore the influence of the spatial and non-spatial distribution of the contact properties 

in discrete element models regarding the structural behavior and force-displacement 

curves. 

• To identify the ultimate performance limits of the DJ-SMWs and explore corresponding 

structural safety levels. 

This paper is structured as follows. In Section 2, the computational background of DEM and 

the proposed contact constitutive models are presented. Then, the dry stone masonry walls, tested 

by Lourenço et al. [6], are analyzed for comparison purposes in Section 3. After the model 

validation, Section 4 presents stochastic discontinuum analyses for five vertical load levels 

(ranging from low to high), in which the most influential parameters affecting the failure modes 

and the variability in the displacement and shear force capacities are highlighted. In Section 5, a 

study investigating the influence of the spatial distribution of the material properties is performed, 

and the findings are compared to non-spatial analyses. Finally, the preliminary assessment of the 

performance level for the examined DJ-SMWs is discussed in Section 6, and conclusions are given 

in Section 7. 

 

2 Computational Background of DEM  

The structural stability of dry-joint stone masonry structures mainly relies on their self-weight, 

construction technique (i.e., wall cross-section morphology), and frictional resistance at the joints 

since no binding material or reinforcement element is used during the construction. Therefore, a 

detailed nonlinear structural analysis of DJ-SMWs requires the individual representation of stone 
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units to address the inter-block interactions. In DEM, the discrete nature of DJ-SMWs can be 

explicitly represented by a structured discontinuum, where each block can interact with its 

surrounding through contact points. However, it should be noted that within DEM formulation, 

any polygonal or polyhedral bodies can be utilized, which may represent the irregular geometrical 

configuration of the masonry construction in the structural or any constituent material level, as 

discussed in previous studies [25–29]. Additionally, DEM offers several distinctive features 

compared to FEM-based continuous and discontinuous approaches, such as automatic contact 

detection (i.e., recognizing new contact points during the analysis) and simulating the complete 

detachment of blocks, prescribed as rigid or deformable. Also, rigid and deformable blocks can be 

used in the same model to replicate different materials and parts of the structure, which increases 

the computational efficiency and decrease the number of required input parameters [30,31]. The 

readers are referred to recent studies for further details about the differences between DEM and 

FEM-based applications [32,33]. 

Through this research, a commercial software called 3DEC developed by ITASCA [34] is 

used, and the user-defined contact constitutive model option is utilized to implement a recently 

developed contact stress-displacement law. 

2.1 An overview of the numerical procedure of DEM 

DEM was originally proposed to simulate the progressive failure mechanism of jointed rock 

masses by Cundall [35]. DEM was then employed to explore the structural behavior and capacity 

of various masonry structures since the early 1990s (some examples, among many others, can be 

found in the references [36–44]). The numerical procedure of DEM relies on the explicit time 

integration scheme of the governing equations of motion for the gridpoints if deformable blocks 

are utilized. The deformability in discrete blocks is introduced by discretizing them into finite-

difference tetrahedral elements. An illustration of two deformable blocks with a defined contact 

point is presented in Figure 1. The motion of a deformable block can be determined via the 

movements of the gridpoints by integrating the equations of motion to obtain gridpoint (or node) 

velocities, as written in a compact form in Equation 1. 
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𝑡−∆𝑡/2

+
∆𝑡

𝑚𝑛
[𝛴𝐹𝑖

𝑡 − 𝛾|𝛴𝐹𝑖
𝑡|𝑠𝑔𝑛(�̇�𝑖

𝑡−∆𝑡/2
)] (1) 

 

Here �̇�𝑖, 𝑚𝑛, 𝛾 and 𝛴𝐹𝑖 are the nodal velocity vector, lumped nodal mass, non-dimensional 

damping constant (by default 0.8), and summation of the force vectors, including external loads, 

contact forces (only for gridpoints along the block boundary), and internal nodal forces. Note that 

quasi-static solutions are obtained from Equation 1, considering the local damping formulation, 

where damping force on a node is applied proportional to the unbalanced force (𝛴𝐹𝑖) with a sign 

opposite to the motion [45]. 

 

 
Figure 1. Illustration of the deformable blocks and point contact (in 2D). 

 

The computed nodal velocities are used to find the new block positions and the corresponding 

relative point contact displacements in the tangential (𝑢𝑠) and normal (𝑢𝑛) directions tracked 

between the adjacent blocks. Then, the contact forces are obtained based on the defined contact 

stress-displacement law, where the calculated contact stresses are converted to forces by 

multiplying them with the assigned contact area. The standard contact stress update routine is 

summarized in Table 1, executed at each time step (∆𝑡). The small displacement theory is utilized 
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in this research; therefore, only the initially recognized contact points are used in the computation 

cycles. 

 

Table 1. The contact stress update routine 

(1) The elastic contact stress increments (∆𝜎, ∆𝜏) are obtained via defined normal (𝑘𝑁) and shear 

(𝑘𝑆) contact stiffnesses. 

∆𝜎 = 𝑘𝑁 ∆𝑢𝑛 , ∆𝜏 = 𝑘𝑆 ∆𝑢𝑠 

 

(2) Stress increments are added to the previous stresses (𝜎0, 𝜏0 ) to compute new trial stresses 

(𝜎𝑛, 𝜏𝑛 ). 
 

𝜎𝑛 = 𝜎0 + ∆𝜎 , 𝜏𝑛 = 𝜏0 + ∆𝜏 

 

(3) 𝜎𝑛 and 𝜏𝑛 are corrected to comply with the determined failure criteria. (𝑐 and 𝜃 are the 

cohesion and friction angle) 

𝜎𝑛 <  𝑓𝑇  (𝑡𝑒𝑛𝑠𝑖𝑙𝑒 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ) 

|𝜏𝑛| <  𝑐 + 𝜎𝑛 𝑡𝑎𝑛𝜃 (𝑠ℎ𝑒𝑎𝑟 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ) 

 

Thus, a dynamic calculation scheme is performed in the pseudo time domain. At each time 

step, equations of motion are solved for new velocities and displacements considering the 

gridpoints. Then, contact forces are obtained from the relative contact deformations and corrected 

(if applicable) according to the failure criteria, which are then employed in the motion equations 

in the next time step. It needs to be highlighted that throughout this research, each stone masonry 

unit is represented by two adjacent deformable perfectly elastic blocks with a potential crack 

surface at the middle, as shown in Figure 2. A previous study of the authors addresses the 

sensitivity of the computational models to the number of contact points and discretization [46]. 
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Figure 2. Representation of a typical masonry unit used in the discontinuum analysis. 

 

2.2 Coupled (tension-shear) contact constitutive law  

In the proposed discontinuum-based modeling framework, the nonlinear behavior of the 

blocky system is controlled by contact stress-displacement behaviors. The contact models, defined 

at the joints, should reflect the pre- and post-peak responses of the material under pure tension and 

shear, as well as combined loading scenarios. Note that two types of inter-block interaction occur 

mechanically at the joints: i) interaction within the masonry units, ii) interaction among the units. 

Since no binding material exists in DJ-SMWs, zero tensile strength is set to the joints among the 

masonry units, whereas bilinear elastic-softening behavior is implemented to be utilized within the 

units to allow for cracking and sliding (see Figure 3), similar to [47]. In the shear direction, the 

Coulomb-Slip joint model is utilized in all joints, which requires cohesion (𝑐0: max. (or initial) 

cohesion, 𝑐𝑟𝑒𝑠: residual cohesion) and friction angle (𝜃0: max. (or initial) friction angle, 𝜃𝑟𝑒𝑠: 

residual friction angle) parameters, shown in Figure 3. Furthermore, compression failure is not 

considered at the joints as it does not govern the failure mechanism under low pre-compression 

stress levels. 
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Figure 3. Contact constitutive law for stone masonry units. 

 

The readily available cohesive contact models in 3DEC do not address the tension-shear 

coupling (TSC) phenomenon; hence, working as two independent (uncoupled) springs in the 

orthogonal directions. On the other hand, plastic damage in the tension regime should influence 

the shear strength if the contact deforms progressively from opening to sliding due to external 

forces (or vice versa). Hence, for precise simulation of this phenomenon, a coupled tension-shear 

contact constitutive law is implemented considering a single global damage parameter (𝐷), 

following a similar analogy discussed in [48]. As given in the pseudo-code flow (Table 2), 

individual damage parameters for tension (𝑑𝑡) and shear (𝑑𝑠) are used to compute the global 

damage (𝐷) developing at the contact, which helps to compute new tensile and shear strengths. 

Therefore, the initial failure envelope shrinks proportionally to a residual envelope considering the 

overall damage, influenced by contact opening and sliding failures simultaneously, demonstrated 

in Figure 4. The adopted contact model is written in C++ and compiled as a dynamic link library 

(DLL) into 3DEC software using the user-defined constitutive model option. 
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Table 2. Contact strength update routine implemented to couple tension and shear failures. 

(1) 𝑡∗ = 𝑡𝑛 

(2) Compute the relative point contact displacements (both in the normal (𝑢𝑛) and shear (𝑢𝑠) 

directions) 

(3) Check the tension and shear damage parameters, denoted as 𝑑𝑡 and 𝑑𝑠, respectively. 

𝒊𝒇 (𝑢𝑛 > 𝑢𝑛
𝑒𝑙) 𝒕𝒉𝒆𝒏, 𝑑𝑡 =

𝑢𝑛 − 𝑢𝑛
𝑒𝑙

𝑢𝑛
𝑢𝑙 − 𝑢𝑛

𝑒𝑙 ;  𝑢𝑛
𝑒𝑙 =

𝑓𝑇

𝑢𝑛
 , 𝑢𝑛

𝑢𝑙 =
2𝐺𝑓

𝐼

𝑓𝑇
 

𝒆𝒍𝒔𝒆, 𝑑𝑛 = 0, 𝒆𝒏𝒅_𝒊𝒇 

𝒊𝒇 (𝑢𝑠 > 𝑢𝑠
𝑒𝑙) 𝒕𝒉𝒆𝒏, 𝑑𝑠 = 1 (brittle failure) 

𝒆𝒍𝒔𝒆, 𝑑𝑠 = 0, 𝒆𝒏𝒅_𝒊𝒇 

(4) Compute coupled damage parameter 

𝐷 = 𝑑𝑡 + 𝑑𝑠 − 𝑑𝑡𝑑𝑠 

(5) Update the contact stresses 

𝑓𝑡,𝑛𝑒𝑤 = 𝑓𝑇(1 − 𝐷) 

𝑐𝑛𝑒𝑤 = 𝑐𝑟𝑒𝑠 + (𝑐0 − 𝑐𝑟𝑒𝑠)(1 − 𝐷);  𝜃𝑛𝑒𝑤 = 𝜃𝑟𝑒𝑠 + (𝜃0 − 𝜃𝑟𝑒𝑠)(1 − 𝐷) 

𝜏max,𝑛𝑒𝑤 =  𝑐𝑛𝑒𝑤 + 𝜎𝑛 𝑡𝑎𝑛𝜃𝑛𝑒𝑤 

(6) 𝑡𝑛 = 𝑡∗ + 𝛥𝑡 ⤇ go to step (1) 

 

 
Figure 4. Initial and residual failure envelopes implemented for joints within the masonry units. 

 

It is worth noting that a brittle failure mechanism is assumed in shear for the masonry units, 

which is appropriate when the units are under low pre-compression toward their longitudinal 

direction and compatible with the experimental observations. In the next section, validation of the 
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proposed modeling approach along with the difference between the coupled and uncoupled contact 

models are demonstrated. 

 

3 Validation Study (Deterministic Discontinuum Analysis, D-DA) 

Stone is one of the oldest natural materials (e.g., granites, sandstones, schist, and limestone), 

mainly used in historical constructions. However, limited experimental research is available in 

literature regarding the structural behavior of DJ-SMWs. In this part, dry stone masonry walls, 

tested by Lourenço et al. [6], are utilized for validation purposes. The experimental program was 

done in collaboration between the Technical University of Catalonia and the University of Minho 

[49]. The benchmark study comprises seven DJ-SMWs, made up of sandstone blocks (so called 

"Montjuic stone", a widely used local type of stone in Catalonia), subjected to combined vertical 

and horizontal loads. The DJ-SMWs were initially subjected to pre-compression stress, ranging 

from 0.15 to 1.25 MPa, and then the horizontal load was applied monotonically until reaching 

failure of the walls. The loading scheme and the geometrical properties of the test setup, together 

with the generated discrete element model, are given in Figure 5. As depicted from Figure 5, the 

bottom left corner of the DJ-SMWs was restrained to prevent any premature sliding failure during 

testing, and the reinforced concrete beam on top was let free to rotate during the horizontal loading. 

In the computational model, the lateral gridpoint displacements at the left toe and bottom surface 

are adopted as zero, and there is no restraint imposed at the top – same as the experiment, to 

represent the boundary conditions. The vertical loads simulated include the self-weight of the wall 

and the applied vertical load on the reinforced concrete beam. Furthermore, horizontal loads are 

exerted by imposing constant gridpoint velocities at the top surface of the loading beam (see Figure 

5), where the reaction forces are extracted from these gridpoints via the implemented subroutine 

in the software based on FISH functions (an executable programming language in 3DEC). For 

further details about the testing protocol, readers are referred to [4,6,49]. 
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Figure 5. Illustration of the experimental setup,[6] (Left); Discrete Element Model (Right). 

 

3.1 Force - displacement behavior: Experiment vs. D-DA 

As mentioned earlier, different pre-compression loads (i.e., 30, 100, 200, and 250 kN) were 

considered during the testing series, which results in 0.15, 0.50, 1.00, and 1.25 MPa vertical 

stresses, respectively. This range of vertical stresses is chosen to represent the gravity loading in 

masonry structures. It should be noted that increasing the vertical pressure affected the initial 

stiffness of the wall (due to joint partial closure), measured for each vertical pressure prior to the 

lateral loading during the experiment, given in Table 3. Accordingly, in the DEM models (similar 

to [6]), the joint stiffness (𝑘𝑛,𝑗) is predicted by considering a series of two springs, replicating stone 

unit and joint, and it is calculated as written in Equation 2. 

 

 
𝑘𝑛,𝑗 =

1

ℎ (
1

𝐸𝐷𝐽−𝑆𝑀𝑊
−

1
𝐸𝑠𝑡𝑜𝑛𝑒

)
 

(2) 

 

Here ℎ, 𝐸𝐷𝐽−𝑆𝑀𝑊, 𝐸𝑠𝑡𝑜𝑛𝑒 are the vertical spacing between horizontal joints (0.1 m), the 

Young’s modulus of the DJ-SMW (see Table 3), and the Young’s modulus of the stone unit. 
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Table 3. DJ-SMW initial stiffness, taken from [6]. 

Pre-compression stress 

(𝜎𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛), MPa 

Wall Stiffness (𝐸𝐷𝐽−𝑆𝑀𝑊), 

MPa 

0.15 566 

0.50 768 

1.00 1,057 

1.25 1,202 

 

The initial stiffness of the DJ-SMWs, the tensile strength of the masonry units (𝑓𝑡,𝑢), and 

the joint friction coefficients (𝜙0,𝑗, 𝜙𝑟𝑒𝑠,𝑗) are taken from the experimental results provided in 

[6,49]. The elastic stiffness of the stone units is determined as 15.5 GPa, and the joint dilatancy 

angle (𝜓) is adopted as zero, as suggested in [4]. In Table 4, reference contact properties are 

presented, where the contact stiffness ratio between unit and joint (𝜉 = 𝑘𝑛,𝑢/𝑘𝑛,𝑗) is assumed as 

10, based on recommendations given in [46].  

 

Table 4. Contact properties (discontinuum model). 

Interaction within the masonry units 

(* taken from the experiment), 𝑣 = 0.2, 𝜉 = 10 

𝑘𝑛,𝑢(𝐺𝑃𝑎/𝑚) 𝑘𝑠,𝑢 (𝐺𝑃𝑎/𝑚) 𝑓𝑡,𝑢
∗ , 𝑐𝑢(𝑀𝑃𝑎) 𝜃0,𝑢, 𝜃𝑟𝑒𝑠(°) 𝐺𝑓,𝑢

𝐼  (𝑁/𝑚)* 

𝜉𝑘𝑛,𝑗(𝜎𝑐) 𝑘𝑛,𝑢/2(1 + 𝑣) 3.7 35 110 

Interaction between the masonry units (𝜓 = 0°) 

𝑘𝑛,𝑗  (𝐺𝑃𝑎/𝑚) 𝑘𝑠,𝑗 (𝐺𝑃𝑎/𝑚) 𝑓𝑡,𝑗, 𝑐𝑗(𝑃𝑎) 𝜙0,𝑗  (°)* 𝜃𝑟𝑒𝑠,𝑗  (°)* 

𝑘𝑛,𝑗(𝜎𝑐)  𝑘𝑛,𝑗/2(1 + 𝑣) 0 31.8 𝜙0,𝑗 

 

The reference testing series with different vertical loads clearly indicated the positive effect 

of the vertical load on the in-plane lateral strength of the dry joint masonry walls (Figure 6). In 

line with the experiments, discrete element models provide similar pre- and post-peak trends in 

force vs. displacement curves by accurately predicting the lateral capacity, as shown in Figure 6. 

Furthermore, the results of the present research are compared to other modeling approaches, 

namely discontinuous finite element analysis (Lourenço et al. [6]) and discrete element modeling 
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consisting of units with no vertical joints (Bui et al. 2017 [15]). As shown in Figure 6, the proposed 

representation of dry-joint walls and coupled contact constitutive laws utilized within the DEM 

framework lead to superior predictions, especially in the post-peak behavior.  

 

  
a) Vertical load – 30 kN b) Vertical Load – 100 kN 

  
c) Vertical Load – 200 kN d) Vertical Load – 250 kN 

Figure 6. Comparison of the proposed computational models with experimental results and other 

numerical simulations.  

 

In Figure 7, the effect of the implemented coupled contact model is revealed when 

compared with the uncoupled contact law. It should be emphasized that in terms of maximum 
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force capacity, there is no significant difference between the two; however, the post-peak response 

of the discrete element model is in better agreement with the descending branch of the experiment 

when the coupled contact model is utilized. This outcome can be explained by the fact that the 

failure types developing within the stone units progressively shift from mode-I (traction) to mode-

II (shear) mechanism when the lateral deflection of the wall increases. Coupled contact models 

accurately predict this phenomenon at the contact level, which also yields a better approximation 

at the macro level. A similar analogy, used in discontinuous FEM and DEM-based methods, can 

be found in [50,51]. 

 
Figure 7. Effect of coupled and uncoupled tension-shear contact constitutive model on the force-

displacement response of the DJ-SMW (vertical stress 1.25 MPa). 

 

3.2 The collapse mechanism of the DJ-SMW under lateral loading 

The structural behavior of tested DJ-SMWs can be grouped based on the governing failure 

modes, varying based on the vertical loading, as shown in Figure 8. According to the experimental 

observations, two distinct failure modes were dominant; i) Rocking failure, indicating a rotational 

rigid body motion, which evolves as stair-step joint openings under low compression forces (e.g., 

30 kN, Figure 8a), ii) Diagonal mixed-mode failure, where there is cracking in the masonry units 

and noticeable joint sliding under relatively high vertical forces (vertical load ≥ 100 kN, Figure 

8b-c). Furthermore, collapse mechanisms obtained from the discontinuum models show good 

agreement in terms of failure modes, which can be seen in Figure 8. However, due to the simplicity 
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in representing masonry units, spalling and corner failures due to high-stress concentration could 

not be captured, as witnessed in the higher vertical loading cases. This kind of local fracture 

pattern, which occurs at a much later stage of testing, can be obtained from the full discontinuous 

representation of the units (see [25,47,52]), instead of only one potential crack surface.  

 
a) Experiment (Left); Discrete element model (Right) – Vertical Load 30 kN 

 
b) Experiment (Left); Discrete element model (Right) – Vertical Load 100 kN 
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c) Experiment (Left); Discrete element model (Right) – Vertical Load 200 kN 

Figure 8. Collapse mechanism of DJ-SMWs, experiment [49] vs. numerical predictions. 

 

4 Stochastic Discontinuum Analysis (S-DA) 

Masonry structures are often analyzed using deterministic methods. These methods calculate 

the capacity of masonry structures by considering the parameters as deterministic values despite 

some of those parameters being probabilistic in nature. In addition to the inherent variability of the 

in-situ material properties, the very same masonry specimen may yield different results depending 

on the test method used [53]. The stochastic approach aims to predict the possible behavior modes 

and evaluate how they are affected by the random model parameters. Therefore, consideration of 

the uncertainties in the material properties is an important step towards the probabilistic 

performance-based assessment of masonry structures. As an example, probabilistic seismic 

assessment of masonry structures, including the uncertainty in the material properties, has recently 

been explored by a few researchers [54–58]. However, there is still a substantial need for research 

to quantify the uncertainties in the analysis, both at component and system levels. For this reason, 

the wall adopted in the previous section for validation is now considered for a stochastic 

discontinuum analysis. 
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4.1 Uncertainty in the material and contact properties in DEM and Monte Carlo 

simulation  

The random variables associated with the unit and joint properties are considered in the 

probabilistic analyses, including the stiffness of joints (𝑘𝑛,𝑗), the stiffness of units (𝑘𝑛,𝑢), the tensile 

strength of units (𝑓𝑡,𝑢), the friction angle within units (𝜙0,𝑢), and the friction angle for joints (𝜙0,𝑗). 

The cohesion of the units (𝑐) is implicitly taken as a random variable, as it is set equal to the tensile 

strength of units (see Table 4). The random variables, the assigned statistical distributions, and 

their distribution parameters are presented in Table 5. Note that the stiffness values presented in 

this table are the multipliers for stiffness, whereas the mean values of other parameters are taken 

from Table 4. Normal distribution was assumed for the elastic stiffness and friction angle 

parameters, following the pertinent literature [22,57,59,60]. The tensile strength of the masonry 

units is assigned with a lognormal distribution to prevent negative values during sampling, with a 

slightly higher coefficient of variation given the larger scatter found in tests.  

 

Table 5 Random variables and the assigned distributions 

Random Variable Probability 

Distribution 

Mean 

(𝝁) 

Coefficient 

of Variation 

Lognormal 

mean (𝝁𝒍𝒏) 

Lognormal 

Std. Dev. 

(𝝈𝒍𝒏) 

𝑘𝑛,𝑗 (contact stiffness 

defined for the joints) 

Normal 1 0.25 N/A N/A 

𝑘𝑛,𝑢 (contact stiffness 

defined for the units) 

Normal 1 0.25 N/A N/A 

𝑓𝑡,𝑢 (unit tensile strength) Lognormal 3.7 0.30 1.265 0.294 

𝜙0,𝑢 (friction angle – units) Normal 35.0 0.20 N/A N/A 

𝜙0,𝑗 (friction angle - joints) Normal 31.8 0.20 N/A N/A 

 

After the statistical distributions are determined, the Latin Hypercube Sampling (LHS) 

method is utilized to derive sample values for the simulations. No correlation is assumed between 

the parameters. Five vertical pre-compression stress scenarios are considered 0.15, 0.50, 0.75, 

1.00, and 1.25 MPa. This means that one additional intermediate pre-compression load level is 
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considered to broaden the range of the experimental testing discussed in the previous section. Fifty 

samples are used for each load case, resulting in 250 samples for each random variable in total. 

The corresponding histograms and probability distributions of the input variables for all samples 

are presented in Figure 9. The Latin Hypercube Sampling method is a variation of Monte Carlo 

Simulation (MCS) and a stratified variance reduction technique. By segmenting the variable's 

probability distribution into a number of equal-probability and non-overlapping intervals, the MCS 

sample variance is reduced, and the number of required simulations is lowered [61]. The samples 

obtained by the LHS fill the sample space more effectively due to being taken within those 

intervals. This decreases the variance of statistical estimators computed from the samples [62]. 

The LHS technique has been used as a tool to improve the efficiency of sampling methods for 

structural reliability analysis and has been shown to produce significant savings on computational 

cost [63]. 

 
Figure 9. Histograms and probability distributions of the sampled random variables 

 

A total of 250 simulations are conducted to obtain random parameters, and the number of 

simulations, 50 for each load case, is decided by observing the samples' mean and standard 

deviation. The relative difference between the prescribed mean values (in Table 5) and the mean 
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values after "j" simulations are tracked to define the sufficient number of simulations. This relative 

difference is expressed in terms of percent error, and its magnitude for the pre-compression stress 

level of 0.15 MPa is illustrated in Figure 10. The final values of the errors for each case are smaller 

than 0.2% for all random variables.  

 
Figure 10. Example of error in the mean values after j number of simulations –(vertical stress of 

0.15 MPa) 

4.2 Stochastic discontinuum analysis (S-DA) 

Stochastic analyses resulted in two distinct behavior types: rocking and mixed-mode, as 

mentioned earlier. The well-known flexure/rocking mechanism is characterized by overturning the 

wall in the applied load direction. On the other hand, the mixed-mode involves the cracking in the 

units and sliding in the bed-joints, commonly referred to as diagonal shear [64]. The force-

displacement behavior of the dry-joint masonry walls for each case is presented in Figure 11. Each 

mode of failure indicates a similar force-displacement graph with a variation. For instance, the 

rocking mode has a smooth plateau after the inelastic behavior starts, and it sustains the load-

carrying capacity until the equilibrium is lost, whereas the mixed-mode yields more complex 

behavior with several stress-drops due to cracking in the units, sliding at the joints, which yields a 

softening regime in the post-elastic behavior, as can be observed in Figure 5c. The ultimate lateral 

displacement is usually adopted as the point on the load-displacement curve where the ultimate 

load drops to 80% of the maximum load, which is not present in the rocking mechanism. 
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Some rare cases demonstrate a damage mechanism similar to the mixed-mode along with a 

force-displacement graph similar to a rocking mode. Moreover, some of the mixed-mode graphs 

include several drops and rises, oscillating around 80% of the maximum force. Such results are 

expected from the stochastic analyses and should be interpreted together with the failure 

mechanism obtained from the simulation. 

 
a) Rocking mechanism (vertical stress: 0.15 MPa) 

  
b) Left: Rocking; Right: Diagonal mixed-mode failure mechanisms (vertical stress 0.50 MPa) 
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c) Left: Rocking; Right: Diagonal mixed-mode failure mechanisms (vertical stress 0.75 MPa) 

  
d) Left: Rocking; Right: Diagonal mixed-mode failure mechanisms (vertical stress 1.00 MPa) 
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e) Left: Rocking; Right: Diagonal mixed-mode failure mechanisms (vertical stress 1.25 MPa) 

Figure 11. Failure mechanisms of DJ-SMWs under combined compression-shear forces. 

 

The results highlight the pronounced effect of the vertical stress level both in the capacity 

and behavior of the DJ-SMWs. With the increasing vertical stress, the maximum lateral load 

capacity increased significantly for both modes of failure. This well-known phenomenon can be 

seen in Table 6 and Table 7 and was also observed in extensive experimental work on unreinforced 

masonry walls [6,64,65]. On the other hand, the increasing vertical load may yield an adverse 

effect on the maximum displacement capacity when the failure occurs as a mixed-mode. The 

percentage of rocking mode occurrences decrease with increasing vertical stress. From vertical 

stress of 0.50 MPa to 1.25 MPa, the probabilities of rocking mode are 28%, 34%, 28%, and 8%, 

respectively. Thus, from a statistical point of view, it is less likely to obtain a rocking failure if the 

vertical stress is increased further for a given set of parameters and testing conditions. 

 

Table 6. Average values of the input parameters for rocking failure mode and corresponding 

maximum average force and displacement. 

 Average Values 

Vertical Stress 

(MPa) 
𝝓𝒋 (degrees) 𝒇𝒕,𝒖 (MPa) 𝑭𝒐𝒓𝒄𝒆𝒎𝒂𝒙 (kN) 𝑫𝒊𝒔𝒑𝒎𝒂𝒙 (mm) 

0.15 31.80 3.69 16.24 27.54 

0.50 38.13 3.86 47.71 28.08 

0.75 38.09 3.66 69.51 28.21 

1.00 38.36 4.53 91.58 28.24 

1.25 39.05 4.45 112.13 27.96 

 

Table 7. Average values of the input parameters for mixed-mode failure and corresponding 

maximum average force and displacement. 

 Average Values 

Vertical stress 

(MPa) 
𝝓𝒋 (degrees) 𝒇𝒕,𝒖 (MPa) 𝑭𝒐𝒓𝒄𝒆𝒎𝒂𝒙 (kN) 𝑫𝒊𝒔𝒑𝒎𝒂𝒙 (mm) 

0.15 Failure mode non-occurring 

0.50 29.41 3.62 45.90 18.34 

https://www.sciencedirect.com/science/article/pii/S0141029621007707?dgcid=coauthor


Pre-print version: Pulatsu, B., Gonen, S., Erdogmus, E., Lourenço, P.B., Lemos, J.V., and 

Prakash R., “In-Plane Structural Performance of Dry-Joint Stone Masonry Walls A Spatial and 

Non-Spatial Stochastic Discontinuum Analysis.”, Engineering Structures (2021). DOI: 

10.1016/j.engstruct.2021.112620 

 

24 

 

0.75 28.72 3.71 63.89 19.47 

1.00 29.57 3.44 80.97 17.93 

1.25 31.17 3.63 100.72 16.26 

 

4.3 Influence of the contact properties on the macro-behavior of the DJ-SMWs 

In this section, the effects of essential nonlinear input parameters are explored for each vertical 

stress, focusing on the failure mechanism and lateral load-carrying capacity of the DJ-SMWs.  

Failure mechanism: This research indicates that the frictional resistance at the joints plays a 

major role in the local and global failure mechanism of the DJ-SMWs. As can be seen from Table 

6 and Table 7, there is a certain threshold between two distinct failure mechanisms related to the 

joint friction angle, especially from moderate (0.5 MPa) to high level of vertical stress (1.25 MPa). 

Table 6 indicates that rocking failure is associated with relatively high joint friction angles (e.g., 

𝜙𝑗 ≥ 38°), whereas mixed-mode failure occurs where the average joint friction angle is lower than 

32° (see Table 7). Another observation reveals that when the vertical stress level is high, the 

rocking mode is associated with higher unit tensile strength. In contrast, for the mixed-mode 

failure, there is no correlation found between the unit tensile strength and the vertical loading. 

In-plane lateral capacity: The effect of the model parameters on the lateral load capacity is 

investigated by tracking the changes in the maximum lateral load with respect to the mean values 

of the model parameters. The outcome is presented in Figure 12 for the joint and unit friction angle 

(𝜙𝑗, 𝜙𝑢) and unit tensile strength (𝑓𝑡,𝑢) as they produced specifically meaningful results.  

The results indicate a strong correlation of the lateral load capacity with the joint friction angle 

for all pre-compression stress levels, shown in Figure 12. Furthermore, the relationship between 

the in-plane lateral load capacity and the unit tensile strength shows a complex relationship in 

mixed-mode mechanism. Figure 12 points out that unit tensile strength value may only be partly 

correlated with lateral load capacity when the DJ-SMWs are subjected to high vertical pressures 

(i.e., ≥1.00 MPa). Furthermore, there is no correlation between the unit friction angle and the 

lateral load capacity; however, this situation should be interpreted with caution given that, in the 

proposed computational approach, the masonry units have a single vertical surface for potential 
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cracks and sliding failures. Last but not least, there is no direct correlation observed between the 

displacement capacity and the examined parameters.  

 

 
a) Vertical stress 0.15 MPa 

 
b) Vertical stress 0.50 MPa 
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c) Vertical Stress 0.75 MPa 

 
d) Vertical stress 1.00 MPa 

 
e) Vertical stress 1.25 MPa 

Figure 12. Influence of the joint friction angle (𝜙𝑗), friction angle at the unit-joint interfaces (𝜙𝑢) 

and tensile strength of the units (𝑓𝑡,𝑢) on the capacity and failure mechanism distributions. 
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5 Spatial S-DA and Non-Spatial S-DA 

The mechanical properties of masonry components vary spatially within the discontinuous 

domain of the structure. These changes stem from the inherent variability of the material 

properties, workmanship, and the uneven degradation of materials and joints. The degree of the 

spatial variability of the properties, however, is unknown. To investigate this effect, stochastic 

discontinuum analyses incorporating the spatial variability of the random parameters, given in 

Table 4, are carried out considering vertical stress of 0.75 MPa, which corresponds to a moderate 

level. In the analysis, each joint is given an identification number as illustrated in Figure 13a, 

where the joints within and in-between the units are grouped separately. Then, different tensile 

strengths and different frictional resistance were considered for each joint (see Figure 13b). The 

sampling of the parameters for the units and joints is done using the LHS method and the 

distributions previously assigned for each parameter (Table 5).  

 

 
a) Contact surface numbering for unit and joints, 𝑖 ∈ [1. .45]; 𝑘 ∈ [1. .135].  

https://www.sciencedirect.com/science/article/pii/S0141029621007707?dgcid=coauthor


Pre-print version: Pulatsu, B., Gonen, S., Erdogmus, E., Lourenço, P.B., Lemos, J.V., and 

Prakash R., “In-Plane Structural Performance of Dry-Joint Stone Masonry Walls A Spatial and 

Non-Spatial Stochastic Discontinuum Analysis.”, Engineering Structures (2021). DOI: 

10.1016/j.engstruct.2021.112620 

 

28 

 

 
b) An example showing the spatial distribution of friction angles 

Figure 13. Illustration of the contact surface numbering and spatial variation of the contact 

friction angle values. 

 

Hence, in a single simulation, a number of values equal to the number of joints are sampled 

from the specified distribution. Through spatial S-DA, 100 discrete element models are run. The 

sampling process is repeated for each of the 100 simulations. Note that the number of runs for each 

case (i.e., 50) is doubled to account for the increased variability of the parameters within the 

structure. In line with the previous results, the force-displacement curves are separated for rocking 

and mixed failure modes, as illustrated in Figure 14.  
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a) FM: Rocking b) FM: Diagonal Mixed Mode 

Figure 14. Failure mechanism (FM) of DJ-SMWs (vertical stress: 0.75 MPa, spatial S-DA) 

Comparing the average values of the maximum force and displacements, given in Table 8, to 

the non-spatial S-DA, it is observed that these values decreased slightly. The spatial S-DA 

produces more consistent results and indicates fewer rocking failures (12%) than the non-spatial 

analyses (34%). However, it is hard to point out which approach (the spatial or non-spatial S-DA) 

is more appropriate at this stage due to the limited repetitions in experimental data. Note that non-

spatial S-DA is also a part of spatial analysis, representing the cases where the parameters are 

distributed with much less variance.  

 

Table 8. Average maximum force and displacement obtained from spatial and non-spatial S-DA 

(spatial analysis is denoted as 0.75*). 

 Average Values 

 Rocking  Mixed Mode 

Vertical stress 

(MPa) 
𝑭𝒐𝒓𝒄𝒆𝒎𝒂𝒙 (kN) 𝑫𝒊𝒔𝒑𝒎𝒂𝒙 (mm) 𝑭𝒐𝒓𝒄𝒆𝒎𝒂𝒙 (kN) 𝑫𝒊𝒔𝒑𝒎𝒂𝒙 (mm) 

0.15 16.24 27.54 N/A 

0.50 47.71 28.08 45.90 18.34 

0.75 69.51 28.21 63.89 19.47 

0.75* 63.17 28.80 57.29 17.00 

1.00 91.58 28.24 80.97 17.93 

1.25 112.13 27.96 100.72 16.26 
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6 Towards Performance Assessment of Dry-Joint Stone Masonry Walls  

There are no standardized or widely accepted criteria for performance assessment of dry-joint 

masonry walls. In the Turkish Building Seismic Code (TBDY 2018) [66], no criteria are available 

for the DJ-SMWs, and the performance assessment of unreinforced masonry buildings is solely 

based on the percentage of the walls failing to resist the shear forces generated during seismic 

actions. Similarly, stone masonry is beyond the scope of ASCE 41-17 [67]. Even though a few 

researchers attempted to define performance limits for historical stone masonry structures [68–

70], only one of them [71] considered dry-joint stone masonry construction. Therefore, this study 

is a first step to the ultimate goal of setting seismic performance criteria for dry-joint stone masonry 

walls. In order to determine the seismic performance of structural walls, their response to the 

seismic actions (capacity, displacement capacity, failure mode, ductility, etc.) should be estimated. 

For this reason, the effects of the vertical stress level and uncertain material parameters on the 

collapse mechanisms and the variability of maximum lateral force and displacement based on the 

stochastic discontinuum analysis are discussed. The discussion is focused on the seismic behavior 

and the variability of the response parameters in the following paragraphs. 

A ductile response of the load-bearing masonry walls is desired to obtain good seismic 

behavior and high energy dissipation. In this regard, the rocking behavior provides ductility, as the 

maximum lateral load is sustained for larger displacements. It dissipates energy through impact 

and maintains the walls' integrity except for the localized damage at the corners. On the other hand, 

the mixed-mode (diagonal shear cracking) displays a more brittle behavior, which may be 

associated with catastrophic failure [64], in case the displacement demand is high. For the cases 

investigated in this study, it is observed that the mixed-mode behavior does not always behave in 

a brittle fashion, as several cases of ductile force-displacement curves are noticed in Figure 11. 

Still, the average maximum displacement is significantly less for a mixed-mode type of failure 

when compared with the rocking mode. Therefore, a correct prediction of the failure mode is 

essential for an accurate prediction of deformation capacity. 
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The average force-displacement curves obtained for different vertical stresses (denoted as 

𝜎𝑖 , 𝑖 ∈ [1. .5], and spatial S-DA is denoted as 𝜎3
∗) are provided in Figure 15. Both for rocking and 

mixed-mode failure mechanisms, the positive influence of the vertical stress level on the maximum 

lateral load capacity is clearly shown. The increase in the stiffness of the walls with increasing 

vertical stress is also noticed. This phenomenon was also reported by other researchers [71,72]. In 

the rocking failure (Figure 15a), the maximum displacements are similar, and the maximum force 

variation is small, approximately 10% for all load cases, indicating a more predictable behavior. 

On the other hand, in the mixed-mode failure (Figure 15b), considering the uncertainty in the 

material properties yields significant alteration of the seismic displacement capacity of dry-joint 

stone masonry walls. The coefficient of variation for the ultimate displacement ranged between 

30-50% for different vertical stress levels. This large variation is one of the important deformation 

characteristics of masonry walls and was also observed in experimental studies [71,73]. Thus, if 

the performance levels are defined in terms of drifts, the large scatter in the results is expected to 

pose problems. 

Finally, the results indicate a good correlation with the experimental findings on DJ-SMWs 

in the literature. The analyzed DJ-SMWs under monotonic loading maintain their lateral load 

capacity (80% of the maximum force is set as a limit) until the drift ratios of at least 2.5% and 

1.5% for rocking and mixed modes failure, respectively (see Figure 15). The ultimate drift values 

for the same type of walls under cyclic loading are proposed as 2.3% and 1.5% for rocking and 

mixed modes failure, respectively, in extensive experimental research campaigns on stone 

masonry walls [71]. Note that for the drift uncertainty, the same study proposes a similar 

coefficient of variation, 40% for the ultimate drift, which also justified the adoption of much lower 

drift limits in performance-based seismic assessment codes. 
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a) Rocking mechanism 

 
b) Mixed failure mode 

Figure 15. Mean force vs. drift curves of DJ-SMWs for rocking and mixed failure modes under 

different vertical pre-compression conditions (𝜎1 = 0.15, 𝜎2 = 0.50, 𝜎3 = 0.75, 𝜎3
∗ =

0.75 (𝑠𝑝𝑎𝑡𝑖𝑎𝑙 𝑆 − 𝐷𝐴), 𝜎4 = 1.00, 𝜎5 = 1.25 𝑀𝑃𝑎) 

 

7 Conclusions 

The dry-joint stone masonry constructions constitute an important part of existing built 

cultural heritage, demonstrated to be rather vulnerable to seismic actions. This research presents a 

spatial and non-spatial stochastic discontinuum analysis strategy based on the discrete element 
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method to assess DJ-SMWs under in-plane (monotonic) lateral loading. The stochastic approach 

adopted in this research systematically scans the random parameters to which the response is 

sensitive. It also aims to determine the performance limits of dry joint masonry walls under given 

conditions. Therefore, the proposed methodology is novel to the literature even though stochastic 

micro-modeling or DEM analyses have been conducted for other types of structures. Based on the 

findings, the following conclusions are drawn. 

• The proposed coupled fracture energy based contact constitutive law proposed to model 

discrete interfaces better captures the post-peak behavior of the DJ-SMWs. Furthermore, 

the predicted failure mechanisms and force-displacements curves are in good agreement 

with previously published experimental and analytical results. 

• The obtained results from S-DA can be grouped in two failure modes, i.e., rocking and 

mixed-mode (diagonal shear), where the frequency of the rocking mechanism significantly 

decreases when the vertical pressure over the DJ-SMWs increases.  

• It is demonstrated that the joint friction angle and the vertical stress have a pronounced 

influence on the failure mechanism and capacity of the DJ-SMWs, whereas unit tensile 

strength and the lateral capacity can only be correlated in the case of high vertical loads, in 

which cracking of the stone units becomes more relevant for the response. 

• Spatial S-DA provides less variant force-displacement curves than non-spatial S-DA and 

represents the heterogeneous characteristics of masonry by explicitly considering different 

mechanical properties at the joints and unit-joint interfaces. 

• The preliminary performance assessment indicates that analyzed DJ-SMWs can maintain 

lateral loads up to 2.5% and 1.5% drifts on average for rocking and mixed-mode failure 

mechanisms, respectively, when considering the given workmanship, boundary conditions, 

and material properties. The coefficient of variation of the drift is quite large (between 30 

and 50% according to the vertical stress level), meaning that safer limits are needed in 

standards, or alternative parameters need to be considered. 

Finally, the proposed modeling approach validated using the experimental results can simulate 

the discontinuous displacement field within the DJ-SMW domain by revealing local and global 

damage mechanisms. Therefore, it can further investigate the effects of various setups and 
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structural configurations, which yields a great economy in performing such a comprehensive study 

computationally instead of a very broad and costly experimental campaign. 

Different boundary conditions, aspect ratio, and morphology of the stone masonry walls need 

to be considered in future studies. Furthermore, cyclic shear and dynamic tests are of relevance to 

consider the rate-dependent behavior of DJ-SMWs. Finally, to eliminate the pre-defined cracking 

surface in units, which is a limitation of the proposed computational model, masonry units may be 

replicated via randomly generated polyhedral blocks, allowing irregular crack propagation in units 

(e.g., diagonal cracks and unit-corner failures). 
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