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Let U be a connected, simply connected compact Lie group
with complexification G. Let u and g be the associated Lie
algebras. Let I' be the Dynkin diagram of g with underlying
set I, and let Ug(u) be the associated quantized universal
enveloping *-algebra of u for some 0 < ¢ distinct from 1.
Let O4(U) be the coquasitriangular quantized function Hopf
x-algebra of U, whose Drinfeld double O,;(GRr) we view as
the quantized function *-algebra of GG considered as a real
algebraic group. We show how the datum v = (7,¢) of an
involution 7 of I" and a 7-invariant function € : I — R can
be used to deform Oy(GRr) into a *-algebra OL4(GRr) by
a modification of the Drinfeld double construction. We then
show how, by a generalized theory of universal K-matrices,
a specific x-subalgebra Og(G,\\Gr) of O%'4(Ggr) admits
*-homomorphisms into both Ug(u) and O4(U), the images
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work of the first author and Neshveyev, while for the latter
case we heavily rely on recent results of Balagovi¢ and Kolb.
© 2020 Elsevier Inc. All rights reserved.
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Introduction

Let U be a connected, simply connected compact Lie group with complexification
G, and let u and g be the respective Lie algebras. Fix Chevalley-Serre generators for g
which are compatible with the compact form u (see Section 1.1), and let b and h C b
be the respective positive Borel and Cartan subalgebra in g. From this data a natural
Poisson-Lie group structure {—, —} can be constructed on U [66]. Let I" be the Dynkin
diagram of g, with underlying set I. Then one has the following two important classes
of Poisson homogeneous spaces for U:

(1) Flag manifolds Ks\U = Pg\G for S C I a subset of the simple roots, P C G the
associated parabolic subgroup and Kg = Ps N U the compact form of the reductive
Levi factor of Ps.



K. De Commer, M. Matassa / Advances in Mathematics 366 (2020) 107029 3

(2) Symmetric spaces U\U for U? the set of fixed points of a Lie group involution 6 of
U in maximally split position with respect to the fixed Cartan subalgebra of u [33].

Note that the behaviour of the above two classes is different: whereas in the first case
Kg C U will be a Poisson-Lie subgroup, one has in the symmetric case only that U? is
coisotropic.

This discrepancy persists when turning to their quantizations. Let U,(g) be the stan-
dard Drinfeld-Jimbo quantized enveloping algebra of g, where we take ¢ > 0 a fixed
number distinct from 1. Dually, one has a Hopf algebra O,(G) quantizing the alge-
bra of regular functions on G as a complex affine group variety. When endowed with
appropriate *-structures, reflecting the choice of a compact real form, we will denote
the resulting Hopf *-algebras as Uy(u) and O4(U). For Ps C G a parabolic subgroup
with Lie algebra ps and ts = pg N u the Lie algebra of Kg = Ps N U, we have a
natural Hopf x-subalgebra U,(ts) C Uy(u) and dually a surjection of Hopf x-algebras
04(U) - O4(Kg). This allows one to make sense immediately of the associated quantum
flag manifold through its coordinate *-algebra O, (K s\U). These quantum flag manifolds
are studied intensively both from the algebraic and the operator algebraic viewpoint, see
e.g. [88,87,24,25,21,26,23,37,54,13,77,16,81].

Quantum symmetric spaces turn out to be less direct to construct. After an ini-
tial period in which particular cases were studied [80,20,79,7,22], using for example the
formalism of the reflection equation, Letzter developed in a series of papers [57-62] a uni-
form approach to quantum symmetric spaces through a concrete construction of their
associated coideal subalgebras U,(u?) C U,(u). This construction was extended to the
Kac-Moody case by Kolb [51], who also in joint work with Balagovié¢ elucidated the
precise connection to the reflection equation in this full generality [6,52] through the for-
malism of the universal K-matriz; we also mention the earlier work [50] in this setting.
Associated quantized function algebras Oq(U 9\U) for the corresponding homogeneous
spaces can then be constructed by a general procedure.

Our main aim will be to realize the above coideals O, (Ks\U) and O,(U%\U) through
the method of quantum characters [29], building on and extending the techniques de-
veloped in [53,52]. Let v = (7,€) be a couple consisting of an involution 7 of T' and
a 7-invariant function € : I — R. Through a straightforward modification by v of the
commutation relations for U, (u), one arrives at a quantized enveloping *-algebra Uy,(g,)
where g, is a real Lie algebra determined directly in terms of v, see Section 2.2. We note
the following particular cases:

o When 7 = id and €(I) C {0,1}, one has g, = £5 ® ng where €5 and ng are respec-
tively the compact Levi part and the nilradical of the negative parabolic algebra pg
associated to the support S of e.

o When on the other hand 7 is an arbitrary involution and €(I) C {£1}, we have that
g, is the real form of g obtained by modifying the compact form u of g with v. The
couple (7, €) then encodes the so-called Vogan diagram of g,.
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Returning back to the general case, Ugy(g,) will still be a quasitriangular Hopf *-algebra,
with a dual Hopf *-algebra O,(G,). As O,(G,) is coquasitriangular, one can consider
its Drinfeld double O} (GR), which is a quantization of the function algebra of G' = Gg
as a real affine group along a Poisson-Lie group structure {—, —},. Now the precise form
of the double construction allows the flexibility to let the latter depend rather on two
distinct data v = (7,¢€) and p = (7,n), creating a Poisson manifold (Ggr,{—,—}.,.)
which is a Poisson bitorsor between (Gr,{—, —},) and (Ggr,{—, —},) [93,65]. Similarly,
one can construct a *-algebra Oy *(GRr) with a left coaction by Oy(Ggr) and a right
coaction by OF(GR).

We will be interested in the case where v is non-trivial but u = id = (id, +), where +
is a shorthand for the constant function r — 1. We write in this case O;d(GR) = 04(GRr)
and O,(Gia) = O4(U). As we have a Hopf -algebra surjection Oy (Gr) — O4(G,), we
can consider the x-algebra Oy(G,\\Gr) of Oy(G,)-coinvariant elements in O%4(GR),
together with its natural right O,(GRr)-coaction. The method of quantum characters
then gives a one-to-one correspondence between #-characters x : Oy(G,\\Gr) = C and
0,(GRr)-equivariant *-homomorphisms ® : O,(G,\\Gr) — O,(Gr). The image of ®
will be a coideal *-subalgebra Oy(L\\Ggr) of O4(GRr), giving rise through appropriate
projection maps to coideal *-subalgebras O, (K\U) and U, 5({’/ ) of respectively O,4(U) and
Uq(u). Our main theorems can now be stated as follows.

Theorem (Theorem 3.4, Theorem 3.5 and Theorem 5.6). Let O4(Ks\U) be a quantum
flag manifold, and let Sy = 1(S) be the image of S under the Dynkin diagram automor-
phism 1o induced by the longest word in the Weyl group of g. Let € be the characteristic
function of So, and let v = (id, €). Then there exists a *-character x : Og(G,\\Gr) — C
such that:

o The equality O (K\U) = O4(Ks\U) holds.
o The inclusion US(¥') C Uy(ts) holds, and moreover their completions coincide.

Here ‘completion’ is understood in the weak sense, and can equivalently be formulated
as equality of their images in any admissible finite dimensional representation of U, (u).

Theorem (Theorem /.30, Theorem 4.0 and Theorem 4./1). Let O (U°\U) be a quantum
symmetric space. Let v = (1,€) be such that e(I) C {£1} with g, inner equivalent to

go inside g, for go the real form of g associated to 6. Then there exists a *-character
X : Og(GL,\GRr) — C such that:

o The equality Oy(K\U) = O,(U\U) holds, except possibly for U® C U of type EIII,
EIV, EVI, EVII or EIX, using notation as in [1].
o The inclusion US(¥') C Uy(u®) holds, and their completions coincide.
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Note that in both cases, the character x will be constructed upon realising
04(G,\\Gr) as a v-modified braided Hopf algebra structure on O4(G), for which the
x-characters are then determined by a modified theory of universal K-matrices, see also
[53, Section 3.5].

Let us end the introduction by motivating the above results from the Poisson-Lie
point of view, without specifying precise details. Drinfeld has shown that a Poisson
homogeneous manifold for a Poisson-Lie group is completely determined, up to local
isomorphism, by a Lagrangian subalgebra in the Drinfeld double of its associated in-
finitesimal Lie bialgebra [32]. For our compact group U in question, the Drinfeld double
Lie bialgebra of u will be g with a particular real Lie bialgebra structure which integrates
to the real Poisson-Lie group structure {—, —} = {—, —}ia on G mentioned before. We
then have the following:

o In the case of flag manifolds Kg\U, the associated Lagrangian subgroup is L =
KsNg C G, with Ng the unipotent radical of the associated parabolic Pg.

e In the case of symmetric spaces, the associated Lagrangian subgroup is L = Gy C G,
with Gy the real form of G determined by 6.

The given U-homogeneous space can then be reconstructed as the U-orbit at the unit of
the space L\G. In [85,86] one can find similar ideas in the purely complex Poisson and
quantum setting, using however the (twisted) Heisenberg double instead of (twisted)
Drinfeld double. We make a brief comparison with this alternative viewpoint in Ap-
pendix A.

In general, in its given position L will not be a Poisson-Lie subgroup of G with its usual
Poisson bracket {—, —}. However, we can take an inner conjugate copy L' = G, of L such
that it will become a Poisson-Lie subgroup of G with the Poisson-Lie group structure
{—, -}, for v suitably chosen. Denoting G’ = (G,{—,—},) and G” = (G,{—,—}..a),
one may then expect an isomorphism of Poisson G-spaces

L\G" = L\G.

In our two specific settings, this isomorphism looks as follows, using notation as in the
above theorems:

o In the flag case, we have Kg,Ng \G = KsNs\G.
o In the symmetric case, we have G,\G = Gy\G.

We note however that a complication results from establishing our results in the purely
algebraic framework, for the quotient space L\G or L’\G" will not necessarily be a real
affine variety, i.e. the fixed point set of a complex-conjugate involution on a complex affine
variety. There will however be a natural real affine variety L\\G with a Zariski-dense
embedding L\G C L\\G, allowing us to continue to work within the usual framework of
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unital algebras when quantizing varieties. One can view L\\G as a GIT quotient in the
setting of real algebraic geometry.

To end, let us mention that important motivation for this paper, in particular with
respect to the use of the reflection equation, can be found in [85,86,80,53] and the work
of Mudrov and collaborators [27-30,71-73,3,74,75,2,4]. We also mention that in a more
restricted setting, constructions closely related to the ones in this paper were performed
in [15]. Finally, we mention that this paper is a step towards proving part of the conjecture
posed as [17, Conjecture 4.1]. However, to prove this part of the conjecture completely,
one needs to complement the results of this paper with more refined representation-
theoretic results. This falls outside the scope of the current paper.

The precise structure of this paper is as follows. In the first section, we establish the
necessary preliminaries on quantized enveloping algebras and the associated quantized
function algebras. In the second section, we construct quantum bitorsors for complex
quantum groups, and examine the quantum orbit spaces with respect to certain quantum
subgroups. We then relate these to quantum homogeneous spaces for the associated
compact quantum groups through the method of quantum characters, establishing the
connection to the twisted reflection equation and modified universal K-matrices. In the
short third section, we examine in more detail the case of quantum flag manifolds, and in
the fourth section we look at the connection to the quantum symmetric spaces of Letzter.
In the Appendix A, we consider some variations of the results in Section 2, connecting to
the work in [85,86]. In the Appendix B, we establish in detail a technical result concerning
the relation between Satake and Vogan diagrams for involutions of semisimple compact
Lie algebras. This result will be verified directly by diagram checking. It would however
be nice to find a more conceptual proof. In Appendix C we establish certain results on
spherical vectors in quantized exterior products. In Appendix D, we gather some explicit
computations regarding the case of a symmetric pair of type FII.

Acknowledgments: The work of K. De Commer was partially supported by the FWO grant
G.0251.15N and the grant H2020-MSCA-RISE-2015-691246-QUANTUM DYNAMICS.
The work of M. Matassa was supported by the FWO grant G.0251.15N while working
at the Vrije Universiteit Brussel (VUB), Belgium. K. De Commer would like to thank
D. Jordan, A. Mudrov and T. Weelinck for discussions around the topics of this paper.

1. Preliminaries
1.1. Quantized enveloping algebras

Definition 1.1. A Lie x-algebra consists of a complex Lie algebra g together with an
antilinear, antimultiplicative involution * : g — g.

There is a one-to-one correspondence between Lie x-algebras and real Lie algebras by
means of the correspondence
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(g,%) =» g ={X €g| X" =X},
s (sc, %), (X +iY)" ' =-X+14Y, XY €5,

where s¢ = s ® C is the complexification. One calls g. the real form of g associated to *.
R

Let now g be a complex semisimple Lie algebra. We fix a Borel subalgebra b and
associated Cartan subalgebra b, and let b~ be the opposite Borel subalgebra. We write
{a,- | r € I} for the set of simple positive roots, and let T be the corresponding Dynkin
diagram on the set I. We write respectively Q@ 2 A D AT for the root lattice, the root
system and the positive roots. We let W be the Weyl group of g, and we fix a W-invariant
positive-definite bilinear real form (—, —) on Q ®z R. We write d, = (a., ;-)/2, and use
2a_ for coroots. We write P for the weight lattice, P* for

(,a)
its positive cone and {cw, | r € I} for the set of fundamental weights. We let A = (a,s)rs

the standard notation v =

be the associated Cartan matrix under the convention

ars = (@Y, a5) = QM
(0, 00)

We further fix Chevalley-Serre generators
hr €9, er €0, freb .

Concretely, this means that we identify g with the abstract complex Lie algebra generated
by

S =A{hr,er, fr |7 €T}
such that
(hryhs] =0, [hrs€5] = arses,  [he, fo] = —arsfs,  [er, fs] = Orshr
and for r # s the Serre relations
adg " (e5) = ady " (fs) =0,

where ad,(y) = [z, y]. We can then endow g with the unique Lie *-algebra structure such
that

hy = hy, er= fr.

The associated real Lie algebra u = {X € g | X* = —X} is called the compact real form
of g.

We now introduce the quantized enveloping algebra of g and u, see e.g. [48,78] for
details on the associated *-structures.
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Definition 1.2. Fix 0 < ¢ with ¢ # 1. We denote by U,(g) the quantized enveloping
algebra of g. Specifically, Uy(g) is generated by K, E,, F,, where r € I and w takes
values in the integral weight lattice P, with Ky = 1 and commutation relations

K K, = Ky,
K, E, =¢“*)E.K,, K,F.=q¢“*)FK,,
K, —K!
[ET7FS] = 5T‘SH
q T — q T

and the quantum Serre relations, whose precise form we will not need in what follows.
We will in the following use the shorthand K, = K,, and g, = ¢%. We endow U,(g)
with the Hopf algebra structure

A(E,)=E, 1+ K, ®E,, AF)=F.oK '+1®F,, AK,) =K, ®K,,.

We denote by e the counit, given by e(E,) = e(F,) = 0 and e(K,) = 1, and the
antipode map by S, determined by

S(E.)=-K'E,,  S(F,)=-FK,  SK,)=K;"

w

For a € Q we write
Ug(8)a = {X € Uy(g) | KuX = ¢ XK, }.

We write U, (b) = Uy (b™) for the positive Borel part of U,(g), generated by the K,
and E,, and U,(b™) for the negative Borel part generated by the K, and F,.. We write
U, (n) = Uy(n™) for the unital algebra generated by the E,., U(n™) for the unital algebra
generated by the F)., and U,(h) for the algebra generated by the K,,. We denote U, (u)
for Uy(g) as a Hopf *-algebra with the *-structure

K =K,, Ef = FK,, F'=K'E,.
Note that the antipode map S is not *-preserving. To correct this, one introduces the uni-
tary antipode R : Ug(u) — Uy(u), which is a x-preserving, involutive, antimultiplicative
and anticomultiplicative map determined on generators by

R(Er) = _QTKr_lEra R(Fr) = _qr_lFer R(Kw) = KJI (11)

We call admissible representation of Uy(g) any representation on a finite dimensional
complex vector space in which the K, assume positive values. Each admissible repre-
sentation is spanned by joint eigenvectors of the K, called weight vectors, and for £ a
weight vector there exists a unique wt(§) € P with
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K& =q@™ ¢ VYweP.

Commonly we will use weight vectors when displaying a formula, with the implicit un-
derstanding that the formula extens (bi-)linearly to other vectors.

One can choose natural representatives V,, for the isomorphism classes of irreducible
admissible representations, indexed by the positive integral weights w € PT, and char-
acterized by the existence of a one-dimensional space of highest weight vectors at weight
w, vanishing under the F,.. We can densily embed

Uy(g) € Uy(g) := [[End(Var), (1.2)

where U, (g) is endowed with the weak topology, that is o —  if 75 (za) = 7w (z) for
all w € P*. The coproduct A then extends continuously to a homomorphism

AU, (g) — Uy(g) HEnd ) @ End(V),

coassociative in the natural way, where the symbol & denotes the weak completion of a
tensor product. Similarly the antipode and unitary antipode can be extended to Uy(g).
In general, we will use also the notation Uy(n) etc. to denote the weak closure of the
respective subalgebra of U, (g). We note that if H C U,(g) is a *-subalgebra, the weak
closure of H will coincide with its bicommutant inside Uy (g).

We endow each V, with a Hilbert space structure, unique up to a non-zero positive
constant, such that it becomes a s-representation of Ug,(u). The inclusion (1.2) then
becomes an embedding of x-algebras, and we will consequently write the right hand side
x-algebra as U, (u). In the following, we write V* for the contragredient representation
of V, where V* = {£* | £ € V} is a copy of the conjugate-linear Hilbert space of V
realized as the dual of V' by the scalar product, £* = (£, —), and endowed with the left
U,(g)-module structure

X €& =¢ 0 8(X). (1.3)

To make this a *-representation of U, (u), the space V* has to be endowed with a Hilbert
space structure different from the canonical one, but this will not come in to play in
what follows.

Let Z be the universal R-matrix for U,(u), so

R € Uy (bT)&U,(67) C [ End(Vr) ® End (Vo)

w,w’

and

(ARIA)Z = B3B3, ((AOA)R = BisRra,  RAN(=)B~' = AP, F* = Ry,
(1.4)
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It is completely determined by the above relations and the rule
R(E @) =q O @y (1.5)

for a highest weight vector £ and a lowest weight vector . We then have that Z = @37
where for general weight vectors &, 7

DE@n) = ¢ HONIg g R = Z %, (1.6)
aeQt

with %, € Ug(n)a®@Uqy(n™) 4 and where the sum converges weakly. We have for example
By =101,  Ha, = (¢ — ¢)E, @ F,r. (1.7)
1.2. Quantized function algebras

Let O4(G) = (O4(G), A, €, S) be the dual Hopf algebra of matrix coefficients for U,(g)
in admissible representations. We write the pairing as

Ug(g) x Og(G) = C, (X, ) = (X, ) = (f, X) = X(f) = f(X).
We equip O4(G) with the x-structure dual to that of Ug(u),
(X, ) =S ), X €Uy(w), f € 0,(G),
and write the resulting Hopf %-algebra as O4(U) in the appropriate contexts.

Remark 1.3. Performing the analogues of the above constructions at ¢ = 1, we obtain
the Hopf algebra O(G) of regular functions on the connected, simply connected complex
affine group G having g as its complex Lie algebra. The given #-structure on O(G)
endows G = Spec(O(G)) with a complex conjugate involution, determined by

f@):=1r9), 9€G[feO(G).

The real affine group variety U C G of x-preserving characters, i.e. of elements g € G with
g = @, is then the connected, simply connected compact Lie group with Lie algebra u.

When (V;,n) is a Uy(u)-representation, we consider
Y € End(Vy) ® O4(G)
for the associated corepresentation matrix of matrix coefficients, and

Y(&,n) = (" ®@id)Yz(n®id) € Oy4(G), EnevVs
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for the matrix coefficients. When considering these as unitary corepresentations of O4(U),
we will rather write the coefficients as U (¢, ).

We can consider the Hopf algebra pairings between O4(G) and respectively U,(b™)
and Uy (b™) obtained by restriction, and we let Oy(B) = O,(B") and O4(B~) be the
respective coimages of O,(G). We write the corresponding Hopf algebra quotient homo-
morphisms as

D1 0,(G) > 0,(BY).
We write
TF = ([d®24)Y, € End(Vy) ® O,(BY).
We let
r:0y(G) x Oy(G) = C,  (f9) = (%, fD9)
be the natural skew pairing of O, (G) with itself. Then r factors over a skew pairing
O4(B) x Oy(B™) — C.
In fact, we get homomorphisms of Hopf algebras

1 Og(B) = Ug(b7)P, f (fid)Z,

11 O,(BT) = U6, f o (id@f)Z ", (1.8)
where cop means that we take the opposite coproduct, i.e. the coproduct composed with
the tensor flip.

The following result is well-known in the formal setting, and is an instance of Drinfeld’s
duality between quantized universal enveloping algebras and quantized function algebras

[31,35]. A proof in the non-formal setting can be found in [43, Corollary 9.2.12]. We repeat
the proof, mainly to introduce notation.

Proposition 1.4. The maps v+ in (1.8) are isomorphisms.

Proof. By (1.6) and (1.7), we have

L*(T;(fvf)) = K—Wt(é)v L*(T;T(gwra Frfwr)) = (q’l‘_l - qr)FrKar*wra
W (T5(6,9) = Kureyr 14 (Tn, (Fréw, 60,)) = 0, 2(a0r — 47 D Er Ko —a, -

Since the image of t4 will be closed under the antipode map, this proves that the maps
1+ are surjective. If then f € Oy (B) with «_(f) = 0, we have for all g € O,(G) that
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(57H(9), 1= () = (f, e4(2-(9))) = 0.

As &_ and v, are surjective, and the pairing between O,4(B) and U, (b) is non-degenerate
by definition, it follows that f = 0, and ¢_ injective. Similarly one shows ¢, injective. O

In the following we write

GHE) =X, SN E) =X GN(KL) =L (1.9)

r

As in the proof of Proposition 1.4, we have

THE) =L ey T3 o Fréw,) = (47 — )X Lo
To(68) = Loy To (Fréw be,) =42 (¢r — 4, )XTLE o

The skew pairing between generators is then determined by

57"5

1>

(Lo, L) =4¢=Y,  r(X;, X])= pa—
s T

r(Ly, X)) =r(X,,LS)=0.
Let O,(G) be an antilinear, antihomomorphic, cohomomorphic copy of O,(G), with
the copy of the element f written as fT. Then we can view the tensor product Hopf

algebra Oy (G) ® O,(G) as a Hopf *-algebra, which we will denote by O3°™(GR), by the
x-structure

(fegh =g fl

In the following we will drop the tensor product symbol, and simply write elements of

Oc™(Gr) as fg' = g1 f.

Remark 1.5. At ¢ = 1, one has that O°°™(Gg) is the x-algebra of regular functions on
G viewed as a real algebraic variety by the embedding

G—GxG, z+(z,7),

where G is an antiholomorphic copy of G and where G x G is endowed with the complex

conjugation (z,y) = (y,z). We then have

(Fg")(x,9) = f(@)g(y).

Alternatively, we may view O°™(GRr) as generated by the holomorphic and antiholo-
morphic regular functions on G. For the above particular quantization O5°™(GR), the
quasi-classical Poisson structure is such that the holomorphic and antiholomorphic func-
tions Poisson commute. In the following section, we will consider deformations where
there is a more interesting interaction between the holomorphic and antiholomorphic
structures.
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Similarly, we can form Oy (B) and O™ (Bg). In the latter case, we will identify O,4(B)
with Oy (B™) by the identification

O4(B7) = Oy(B), [ (f), (1.10)

where * : Oy(B~) — O,(B) is again determined by
(X, ) =X ), [E0,(B), X €Uyb),
so in particular
Pi(f*) = 2-(f)". (1.11)
Moreover, from
(f@id)2)" = (f @id) (S ®id)2)") = (f ®id)(#~")") = (d@f)(#2~")

we see that x is compatible with the (4-maps,

() = () Fe04(B7).

We then also write * for the inverse map * : O4(B) — O4(B~). Note that as we are
assuming our admissible representations 7 to be x-preserving for the compact *-structure,
we have that

() = (T5) " (1.12)
1.8. Lusztig braid operators

The following results will only be needed from Section 4 onwards.
For r € I, we let T, be the Lusztig braid operator

Toety),  TE= Y (CUNUECORVEO:  cev,
a,b,c>0
—a+b—e=(wt(€),aY)

where

1
P
[a] qr*

in standard notation with the convention

a

_ 4 —q

d—q 1 [alq! = [1]q[2]q - - - la — 1q[alg.

[alg
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We will need to know the behaviour of the 7, under the x-operation. In the following, we
will interpret the maximal torus T' = exp(i(hNu)) C U as the space of unitary characters
of the integral weight lattice P, w — t“, so that we have a natural embedding

T CU,w), t&=t"O¢ eV,
We can then consider
S, =M e T CUy(u),  S&=(—1)OaDe ey,
Lemma 1.6. We have

T: = R(T,) =T,S, = S, T}, (1.13)

T

where we recall that R is the unitary antipode of (1.1), extended to Uy (u).

Proof. As in [42, Section 8], it is sufficient to consider the case Uy,(su(2)) for su(2) with
its positive root a such that (a,@) = 2 and in particular ¥ = a. We then write the
generators of U,(su(2)) as {K, E, F'} with Lusztig braid operator T'. It is also sufficient
to verify (1.13) in the Hilbert space V' =V, with orthonormal basis e, ..., e, and with
irreducible representation

Kek = qn72keka
Eep = ¢ 22 n 41— k]2 k)L Per 1,
Fep, = q_("_zk)/Q[n - k‘}é/Q[k + 1]3/26].34,_17

with the right hand expressions = 0 if ill-defined. Then
Tey, = (—=1)"kgn/2¢F=Re, . (1.14)
and it follows that
T*er, = (=1)"Tej, = (—1)" "2k Tej, = (—1)"HWe) ) e,

Let us now show that R(T) = T*, so R(T)* = T. Note that the conjugate Hilbert space
V (with its usual Hilbert space structure) can be endowed with the x-representation
Xv = R(X)*v. Since v has negative the weight of v, we then have, following again the
notation of [42, Section 8],

R(T)*v = To = E (—l)bqb_ac(-q)a_b""cF(a)E(b)F(c)U = (—q)™ “Tw,
a,b,c>0
—a+b—c=—m

where m = (wt(v), ). From [42, 8.6.(7)] we now see that R(T)* =T. O
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Recall that W denotes the Weyl group of g. For r € I we write s, for the simple
root reflections generating W. Let wg be the longest element in W, and choose a specific
reduced expression for wyg,

WO = Spy « - Sy (1.15)
We then write
Two =Ty ... Ty € Ug(u),
which is independent of the choice of reduced expression for wy. Further write

So =2’ T, (1.16)

where

=g 3 av.

aeAt

Proposition 1.7. We have
Too = R(Tw,) = TweSo = SoTw, -
Proof. An easy consideration of weight spaces shows that
TTeTFZ")‘VTf1 = e”s"'(av), a € A
The elements in AT can be enumerated as

B1 = Oy, B :Srl(arg)7 .., By = Sry -~-57“N,1(O‘7"N)~

Then it follows from (1.13) and the above observation, together with the fact that T,
is independent of the choice of reduced decomposition of wg, that

* ok * 2mwipY _ 2mipY
Ty, =T - Tr = Tye =e Two-

The identity for R follows immediately from the fact that R(—)* leaves each factor of
Ty, invariant, and hence the whole of T,,. O

Denote now by Ad(7),) the Lusztig algebra automorphism of U,(g), uniquely deter-
mined by

Ad(T)(X) =T, XT*, X € Uy(g).
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From [51, Lemma 3.4], we obtain
Ad(Two)(ET)* = *E'ro(r)7 Ad(Two)(FT)* = 7FTO(T‘)7 Ad(TwU)(Kw)* = K—To(w)y
(1.17)
where 7¢ is the automorphism induced on the Dynkin diagram by the action of —wy.
Together with the definition of T, and (1.13), we obtain the following lemma, which also
follows from the fact that the T, satisfy the braid relations.
Lemma 1.8. The following identity holds in Uy (u):
Towo Tr Tt = Ty -
2. Twist-braided Hopf algebras and associated characters
We resume the notation from Sections 1.1 and 1.2.

2.1. Endomorphisms of Uy(b)

Let 7 be an involutive Dynkin diagram automorphism. We also write 7 for the corre-
sponding linear automorphism of the weight lattice P determined by

(@) = @r(r)-

We can extend 7 to a Hopf algebra isomorphism of U,(g), compatible with the compact
x-structure, such that

T(Er) = ET(T)a T(Fr) = F‘r(r)a T(Kw) = KT(UJ)'
By duality, we obtain a Hopf algebra automorphism 7 of O,(G).

Let € : I — R be a real-valued 7-invariant function on I. We can extend € to a
semigroup homomorphism

e (QT,+) = (R,-).
From the couple (7, €) we construct a Hopf algebra endomorphism
v Uq(b) — Uq(b), K, — K.,.(w), E,. — 67'ET(’I‘)'

Denote also by v the corresponding Hopf algebra endomorphism of U, (b™) determined
by

v(X)=v(X")*, X e U,(b7),
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where we restrict * from Ug(u) to a conjugate-linear algebra antihomomorphism from
U, (6%) to U,(bF). Concretely,

v: Uq(bi) — Uq(bi), K, — K.,.(w), F.— ETFT(T).
Note that because of the involutivity of 7 and 7-invariance of €, we have
(v ®id)Z = (id @v)Z%. (2.1)

We will write End,(Uy(b)) for the class of all homomorphisms v of U, (b) of the above
form. Then v completely determines 7 and €, and we write

V= UVse, T="Ty, €=¢€,.

When 7 = id, we will also write ¥ = v.. On the other hand, we have v, . = 7 in case
€. = 1 for all r.

Definition 2.1. We say that v is of symmetric type if €2 = 1 for all r. We say v is of flag
type if €2 = ¢, for all r and 7 = id.

Remark 2.2. It is not hard to show that a general Hopf algebra endomorphism of U, (b)
satisfying (2.1) must be of the form

E, — GTET(T), K, — Ko(w)
where 7 is an involution of I, €, € C satisfies €,(,) = €., and o is an endomorphism of P
with o = ¢* (the transpose with respect to the pairing (—, —)) and o(a;.) = () for all

r € I with ¢, # 0.

Remark 2.3. Note that for v € End.(U,(b)), the endomorphisms v of U,(b¥) glue to-
gether to an algebra *-endomorphism of Ug(u) if and only if v is of symmetric type, in
which case it defines a Hopf *-algebra automorphism v of U,(u). By duality, we obtain
in this case a Hopf *-algebra automorphism v of O4(U).

Remark 2.4. By rescaling, one can always reduce to the case €, € {—1,0,1}, but the
extra flexibility of an arbitrary e, can be convenient with respect to the contraction
method [41,15].
For v € End, (Uq(b)) we write
Hy = wid)Z,  r,(f,9) =%, f@g),  [,9€04G)

From (2.1), (S ® S)Z = % and #* = %2 we find
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r,(f,9") =r.(g, f*). (2.2)

Consider the following bilinear functional

wy 1 O (GR) x OF™(Gr) = €, wy(fg', hk') = e(f)ru(h, g*)e(k).

Then w,, is a convolution invertible real 2-cocycle functional with

w, (fgl hkT) = e(f)ru(h, S(9)*)e(k),  f.g.h.k € O4(G). (2.3)
By (2.2) we also have
wo(ff g =wi(g. f),  f.g€ 0™ (Gr). (2.4)

The following definition extends the usual ‘complexification’ of a Hopf x-algebra [69],
see also [70, Section 7.3] and [90][Section 3.5]. We will in the following use the Sweedler
notation for (O4(G), A) and other Hopf algebras,

A(f) = fa) @ f)-

Definition 2.5. For v, i € End.(Uy(b)) the (v, j1)-Drinfeld double Oy*(GR) is defined as
the vector space Og°™(Gr) endowed with the new multiplication

My, (f,9) = wo(fa), 90)) F2) 9@ (f3):93))s fr9 € O™ (GRr),
and the original *-structure.

As the w, are 2-cocycle functionals for Og°™(GR) satisfying (2.4), it follows that the
(’)Z’“(GR) are associative x-algebras, where by the particular form of w, one has

mu(f,97) = fa', .9 € O(G).

The Oy #(Gr) form a connected cogroupoid with compatible x-structure [12, Defini-
tion 2.4 and Definition 3.14] by means of the unital *-homorphisms

Af, : Op*(GR) = O (Gr) @ OF(Gr),  f9' = )9l ® f)9ly, 1.9 € O4(G).
In particular, the

(04 (Gr), Ay) = (O7"(Gr), Ay )
are Hopf x-algebras. We also write

04(Gr) = OX(GR).
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In the following, we will sometimes in general simply write A = Af  as this will not lead
to confusion.

Remark 2.6. The above interchange relations lead to a family of Poisson structures
{—, =}, on G considered as a real manifold. They can be viewed as manifolds with an
affine Poisson structure [93,65].

For 7,7 representations of Uy(g), let us write
BT = (1)

Lemma 2.7. Let v, p € End.(Uy(b)). In Oy*(Gr) we have the following defining com-
mutation relations between the holomorphic and the antiholomorphic part: with' Y =Y,
andY' =Y,

Yfa‘%;igy;:; = Y2T3%;r,1’72TY1/3 (2.5)
as identities in End(Vy) @ End(V;) ® Oy *(GR)-
Proof. We can rewrite (2.5) as

(Y§T3)_1Y1,3 = %3,1’51’{3(1/53)‘1(%’Z,i’%)‘1~
Then this relation follows straightforwardly from the definition of the product in
OyH(GR), using that

YH= =¥ H = ((des)V)",
together with the fact that (id®S~1)%Z = Z~! and S(Y(&,7))* =Y (n,€). O

As r, factors over a skew pairing between O, (B™) and O,(B™), it follows that simi-
larly as above we can form the (v, 1)-Drinfeld double O}#(Bg). Using (1.10) and (1.11),
we then have a unique surjective *-homomorphism

PO (GR) = Of"(Br),  fg' = 21 P-(g") (2.6)

extending the homomorphism O4(G) — O4(B). This map preserves also the comulti-

plications A7 . In particular, we have a surjective map of Hopf x-algebras Oy (Gr) —

OZ(BR), where OZ(BR) = OZ’V(BR).
Recall now the notation from (1.9). Then we have for v = (7, €) and u = (7,,,7) that

67'57‘,71,(8)

1>

UL L) =g, (X7 Xy =
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wy (L5, X7) = wo (X, L) =0,

nr(sr,‘ru(s)

1

O R R S
T T

w, (LE, X)) =w, N(XF L) =0.
Moreover,
ALY =LEeLlE, AXH =X oL +1eX}, AKX )=X @1+(L)'aX, .
Hence in O;*#(Bg) the following defining interchange rules hold, see also [17, Section 3]:

+r7— — W (X)—Tu -7t
LiL; = gm0 (X))LX L,

LoX; =qlommxtrs LEX =q¢ @ x LY, (2.7)
[X+ X,] _ (sr,‘r,,(s)ETL'yJ-r - 57‘,7'“(8)778 (L;)il
e @ —ar

2.2. The quantized enveloping Lie %-algebra U,(g,) and its dual Oy4(G))

For € as above a real-valued function on I, let Uy (g) be the Hopf algebra obtained by
changing in U,(g) the commutation relation between E,, Fy to

K, - K!

qr_qf’_l .

[Era Fs] = 6rs€r

Then with 7 an involutive automorphism of the Dynkin diagram preserving e, we have
on Ug(g) the Hopf x-algebra structure
Kl =K., El=FuKq), F =K/ Eq).

w r 7(r)

Definition 2.8. For v = v, ., we denote by U,(g,) the Hopf *-algebra obtained by endow-
ing Ug(g) with the *-structure f.

From (2.7), we see immediately that we have a surjective Hopf *-algebra morphism

O (Br) = Uy(g,)°?, X' Ey, X w—F, Li—K, L;—K,,
(2.8)
with kernel generated by the central elements LfT(w)L; —1.
Remark 2.9. As in [15, Appendix B], one sees that U,(g,) is a quantization of the en-
veloping x-algebra of the real Lie algebra g,, C g spanned (over the reals) by the compact
Cartan algebra t = R[ih,] C b and the fo — €ner(a) and i(fo + €a€r(a)), Where the f,
run through the negative root vectors. In the flag case, we obtain the real Lie subalgebra
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ts @ ng of the negative parabolic subalgebra pg of g at S = {r € I | ¢, = 1}, consisting
of the nilpotent part ng, generated by the f, with r ¢ S, and the compact part £g of the
Levi factor. In the symmetric case this gives the real semisimple Lie algebra associated
to the involution v, consisting of all elements X € g with v(X)* = —X.

Proposition 2.10. There is a unique pairing (—, —). of Hopf algebras between U;(g) and
O4(G) such that

(KUJ7f)€ = (KUJ7f)7 (Eva)e = 6T(ET’7f)7 (Fva)e = (F?”7f)' (29)

Moreover, there is a unique pairing (—,—), of Hopf *-algebras between Uy(g,) and
Oy (GRr) extending the above pairing (—, —)..

Proof. It is easily seen by a rescaling argument that there exists a unique pairing of Hopf
algebras between Uy (g) and O,(G) satisfying (2.9). It follows that there can be at most
one extension to a pairing of Hopf x-algebras between U,(g,) and Oy (GRr), defined by

(Xv ng)u = (X(l)a f)e(S(X(2))T7g)E7 f?g € OQ(G) (210)

To see that this is indeed a pairing of Hopf x-algebras, the only non-trivial relation to
verify is that also

(nyTg) (S(X(l )T f)e (X(z 9)e- (2.11)

Now the left hand side equals

(Xa ng)V = Wu(f(Tl)ag(l))(Xv g(g)f(];)),/w;l(f&),g(g))
—ru(g(l f(1))( (1)» 9(2)) (S(x 2))Jr f2))eru(9(3 (f(s) )

It is then sufficient to verify that this equals (2.11) for X € U,(b) U U,(b™). Now for
X € U,y(b), we have

(X, f19) = v 9y, [) we(X (1)), 92) (T (X (2), £2))rw (93), S (f(3) ")
= (%, (ve @ T)A(X)Z, 9 © [7)
= (e @) (ZAX)Z ™), 9© [*)
(ve ® T)AP(X), g ® f7)
= (
= (

(X)), [H)We(X2)), 9)

Similarly, for X € U,(b~) we have
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(X, £19)0 = v (91), Fi1) X1y, 92) (X 2)), £ )T (93), S(f(3))")
= (%, ([dev)AX)Z, " g @ )

((idev)(ZAX)Z ™), 9@ [*)

= ((d@v)A%(X),g® [)

= (v(X )), (X(z 9)

= (S(Xu), fe(X2),9)e. O

The above pairing will of course not be non-degenerate.

Definition 2.11. We define O,(G,) as the coimage Hopf x-algebra of Oy (Gr) under the

x-homomorphism

f — (fv _)u
into the dual of U,(g,). We denote by 7, the quotient map

m, 1 Of(Gr) = Oy(Gy)

To see which extra relations one is quotienting out by, we introduce the following

definition.

Definition 2.12. Fixing € as above, we let & = &. be the unique element in Uy (g) =

[[, End(Vy) determined by

égf = wawt(g)fa 5 € Ve

We then let &, be the corresponding action of & in a general representation 7, and

& the action in a particular irreducible representation of highest weight w.

Definition 2.13. We denote Oq(éu) for the Hopf *-algebra obtained by quotienting out

Oy (GRr) by the extra (x-compatible) relations
(V) EYe = &
for all @ € P*, where we use the shorthand 7(Y) = (id ®7)(Y).
Note that we can rewrite the defining relations (2.12) of O,(G,) as
(Y1) 6m = 625(Yx),

which makes it clear that we are dividing out by a Hopf ideal,

(2.12)

(2.13)

VLY E — ES(V)13S(Y )12 = V(Y5 &6 — ES(Y)12) + (Y156 — ES(Y)13)S(Y )12
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Remark 2.14. As &,R68, restricts to and equals A(&) on the irreducible module spanned
by the tensor product of the highest weight vectors, it follows that we only need to impose
the relations (2.13) on the highest weight representations for the fundamental weights.

Lemma 2.15. The pairing (—,—), factors through O4(G,).

Proof. We have to check that (2.13) is satisfied when applying the pairing (—,—), to
this equation with respect to the generators E,., F;. and K. Now for f € O (GRr), we
have

(KwafT)u: (K;(i))af)a (ET?fT)U:_(FT(T)?f)? (FrafT)u: _GT(EV(T))f)'
Hence (2.13) translates to

’/Tw(Kw)gw = wﬂ-w(Kw)a ﬂ-w(FT‘)*(g)w - efr‘g‘wﬂ-w(KrilET)y
GTWW(ET)*(%DW = www(FrKr)

The first relation is obviously true, while using 75 (X)* = 75 (X™) and self-adjointness
of & the last two relations reduce to

T (Br)bm = €607 (Er).

This however follows from the fact that if E,.V,(w — «) # 0 for some o € Q*, where
Ve (w) is the weight space at weight w, then o — o, € Q1 and hence €, = €4—q, €. O

Remark 2.16. It follows that we obtain a surjective Hopf #-algebra homomorphism
Oy(Gr) = Oy(Gy).

It is easy to see that this will be an isomorphism when €, # 0 for all r, as the defining

relations for O4(G,) can then be written

(V1) = 6.5(Ye)E5 1,
from which it follows that (’)q(éy) will be non-degenerately paired with U,(g,). We
suspect that this will be true in general.

Remark 2.17. As we are only interested in the classical limit for motivational reasons,
the classical limit O(G,) for ¢ — 1 will be interpreted without further justification as
the algebra of regular functions on the real affine group G, = Spec,(O(G,)) C G with
Lie algebra g,. For example, in the flag case we have that the group G, of x-preserving
characters of O(G),) equals KgNg , with Ng the unipotent part of the negative parabolic
subgroup Pg associated to the simple roots S = {r € I | ¢, = 1}, and with Kg = UNPg .
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In the symmetric case, we have that the space of #-characters of O(G,) is the subgroup
G, ={g € G| v(g9)* = g '}, which has Lie algebra g, but is not necessarily connected
or simply connected.

2.3. v-braided deformation of O4(G)

Consider the left, resp. right coactions (= *-preserving comodule algebra structures)

Ao = (m @Id)AY 2 OpH(Gr) = Og(GL) ® O (GRr),
pou = (id@m, )AL 2 OpF(Gr) = OpH(GRr) @ Og(G)-

In the following, we will be interested in characterizing the fixed point *-subalgebra
of A, in case p = id, which we will denote

04(G,\Gr) = 04 (Gr) M = {f € O4'(GR) | Avialf) =1 f}.
We then put A\, = A, iq and p, = puid-

Remark 2.18. We are mimicking notation from geometric invariant theory (GIT): for
g = 1 we will not necessarily have that the ordinary quotient G,\Gg is a real affine
variety, and in particular will not equal the (real) spectrum G,\\Ggr of O(Gg)*.
However, G, \GRr will be embedded in this spectrum as a Zariski dense open subset, see
Remark 2.29.

Let us write
Wy = (id®m,)Yr € End(V;) ® Oy(G,).

Then the left and right coactions A, and p, of resp. Oy(G,) and Oy(U) on OF4(GR)
are determined by

(id @A) Yy = Wy 1oYe1s,  (id®p,)Yy = Yy 1oUs 1. (2.14)
Recall the element & introduced in Definition 2.12.
Lemma 2.19. The elements
Zr =1(Y])(& ® 1)V € End(Vz) ® O'(GR)
lie in End(Vy) ® Oy(G,\\GR).
Proof. By Lemma 2.15 we can use the relation (2.12), so that using (2.14) we find

(id ®/\V)(Z7r) = T(Y;,ls)T(W;,m)(&r ® I)WW,IQYﬂ,li% = T(YJ,ls)(gﬂ ® I)lefﬂv
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s0 Zr has entries in Oy(G,\\Gr). O

Lemma 2.20. The matrices Z, satisfy the T-modified reflection equation: with Z = Z,
and Z' = Z, we have

R Ins Ry Ly = Ly B3, Zus "
where we write 7" = (1 @ ©')# and %;rl’ﬂ/ = (7 @ ") Ho1.
Proof. Writing also Y =Y etc., we compute using (2.5) that
R Zas BTy Doy = R (V) s 6 Vs R Ty (V)65 Y sy
= FT T ()R Vis6 iy
= A" T (V)b 617 6315V
= (V)i (V) s 251 67T 65 Y1y
Now we use that
B (ERVNHN1RE)=HnR(ERE)=(1Q E)Re1(6 @ 1),

which follows from an easy weight argument. Hence

= Zu R s . O
Note also that
Zl =1(Z,). (2.15)

We want to view O,(G,\\Gr) as a deformation of O,(G). We will need some prepa-
ration. For £, € V., denote

Z(&n) = (& ©1)Zx(n®1) € Oy(G,\Gr)

for the associated matrix coefficient. Recall that we view V* as the dual of V' with the
contragredient representation (1.3). By the Peter-Weyl-decomposition, we have a vector
space isomorphism
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Doep+ Vo @V = 0g(G), & @nmY(En) = (" @1)Ya(no1)

Proposition 2.21. The map

Ju 1 04(G) = OJGNGR),  Y(Em) > Z(E,) (2.16)
is a linear bijection.

Proof. Let us identify the space of operators Hom(V, W) with W ® V* in the natural
way,

W@V*=Hom(V,W),  &on"— &

Since the multiplication map Oy(G) ® O4(G) — O%4(Gr) is bijective, it follows from
the Peter-Weyl-decomposition that we have a bijective linear map

PW : @ wrep+ Ve ® Hom(Ver, Vo) ® Vi — O4(GR), (2.17)
Fomed)en = r(Ya(n ) Ye (€ 1)

Since
jV(Yw(fa 77)) = PW(f* ®Es ® 77)

and none of the &, are zero, this proves that the map j, is injective.
To see that the map is surjective, consider on O;”id (GRr) the infinitesimal right action
of Uy(g,) via

<X =((X,-), @id)\,(f), X € Uy(gw), f € 02 (GR).

It is easy to see that under the isomorphism (2.17), the action < restricts to each of the
components V2 @ Hom(Vyr, Vo) ® Vv, on which it is given by

TN X=¢T<aX)dn

for an action of Uy(g,) on Hom(Vy, V). We are to show that T' < X = &(X)T for all
X € U,(g,) implies w = w’ and T € Cé&,. However, it is easily seen that

T<E,=-K 'E.T+¢K 'TE.,, T<F,=—¢FKTK '+TF,
T<K,=K;'TK,.

Hence if T <1 X = ¢(X)T for all X € U,(g,), it follows that

E.T =¢TE,, TF.=¢FT, KT=TK,.
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The first identity implies that T preserves the vector space spanned by highest weight
vectors, while the second identity implies that the action of T on the highest weight vector
completely determines the action. Combined with the third identity, it then follows that
T = 0 unless @’ = w, in which case the space of T’s is one-dimensional, consisting of
multiples of &,. O

We want to determine explicitly the resulting *-algebra structure that O,(G) inherits
through j,.

Definition 2.22. Let € : I — R, and extend € as before to a semigroup homomorphism
(QF,+) — (R,-). We define

Qe € Uy(9)SU,(9)
as the unique element such that
Qe = €otw —w!ly Vi e Hoqu(u)(Vw”a Vo ® Vw’)'

It is easily seen that €). is well-defined, as non-zero ¢ as above exist only when w +
w’ — w’ € QF. Moreover, when € has no zero values, it is easily seen that

Qe = (@ E)A(E™).
It follows by continuity that, in general, ). satisfies the 2-cocycle identity
(Qe®1)(A®id)(Q2) = (1 ® Q) (id @A) ().

Moreover, as §2. assumes constant values on isotypical components in the tensor product,
we have

QA(X) = A(X)Q, X e Uy(uw). (2.18)
Finally, we note the following behaviour with respect to the universal R-matrix.
Lemma 2.23. The following identity holds:
HQVe = Qe a1 K. (2.19)

Proof. This follows immediately from the fact that, with X the flip map, the elements
Y(m @ 7')% preserve spectral subspaces, while the (7 ® 7’)Q. are constant on spectral
subspaces. 0O

The following modifies the construction of braided Hopf algebras as in [68, Theo-
rem 4.1], see also [48, Proposition 10.3.30] and the references in [70].
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Definition 2.24. We define Oy(Z,) = O} ~""(G) to be the vector space Oy(G) with the
product

fx9="(92 @ f),Q)r(f(2), 93)) f3)9(0)T (f(2), T(S(9(1)))) (2.20)
and the x-structure
fE=7(8(5)), (2.21)
where on the right hand sides one uses the Hopf *-algebra structure of Oy (U).

We will show in a moment, by an indirect argument, that this defines a unital x-algebra
structure, but for now we just view the above as a binary and unary operation.

Definition 2.25. We will call O,(Z,) the v-modified braided Hopf algebra.

Note that the unit 1 € Oy (G) is still the unit of Oy(Z,). We record the following
‘inverse formula’ to (2.20).

Lemma 2.26. For all f,g € O4(Z,) we have
(f() ® 901, Q) f2)9¢2) = £(S(f(1)): 91)) fr2) * 93)r(f(3), T(9(2)))- (2.22)
Proof. From (2.19), we see that
fxg=r(fa),92)f2) ®9), Q) f3)90)r(fray, 7(S(9(1))))-

The result then follows from the fact that (S®id)%Z = #Z~!, while (id ®5)Z is the inverse
of % with respect to Uy (g)@U,(g)°P, where U, (g)°P has the opposite product. O

Remark 2.27. In case & is invertible, we can further reduce (2.22) by inverting €. and
using (2.19),

fg=2(S(f1)), 90))(92) ® Fi2: 2 ") f3) * gayr(Fiay 7(93)))- (2.23)
Theorem 2.28. The map j, introduced in (2.16) induces an isomorphism of x-algebras
Jv: Oq(ZV) = Oq(GV\\GR)'

Remark that, borrowing again the coproduct from O,(U), the map j, can be written
more intrinsically as

v Og(Zy) = Og(GL\GR),  f+ fo)(E)T(S(f1)* f3)- (2.24)
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Proof. By Proposition 2.21, it only remains to show that j, is a x-algebra map. Now
the preservation of *-structures follows immediately from the definitions and (2.16). On
the other hand, to show that j, is multiplicative we may restrict to the case where none
of the €, are zero, as the structure coefficients of our algebras depend continuously on
the €,. Let us fix elements f,g € O,(Z,). By the bijectivity of the map j,, there exists
h € O4(Z,) such that

]V(f)]u(g) = ]V(h)

We are to show that h = f x g. We have

Jv()iv(9)
= f2)(&)g92)(E)T(S(Fy) T f37(S(91))) T g0s)
= [ (&)@ (E)wy, (1(S(g3)) T, Fa))T(S(F)))*T
X 7(5(92) " fy 9 wia(T(S(91)*, fis))
= [@(&)g)(E)ru(f(3), T(9(3)))T (S(f(l)))*TT(S(Q(z)))*Tf(4)9(5)1'(f(5)7T(S(g(l))))
hay(E)7(S(h1))) )

Applying the counit to the *x}-parts and bringing & to the other side, this reads

h= fa) ()9 (E)ru(f2), T(92)) (f3)90) (€™ Fy g r(f): 7(S(91))))-

But since

(f? )_gl)( ) <f7 (9(2 ))9(3)(5)_1)a

we then have for X € U,(g) that

h(X) = f1)(&)g@)(& )(f(z 963)) (F3)9@ (E™)) (Fy96) (X)) (f5), 7(S(91))))
=(f®g,6% 8 (1) (1)9?1’@)7(5(«@2/))5%25@)1 )

= (f © 9,65 I X1 B0 @ T(S(R))EE L) Ho X (3))-
It follows that h = fxg. O

Now as the left coaction )\, commutes with the comultiplication Ald . viewed as a

v,id>
right coaction on Oy id(GR), it follows that the latter descends to a right coaction of
04(Gr) = OM(GRr) on Oy(G,\\Gr). From the bijectivity of j,, we get that O4(Z,)

inherits this coaction, given concretely via

b, : 0y(Z,) = 0y(Z,) @ Oy(GR) : Zp = T(Ye) 3 Zr 12V 5 13, (2.25)
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where we transport the matrices Z to O4(Z,). This in particular descends to a coaction

of O,(U) as
Pv: Zn v T(Un)i3Z712Uxr 13, (2.26)
which we can also write as a twisted coadjoint coaction
pu(f) = foy @ S(r(fyfe, [ €0q(Zy). (2.27)
On the other hand, we can also descend to a coaction of O4(Bgr) by
Bu: Zn = T(Ty )15 Zn 12T 13,

which through the natural Hopf x-algebra surjection ¢ : O4(Bgr) — U, (u)°°P introduced
n (2.8) descends to a left coaction

Yo 1 Og(Z) = Uy(u) @ Oy(Z,). (2.28)
Since (id ®)T+ = (7 ® id)Z and (id @) T = (7 ® id)%5;,", we can write
(ld ®’}/V)Zﬂ— = (7'(' ® ld) (%T,gl)zmlg,(ﬂ' ® ld) (%)12. (229)

Remark 2.29. The notation Z, refers to an isomorphic copy of the real spectrum of
O(G,\\GRr). Classically, it corresponds to the real variety of Y € []_ End(V,) satisfying
the identities

YooY =0QA(®Y), T(Y) =Y. (2.30)
We have
G \Gr = Z,, Gyg—1(9)"Eg.
When & is invertible, we can rewrite (2.30) as
ETY @67Y = A(E7Y),
so that we can naturally identify

Z,2H,={geCG|7(9)" =696} CGC[[End(Vs), Y &Y.

If moreover v is of symmetric type, so that we can view v as an involutive automorphism
of GG, we obtain that

H,={g€G|v(g9)" =g}, (2.31)
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and the map G,\Gr — Z, = H, is in this case given by G,g — v(g)*g, which is in
general not surjective but has Zariski dense image.

2.4. Embedding of Oq(Z,) inside O(’I”id(BR)

We want to relate now Oy(Z,) with O%4(Bg). Recall the *-homomorphism & intro-
duced in (2.6).

Proposition 2.30. The natural x-homomorphism
I, = P0j,:04(Z,) = O (Bg)
15 injective.
Proof. Using the expression (2.24) for j,, we have
L(f) = [ (&) 2 (7(S(f)) P+ (f3))- (2.32)
Assume now that Z2(j,(f)) = 0. Using the natural vector space pairing of Uy(b™) ®
Uy(b™) with OF4(Br) = Og(B~) ® Og(B"), together with the stability of U,(b™)
under 7 o S, we see that
f(XEY) =0, VX € Uy(b7),Y € Uy(b™).
Now since
YE = v (Y), EX=v(X)E, Y eU,b*),X €U, (b7), (2.33)
it follows from Uy(g) = U, (67)U, (67 ) = Uy(b™)U,(b™) that in fact
FIXEY) =0,  VX,Y € Uy(g).

Since & is non-zero in each irreducible representation, it follows easily, using the Peter-
Weyl decomposition and the fact that the center of U,(g) separates representations of
Uq(g), that f =0. O

The map I, has an important equivariance property. Note first that the right O, (U)-
coaction p, endows Oy(Z,) with an infinitesimal left U, (u)-module *-algebra structure

X f=0deX,=)p(f), X Z(n) =2(5(7(X1)))"E Xm), (2.34)
where compatibility with the x-structure means that

(X > f)* =8(X)* > f*.
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On the other hand, as (’)Z’id(BR) forms part of a connected cogroupoid, it is in particular
a right Galois object for Og(Br) = OX(Bgr). We thus have on 0%4(Bg) the adjoint
(or Miyashita-Ulbrich) action of O,4(Bg) [83, Definition 2.1.8], which is a right O,(Bg)-
module x-algebra structure determined explicitly in our case by

X<Y:S(YV(1))XYr(2)7 XGO;/’id(BR)vyeOQ(B)UOQ(B_)a

using the usual Hopf algebra structure of Oq(Bi). Recall now again the Hopf x-algebra
homomorphism ¢ = tiq : Oy (Br) — Uy (u)°P introduced in (2.8).

Proposition 2.31. The following equivariance property holds: for all f € Oq(Z,) and
g € Oy(Br) we have

L ((S(9) > f) = L(f) «g.

Proof. It is enough to verify this for g € O,(B), as both sides are module *-algebras and
1S = S~1. Fix now 7, 7', and note that

(der)T = (7' @ 7)# = Rr' x-
As ¢ flips the coproduct, it follows that

(ld ®LS)( )13 > Zﬂ— 23 = (%ﬂ/ﬂrm— X 1)( ® Ly )(% X 1) (235)

7T7T

On the other hand, as (id®I,)Z, = 7(T7*)(& @ 1)T."
interchange relation (2.7) and (1.12) that

-, we have by the fundamental

([d®1,)Zr)23 < T;,m (T} 7(Ty )23157r72T:23T+/ 13
= (T 715 )38 En 0 Rnt m 12T, 1.5T7r 23 % 17r 12
= (T ) 31 T )2_31%1]777’77ro7',12Tﬂ—/,13577,2T7r,23‘%7:’,7r,12

TOoT

(
(
= Rt ror12(Tror) a3 Er, ZT:23=%;'%W,12
= 7r’,7ro‘r,12((id ®I, ) )23'%71- ,r,12°

Comparing this with (2.35) finishes the proof. O

Remark 2.32. In the case v = id this result is well-known, see e.g. [10, Theorem 3| and
the references [10].

We want to characterize the image of I,. Note first that from the proof of Proposi-
tion 2.30, we see that for £, a unit highest weight vector and X € U,(b™),Y € U,(b™)
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(Iu(Zw(é-wv gw))v X® Y) = <§wu T(S(X))éawY£w>
= (L:wa Y) (LtT(w)v X)(&w; gw€w>
= (Ltf(w)L:waX ®Y).
As the above pairing of O,4(Bgr) with Uy (b™) @ U, (b™) is non-degenerate, we deduce that
I(Z((w:€w)) = LT ()L (2.36)

Let us denote in the following
U = Z(€m,€m)- (2.37)
Lemma 2.33. We have the following relations
b, = ), amZ(En) = qUIFTIEIOD Z(E pag,.

Proof. The identity for a® follows immediately upon applying the *-homomorphism I,
and using (2.36). For the second identity, we have by Proposition 2.31 and (2.36) that

a5 2(&,n) = (K_(a 41w > Z(€,))ac = ¢ 0D MDMM) Z(¢ pha,. O
It follows from the above that we can consider the x-algebra

Or(Zy) = 0g(Z,)az!]

w

obtained by localising the a,. We can extend w +— a, to the whole of P by requiring
the relations

Quopy = q((id —7')u),)<)awax7 w,y € P. (2.38)
The map I, then extends to O°¢(Z,).

Proposition 2.34. The elements X© lie in the image of O}IOC(ZV) under I,. Moreover, as
a x-algebra O}IOC(ZU) is generated by the a,, and the

Proof. Since I,,(04(Z,)) is closed under the right action of O4(Br), it follows by (2.36)
that the range of I, contains

L+

—7(@)

L:w < X;i— _ (1 _ q((id+7)w,a7w)>L+ I~

() -

+
X,

and so X' € 1,,(0°(Z,)). Now by (2.34) and the definition (2.37) of the as, we have
that O4(Z,) is generated as a left U, (u)-module by the a. It follows that I,(O4(Z,)) is
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the smallest subspace containing the a, and stable under the € X, and « (X,)*. As
the latter operations can be implemented by left and right multiplication with the X
and (X,1)*, it follows that I, (OX°(Z,)) is contained in the x-algebra generated by the
a,, and z,, and must hence coincide with it. O

It follows that we can present OLOC(ZU) directly by generators and relations: using
(2.7), we see that it is generated by elements ay, z,, y, = xﬁ, with afv = Qr(w), SUCh
that the x, and y, satisfy the quantum Serre relations for the Dynkin diagram under
consideration, and such that (2.38) holds together with ag = 1 and

—((id +T)w70ty-)wraw’ Alr = q((id +T)w701r)yraw

AuwTr = (
67‘,7'(5)6501—0(5 - 67‘,8

QT_QFI

TrlYs — q_(ar’as)ysmr =

Remark 2.35. For v = id, one can characterize the image of I,,(0,(Z,)) into U,(g) by
means of ¢ as the locally finite part of U,(g) with respect to the adjoint action [44].
The precise connection with the locally finite part of O(’Z”id(BR), or a quotient x-algebra
thereof, becomes more muddy in the general case, particularly when 7 # id, but will not
be needed in what follows.

Remark 2.36. The embedding I, puts ‘spectral conditions’ on the x-algebra O,(Z,) =
0,(G,\\GR). For example if w = 7(w), then I, (ax) = (LT_)* LT _ is a positive element.
This might allow one to define O4(G,\GR) as the finer structure of O4(G,\\Gr) together

with such spectral conditions, putting a restriction on its *x-representation theory. We
will however not dive deeper into these matters here.

2.5. Characters of O4(Z,)

Lemma 2.37. The unital x-characters of O4(Z,) are in one-to-one correspondence with
elements

A €Uy(g) = [ End(Va)

such that e(#) = 1,
H* = 7(H) (2.39)
and
QAX) =% H 2 1)%. (10 X). (2.40)

Proof. Using Definition 2.24 and the fact that U, (g) is the linear dual of O,(G), it follows
that any linear functional of O4(Z,) is given by a map
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Ly = iy
for some % € U,(g). This map will then be unital if Z; = ¢(#") = 1, and from (2.15)

it will be *-preserving if and only if (2.39) holds. Finally, from (2.22) it follows that ¢
is a character if and only if

(f() ® 91y, Q) (f2902), ) =2 (S(f1)), 91)) (f2), H )93y, A )r(f3), T(9(2))),
Vf, g € O4(G).

Regrouping, this becomes
(f2g.QAX) =(fog2 (X @NZ-(1X)), VfgeO,G),
which is equivalent with (2.40). O
Note that in case & is invertible, (2.40) can be rewritten as
AE Y= (' )R (12861 X). (2.41)
Another way of writing this is
AETIH)=(1@E )Ry (67 @ 1) %5, (2.42)

but it is not clear what the corresponding limit would be in the case of & not invertible.
However, if (2.39) holds, we get using (2.18) that, upon applying * to (2.40),

QAH) = (1@ H)Rr o1 (H 1) %5, (2.43)
so that in particular we have the 7-modified reflection equation
(1® ) RBron(H @) Bt =B HH @)% (10 ). (2.44)
Finally, note that the counitality assumption e(.#") = 1 is automatic once ¢ # 0.

Definition 2.38. A non-zero element % € U,(g) satisfying (2.40) will be called a v-
modified universal K-matriz. If also (2.39) holds, we call " x-compatible.

Theorem 2.39. There is a one-to-one correspondence between

(1) *-compatible v-modified universal K-matrices & € Uq(u),

(2) unital *-characters x : Og(Z,) = C,

(8) unital x-homomorphisms ¢ : Oy(Z,) — O4(U) intertwining p, with A,
(4) unital x-homomorphisms ¢ : Oy(Z,) — U,(u) intertwining =, with A,
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(5) unital x-homomorphisms ® : Oy(Z,) — Oq(GRr) intertwining 6, with A.
The correspondence is determined by

X (f) = F(H), & (f) = (x®@id)pu(f),
O (f) = ([d@)W(f), O (f) = (x ®id)d,(f).

Proof. The equivalence between the first two items is the content of Lemma 2.37.

If (L,A) is any Hopf x-algebra, and (A4, @) a right L-comodule *-algebra, it is well-
known that there is a one-to-one correspondence between x-characters on A and x-algebra
maps 7 : A — L intertwining « and A, given by the correspondence

fHT(f:(f@ld)O{, 7T|—>f7r:go7-(’

where ¢ is the counit of L; see e.g. [29] for a discussion. A similar correspondence holds
for left coactions. This gives the correspondence between the last four items. O

Note that by (2.25) and (2.26), we have

([d@®) Zy = 7(Ye)l, (n(H) @ 1)y, (2.45)
(id ©¢) Zoy = 7(Ur) iy (m(H) @ 1)U (2.46)

In the following, we fix a unital *-character
x:042,) = C,

and we let % be the associated *-compatible v-modified universal K-matrix. Then ¢, ¢
and ® are the associated equivariant maps into respectively O,(U), U, (1) and Oy (GRr).
We write the images of ¢, ¢ and ® respectively as

Oy(K\U) = $(04(Z,)) € Oy(U),

UN(¥) = $(04(Z,)) C Uy(u),
O4(L\Gr) = ®(Oy(Z.,)) € Oy(Gr).

2

Then O,(K\U) and O4(L\\GR) are right coideal #-subalgebras in their respective Hopf
+-algebras, while Uf(¥') is a left coideal -subalgebra in Ug(u), which (slightly deviating
from [53]) we call a Noumi-Sugitani coideal subalgebra. We may view O,(L\\GRr) as the
Drinfeld codouble of Og(K\U) and UL(¥').

Remark 2.40. Interpreting % classically as an element in the spectrum of Z,,, the groups
L and K are its stabilizers under the respective actions of G and U on Z,,. The symbol ‘f’
in U; (&) should be seen as indicating that it corresponds to some ‘locally finite part’ of
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a quantized enveloping coideal subalgebra. Finally, as we will justify in Proposition 2.44,
¢’ should be seen as a Lie subalgebra of the Lie algebra € of K, and will coincide with it
in many cases of interest. In the setting of Poisson homogeneous spaces, L corresponds
to the Lagrangian in the Drinfeld double G of U associated to the Poisson homogeneous
space K\U [32].

Proposition 2.41. The x-homomorphism ® : Oy(Z,) — Oy(L\\GR) is a *-isomorphism.

Proof. We claim that (%) # 0 for all representations 7. Indeed, assume that 7 (%) =
0 for some @ € P*. Then (2.40) and (2.18) imply that

(7o @ id) A () (10 @ id) Qe = 0.

However, let ¢ be a non-zero U, (u)-intertwiner C = Vy — Vi ® V(). Then it follows
that

(Trw [ WTO(W))A(%)(WW 024 WTO(W))QEL = (ﬂ'w &® WTO(W))A(%)L = E(%)L =0,

contradicting (") = 1.
Let now {ey} be an orthonormal basis of V. Then by (2.45) the map ® is given by

Zn(ex,er) = Y m(H)im(Ve(eir ex)) Yales, e1). (2.47)

As the 7(Y (ei, ex))Y (ej, €;) are all linearly independent when 7 = 7,14, 4, k, I vary, it
follows that the kernel is trivial unless w(#") = 0 for some =, which we have shown is
impossible. O

Let us end by showing a duality relation between Oy (K\U) and U;(E’ ). We start
with a general result, see [45] for similar results in the operator algebraic framework
and [56,34] for the framework of algebraic quantum groups. In the following proposition,
we will use again the unitary antipode R (1.1), acting by duality also on O4(U) as an
involutive Hopf *-algebra anti-automorphism.

Proposition 2.42. Let I,; be a right/left coideal x-subalgebra of Oy(U), and let Jy,, be a
left/right coideal *-subalgebra of Uy(u). Then

I ={Xe Ug(w) |Vf €L - X(—f) =e(f)X} C Uy(u),
L={X elyuw) |Vfel: X(f-)=c(f)X}

N
Q
—~
E

are respectively a left/right coideal x-subalgebra of Uy (1), while

Ji={fe0,U)|VX € J,: f(X-)=e(X)f} CO,U),
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Jr ={f € 04(U) | VX € J,: f(=X) = e(X)f} € Oy(U)

are respectively a right/left coideal x-subalgebra of Oy(U). Moreover,

(‘Z) ‘Z}'/l = IT/l7
(2) jl/r is the weak closure of Jy,.,
(3) if Ljia € Lejro, resp. Jiyen C Jiyra, then Iy 2 Ly, resp. Jypmn 2 Jiypo-

Proof. By means of the unitary antipode R, we can switch between left and right coideal
x-subalgebras, in a way which is compatible with the above dualities. It is thus sufficient
to show that the above proposition holds for a left coideal *-subalgebra I C Oy (U) and
a right coideal *-subalgebra J C U, (u). Moreover, item (3) is immediately clear from the
definitions.

It is further clear that I and J are respectively right and left coideals. To see that
they are x-algebras, we consider the Heisenberg *-algebra H = U, (1) ® Oy (U) consisting
of Uy (u) and O, (U) as x-subalgebras with the interchange relation

X-f=fay X(fiz)—)-
Put

I={Xel,(w|Vfel:X-f=f-X}, J={feO,U)|VXeJ:X-f=f-X}.

(2.48)
Then clearly I and J are s-subalgebras. As 04(U) and Uy (u) are independent within H,
we have that

Xel & Vfel:fu®X(fo—)=rf®X. (2.49)

Applying the counit to the first leg, we find I C I. On the other hand, since I is a left
coideal, it follows that (2.49) holds for all X € I, whence I = I and I a x-algebra. On
the other hand,

fed & VXel: fyoX(fo—)=[f®X. (2.50)

Applying the counit to the second leg, we find JCJ , and the right coideal property of
J ensures that X (—g) € J for all g € O, (U), from which the equality J = J follows. In
particular J is a x-algebra. R R

Let us NOW prove item (2). It is clear that J C J, and that J is weakly closed. To
see that J equals the weak closure of J, note first that since J C U, (1) = [ End(Vy)
is a unital *-algebra, the weak closure J will be isomorphic to [], End(W;) for certain
finite dimensional Hilbert spaces W,. Moreover, since ¢ is a non-trivial character on
J, it corresponds to a particular one-dimensional Wy. Let p be the projection on Wj.
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Considering p as an element of Uy(g), we have that pV, consists of vectors on which J

acts by the counit, and hence J is spanned by all U(&, pn). In turn, this implies that j
consists of all X € U,(u) with

AX)pel)=peX. (2.51)

Let now X be an element satisfying (2.51). Applying the comultiplication to the first leg
and multiplying the second leg to the left with S—! of the third leg reveals that

(X @A) = (1@ 51 (X)A(). (2.52)
In particular, since p € J and J a right coideal, we find that
X(idaf)(Ap) € J,  Vfe O, ).
Since all Y € J satisfy (2.52), we then obtain that also
XY (id®f)(A(p)Z € J, Vfe0,U),Y,Z e J

In particular, let B be the weak closure of the algebra generated by the Y (id @ f)(A(p))Z
where f € Oy(U) and Y, Z € J. Then B is a weakly closed, *-closed two-sided ideal in J,
with

XBCJ.

To finish the proof of (2), we need to show that B = J (and hence contains the unit).
Suppose however this were not the case. Then as B is a weakly closed, *-closed two-sided
ideal in J = []_End(W,), there would exist a finite dimensional representation V of
U, (1) and a non-zero vector £ with B = 0. This implies however A(p)(1 ® §) = 0, and
hence 0 = S(p(1))p2)€ = €(p)§ = &, a contradiction.

Finally, let us prove item (1). Again, the inclusion I C I is immediate. As I is a left
coideal, it is clear that I will be spanned by elements U (£, n) where £ ranges over Vi,
and where n € W, for a certain subspace W, C V. Let ¢, be the projection of V
onto Wy, and let ¢ = [[¢w € Uy(u). Let p € I be the projection onto the orthogonal
complement of the kernel projection of the restriction of € to I.Since I C I , weAhave
p < q. If we can show that p € I, then also ¢ < p (since e(p) = 1), and hence I = I.

To see that p € I, we will first faithfully represent H on 0,4(U). Consider on O4(U)
the Haar state ¢ : O4(U) — C, uniquely characterized by the conditions ¢(1) = 1 and
©(Ux(&,m)) = 0 for w # 0. Then ¢ is faithful, and O,(U) becomes a pre-Hilbert space
for the inner product

(f:9) = o(f9)
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Concretely, we have

<§/7 K2p§> <77’ 77/>

(Uso (&), U (€71)) = O S 535

see e.g. [78, Theorem 1.4.3 and Proposition 2.4.10]. Consider the following representa-
tions:

71 0,(U) - End(0,(U)), (f)g = fg,
# o Uy(u) > End(0,(V)), #(X)f = f(~X),

so in particular #(X)U(&,n) = U(, Xn). Then we obtain in particular a #-representation
m : H — End, (O,(V)), X w—#(X), f—n(f),

where End. (O, (U)) denotes the x-algebra of adjointable endomorphisms. We claim that
my is faithful. To see this, consider also the x-representation

71 Uy(w) —» End, (0,(0)),  #/(X)f = /(S (X)),

so that #/(X)U(&,n) = U(S™HX)*¢,n). Then End,(O4(U)) has the right #’-adjoint
U, (u)-module *-algebra structure

y <X =7 (S(X))yr' (X(2)-

Let End’(O,(U)) be the locally finite part of End.(O,(U)) with respect to <, i.e. the
x-algebra of elements which span a finite-dimensional subspace under <1. Then we can
consider the projection map

E : End! (0,(U)) = End!(0,(U))o

onto the <-trivial subspace. Since x € End, (O4(U)) is <-trivial if and only if  commutes
with all 7/(X) for X € U,(u), and since the 7(Y") commute with the #'(X) for X € U,(u)
and Y € U,(u), it follows that in fact EndL(O,(U))o = #(U,(1)). On the other hand, an
easy computation reveals

m(f) 9 X =x(f(X-)),
so in particular m(U(&,n)) < X = n(U(X*¢,n)). It follows that
E@X)n(f)) = e(HH(X),  fe0y(U), X €Uy(u),

which implies w4, is faithful.
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We are now ready to show that p € I. Indeed, by the characterisation of Iin (2.48)
and the faithfulness of 74, it is sufficient to show that #(p)7(f) = #(f)7#(p). However,
this follows immediately from the fact that I is a x-algebra, for then we have

()7 (p)U(E,n) = fUE pn) = 7(p)(fU(& pn))
=w(p)r(HrUEn), Yfel,V&n. O

Definition 2.43. We define

Us(¥) = {f € Og(U) | VX € Uy(¥) : f(X=) = (X)f} € O, (U),
Og(K\U) = {X € Uy(u) | Vf € Of(K\U) : X(—f) = e(f) X} € Uy ).

It follows from Proposition 2.42 that U J(¥) is a right coideal x-subalgebra in Og(U),
while O, (K\U) is a left coideal s-subalgebra in U, (u) in the sense that

(f @I)AX) € O, (K\U), X € O (K\U), € O,U). (2.53)

Moreover, if we denote by U,(¢’') the weak closure of Ué (¢), we also have

U () =Uy(t), O (K\U) = Oy(K\U).

Part of the following proposition can be found (in the untwisted case) in [53, Corol-
lary 4.5].

Proposition 2.44. We have
O,(K\U) C UL(¥), UL(¥) C Oy(K\U).

Furthermore,

O (K\U) = {X € U,(v) | (1 ® #)A(X) = (id@7)(AX))(1® #)}. (2.54)
Proof. From (2.27), we have that

P(N)Y) = F(S(T(Y))) A Y (2), (2.55)
hence X € O,(K\U) if and only if
X1y ®S(1(X(2)# Xz =X @A,

which is equivalent to

(1® 2)AX) = (1den)(AX))(1e X)),
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proving (2.54).
On the other hand, by (2.29) we see that

O(f) = (f ®id)(Zro1 (K @V)R), [ € O4Z). (2.56)

We then compute, using that Z*% commutes with A(X) for X € U,(u) and with Q.,
that

(1®1® 2)(1dQRA)(Zro1(H @ 1)R) = H3Rr 01 K7 31K K312
= Kr 01 3R 3150 F13K12
= Rro1 (HaRr 31 1R, ) (B R) 13% 12

o) e 21 Qe 13A(K)13(Z" R)13%12

= Rr 1 (X R)130e 130 (K )13%12

Ty P (Z*R)13(Rrs K1 Rr 1375) R

= Kr o1 K31 H N Kr 13K 3K 12
= Kr 01 KB31 HN R r 13K 1275
= ([dR(Id®@7)A)(Zro1(HF @ D)Z) (121 X).

From (2.54), it now follows that ¢(f) € @q(K\U) for all f € Oy4(Z,), ie. UN¥) C
O,(K\U). i i
We then have also Oy (K\U) = O, (K\U) C U;({”). a

Remark 2.45. It is possible that the equality Oy(K\U) = ﬁ; (¢) holds in full generality,
but we were not able to prove this. Conditions for equality of these algebras were already
asked for in the non-modified case in [53, Remark 4.6]. We will however verify this
property directly in many cases, sometimes by quite ad hoc computations.

In the next sections, we will construct x-compatible v-modified universal K-matrices
in the case where v is either of flag type or of symmetric type.

3. Quantum flag varieties

In this section, we will examine in more detail the case where v = (id, €) € End, (U, (b))
is of flag type, so €, € {0,1} for all . We resume notation from Section 1 and Section 2.
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3.1. Construction of a x-compatible v-modified universal K-matriz

Let So = {r | ¢, = 1}, and let S = {79(r) | r € So}, where we recall that
is the Dynkin diagram automorphism defined by the longest word wy of W, that is
To(w) = —wp(w) for w € P.

Definition 3.1. We define 2" € U, (u) by

Ji/g = Ew—wo(wt(ﬁ))fa § € Vw-

Note that this is meaningful: if £ is a non-zero weight vector at w, then T,,¢ is a
non-zero weight vector at wyw, hence wow = w — «a for some a € Q+.
We will in the following also write vy := 19 ov o 79 € End.. (U, (b)). Explicitly we have

l/()(Kw) = Kw, I/()(ET) =€ ET, Vo(Fr) = ETO(T.)FT.

To(r)

Observe that vo(E,) = E, for r € S and vy(E,) = 0 for r ¢ S. Similarly for F,.
We denote by Q; the positive span of the simple roots «, with r € S.

Lemma 3.2. Let X € Uy(b) andY € Uy(b™). Then
J%/X:I/()(X)%, YC%/:%V()(Y)

Moreover, if X € Uy(b)y and Y € Uy(b™)_p for a,f € Q¥ then #' X = XA and
HKY =YX

Proof. Let £ be of weight w. First we compute

HEr§ = €owo(wtan) Bré = €ro(r) Erém—wow)§ = vo(EBr) HE.
Next we compute

FoH & = €y (w) Fré = €mmwo(w—ay)€ro(r) Fr§ = H vo(Fr)E.

The final statement in the lemma follows immediately from the fact that €, ) = 1 for
resS. O

Lemma 3.3. We have QA(K ) =4 @ X .

Proof. Given V, C Vo ® Vi, we have Q¢|y. = €m/ 4w —w. For £ € V, of weight w we
get

Q€A(’%/)€ = GW’+W”—w6w7wg(m)€ = 6w’+w”7wo(w)§-
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Now consider ¢’ ® " € Vo @ Vo with wt(§') = w’ and wt(¢”) = w”. Then we have

%5/ ® L%/é—// = Ew/_wo(w/)fl ® Ew”—’w()(w”)g/l = Em/+w//_w0(w/+w//)€/ ® 5//.

From this we conclude that (£ @) = €5/ o _uy(w)€- Comparing the two expressions
we obtain the equality Q. A(XF) =4 @ 4. O

Theorem 3.4. The element J¢ is a *-compatible v-modified universal K-matriz.
Proof. Since Z € U,(b7)@U,(b™), we obtain by Lemma 3.2

(1 ® f)%gl(% ® 1)%2_11 = %szl(z%/ ® J{,/)%Z_ll = '%Voﬂl(% & 1)%;0%21(1 ® Jf/)
We have vy(F,.) = 0 for r ¢ S, hence the first leg of the element %, 21 only contains
expressions in the generators F;. with r € S, and similarly for its inverse. Then again by
Lemma 3.2 we have (J# ® 1)%;01’21 = %’;01,21(%/ ® 1) and we get

(1@ ) RBor (K @ V) Rgy" = Ry 1B o1 (H @ H) = H @ K.

Since QA(HX) = A& ® A by the previous lemma, we see that J# is a v-modified
universal K-matrix. The *-compatibility is immediate, since #™* = 2. 0O

3.2. Comparison of the coideal subalgebras UL(¥') and U, (ts)

Fix S, Sy as in the previous section. Recall the notations introduced following The-
orem 2.39, using the *x-compatible r-modified universal K-matrix £ constructed in
Definition 3.1. Let further g be the compact form of the Levi factor of the parabolic
subalgebra associated to S, so that the complexification {’,g C g is generated by h and
the e, fr with r € S. Let U,(ts) C U,(u) be the quantized enveloping *-algebra of €g,
generated by the K, for w € P and the E,, F, for r € S, and let U,(ts) be its weak
completion. Finally, let O,(Ks\U) = U,(ts) be the dual right coideal *-subalgebra of
0,(U).

We denote by Wg C W the subgroup generated by the s, with » € S, and wg
the longest element in Wg with respect to the natural word length on Wg. We let
ws = wWg,owWo-

Theorem 3.5. The equality U, (¥') = U, (ts) holds.
Proof. We recall from (2.56) that
Af) = (f @ 1) (#n (H ©1)%).

Since by Lemma 3.2
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Fon(H @ 1) = (H @ )Ry 21, (K VR =Ry (K @1),

we obtain from the fact that JZ is a self-adjoint projection that

~

(Z(&m) = (U(AHE, A ) @1d)(Rve.21%0,)-

This shows that UJ (¢) C U, (ts), and hence Uy (¥') C Uy (Es).

On the other hand, let 7y,0 € Vo be a lowest weight vector for U,(u). Then
Uy(8s) My is an irreducible U, (¢s)-module of highest weight wg(w) = wgowo(w).
Then with £, () a corresponding highest weight vector of unit norm, we find

~

¢<Z(€ws(w)7 gws(w))) = (U(L%/gws(w)v f%/fws(w)) (29 id)(%llo,Ql‘%Vo)'

Now

fgws(w) = ew—wgws(w)sws(w) = Ew—ws‘o(w)fws(w) = gws(w)a

since @ — wgo(w) € Q4. It follows that

~

ANZ(Ews (@) Ews(@)) = (Ulbws () Ews (w)) @ 1d)(Ruy,21%0,)
= (U(gws(w)a f’ws(w)) Y 1d)(°@2)
= K72ws(w)-

Similarly, since F.&,4(w) still lies in the range of J# for r € S, it follows that

~

¢(Z(£ws(w)a Frfws(w))) = (U(gws(w)a FTgws(w)) ® ld) (‘%Vo,Ql‘@Vo)

will be a scalar multiple of K, _,4 (=) Fr. Since Uy (¢') can be identified with the bicom-
mutant of the s-algebra U (¥), it now follows immediately that Uy (¢') = Uy(ts). O

3.3. Comparison of the coideal subalgebras Oy (K\U) and O4(Ks\U)

Fix again the setting as in the previous subsection. We then also have the following
dual result.

Theorem 3.6. The equality Oq(K\U) = Oy(Ks\U) holds.
Proof. We already know by Proposition 2.44 and Theorem 3.5 that O (K\U) C

O4(Kg\U). On the other hand, consider the elements a = Z({z,&s) introduced in
(2.37). Then

Plaw) = Z Us(€is€w) Un(H €is€w),
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for e; an orthonormal basis of V. However, choosing the e; to be eigenvectors of J¢,
the non-zero J#e; then form an orthonormal basis of the U,(£s)-module spanned by
the Uy (u)-lowest weight vector 7y, in V. Following the reasoning as in [16, Propo-
sition 2.3], we see that the ¢(aw) generate Oy (Ks\U) as a U,(u)-module. Since ¢ is
U, (u)-equivariant, we must have Oy (K\U) = Oy(Ks\U). O

4. Quantum symmetric spaces

In this section we fix a semisimple Lie algebra g with Dynkin diagram I" and underlying
set I, and use again notation as in Section 1 and Section 2. We will further write a C g
for the real span of the h,, and T = e'® C U for the maximal torus of U associated to b.

4.1. Involutions in Satake form

We recall some preliminaries on involutions of g in maximally split form. We follow
mainly the exposition in [51, Section 2].

For X C I, we write gx for the semisimple Lie algebra generated by the {e;, f, hy |
r € X}, and we write Ax C A for the associated root system. We denote by Qx C @ the
root lattice spanned by Ax, equipped with the restriction of the bilinear form (—, —).
We write Wx C W for the Weyl group of gx, and wx for the longest element in Wx.
We further write

Definition 4.1. We call concrete Satake diagram' on the Dynkin diagram I' the datum
of a subset X C I and a Dynkin diagram involution 7 of I such that the following two
conditions are satisfied:

o 7 preserves X and coincides on it with the action of —wx,
o (ar,p%) €Z forall r € I\ X with 7(r) =r.

We call enhanced Satake diagram a concrete Satake diagram that is also equipped
with a function

z: I — {£1}
such that
2. =1 when (a,,p%) € Z, Zr2r(ry = =1 when (e, pX) ¢ Z.

! In what follows, we will exclude the trivial Satake diagram X = I and 7 = id.
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Table 1
Concrete Satake diagrams for so™(4p).
2p—1 2p—1
- SR SR
*—O—@ —O—@&
2p 2p

Note that such a z always exists, since (a,,pY%) ¢ Z implies 7(r) # r. Moreover,
zr =1 for r € X as then (a,, p%) = 1. A function z as above satisfies in particular

Ly (1)) =1 vrel (4.1)

By direct diagram checking, one verifies that the resulting Satake diagrams correspond
to the (unions of) Satake diagrams as in [1], from which we also borrow the nomenclature,
together with the diagrams consisting of two copies of the same Dynkin diagram and the
involution interchanging the two copies. Note however that as we are fixing the Dynkin
diagram beforehand, we also need to treat as separate the Satake diagrams obtained by
applying Dynkin diagram automorphisms. This means:

(1) In the non-simple case, the ordering of the different components is taken into account.

(2) In the DIII-case uj,(H) = s0*(4p) we include also the Satake diagram with the
coloring of the fork endpoints interchanged, see Table 1.

(3) In the D-cases s0(1,7), s0(2,6) and s0(3,5) we include the Satake diagrams obtained
by rotation, see Table 2. Note that one of these establishes the isomorphism s0(2, 6) =
50%(8).

When we do not care about the connection with the underlying Dynkin diagram, we
will talk of an abstract Satake diagram. More precisely, let us call concrete Satake dia-
grams on respective Dynkin diagrams I', T equivalent if one is carried to the other by
an isomorphism of Dynkin diagrams. Then we refer to abstract Satake diagram as an
equivalence class under this relation.

Recall that 7y is the Dynkin diagram automorphism induced by —wy.
Lemma 4.2. Let (X, 7,z) be an enhanced Satake diagram. Then

d TO(X) = T(X) = X7
e TTop = 70T,

e 2 1S TTo-tnvariant,
e 2z is wx-itnvariant.

Proof. For the first three properties we refer to [6, Remark 7.2]. Note here that 7
commutes in fact with any Dynkin diagram automorphism, as 7y is trivial in the only case
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Table 2
Concrete Satake diagrams for so(p,8 — p) with 1 < p < 3.

3
s0(1,7) (DIT) <1)—%<

4

s0(2,6) (DI) 5%

4

3
50(3,5) (DI) Ol 02< ﬁ
4

=i
[\

- = e~
ALK
ad Dw @ Ow g Dw

= =

LA R

w O ew el ew

N

(namely D,) where there is more than one non-trivial Dynkin diagram automorphism.
The last property follows from the fact that z. =1 forr € X. O

Fix now an enhanced Satake diagram (X, 7, z). One constructs explicitly an involution
0 =0(X,1,z) of g as follows.
Extend first again 7 to an automorphism of g by

T(er) = 67'(7”)’ T(fT) = fT(T)’ T(hr) = h7-(7~)~

Let w be the Chevalley involution of g, which is the complex Lie algebra automorphism
determined by

wler)=—fr,  w(fe)=—€,  w(h)=—h.
Let
m, = exp(e,) exp(—f,) exp(e,) € U (4.2)
and identify s, = Ad(m, )|, € W. Let
Wo = Spy - .- Sy s WX = Sp) - Spr, (4.3)

be reduced expressions for the longest elements in respectively W and Wy, and write
the corresponding elements in U as

mo =My, ...Myy €U, mx = mp ...my €U

We note that mg, mx are independent of the chosen reduced expressions.

Finally, note that z may be extended uniquely to a unitary character on Q). The
following lemma ensures that z can be extended to a character on the weight lattice,
i.e. an element of T', such that some of the symmetry properties of z are preserved.
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Lemma 4.3. Let (X, 7,2) be an enhanced Satake diagram. Then we can pick xo € a with
770(X0) = X0 and such that Z = e*™X0 € T s an extension of z.

Proof. For X = () or 7 = id we have z = 1, and we can hence take yg = 0. On the other
hand, if 779 = id the existence of yq follows from T = exp(ia). We may thus assume
that g is simple with X # (), 7 # id and 779 # id. By direct diagram checking (see again
also [6, Remark 7.2]) it can be verified however that this can only happen for g of type
D, for | even and gy = s0(p, 2l — p) for p odd, for which the Satake diagram is given by

-1
1 pp+l'<:
O—0 - 0—0—@ ]

L

(where contrary to custom we indicated also the action of 7 on X for clarity). It is clear
that then (o, p%) € Z for all r € I, except possibly for r = p. However, using e.g. [82,
Reference Chapter, Section 2, Table 1], we find that also (ay, p%) =1—p—1 € Z. Hence
z =1, so we can take xo = 0 in this case. O

In the following, we will fix o and z as above.
Definition 4.4. Let (X, 7, z) be an enhanced Satake diagram for I". We define
0=0(X,7,2) =Ad(Z) ot owo Ad(mx) € Aut(g), (4.4)
and call it the Satake involution of g associated to (X, 7, z).
Remark 4.5. Note that the Satake involution indeed only depends on (X, ,z). More-
over, it is easy to see that 6 depends only on (X, 7) up to inner conjugacy, with (X, 7)

corresponding to a unique inner conjugacy class, see Theorem B.1.

Remark 4.6. It is not hard to check that # is indeed an involution, and that # commutes
with . In particular, 0 restricts to a Lie algebra involution of u. Associated to 6 we then
have the real Lie algebra

g0 ={X eg|O(X)" = -X},

and all real semisimple Lie algebras arise in this way, their isomorphism class uniquely
determined by the associated abstract Satake diagram.

Note (for example by [8, Lemme 4.9]) that one can write w = 790 Ad(mg) = Ad(myg)o
7o, from which it follows that we can also write the Satake involution as

0 = Ad(z) o7 o190 Ad(mg) o Ad(mx). (4.5)
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Let us write © for the dual of the restriction of € to . From the Definition of § and
Lemma 4.2, we immediately obtain the following.

Lemma 4.7 (/51, Equation (2.10)]). We have ©(a) = —wx7(a), and © commutes with
70 and T.

4.2. Construction of a *-compatible v-modified universal K-matriz

Let (X,7,z) be an enhanced Satake diagram for T', and let § = 0(X, 7, z) be the
associated Satake involution. Fix an extension to the weight lattice

Z=e"Xo T
with xg € a a 77g-invariant element as in Lemma 4.3. We then put
Zr=zoT=1(2). (4.6)

Let us write

1 1
pzizav PXZEZOG

agAt aeA;
and let
%(ar’@(ar)fm)X)

cr =q , rel,

where we note that ¢, =1 for r € X.
Write

TwX = Tri R TT}W S L{q(g)
for the Lusztig braid operator associated to wx.
Lemma 4.8. The Lusztig braid operators Ty,, and T, commute.

Proof. This follows from Lemma 1.8, Lemma 4.2 and the fact that Ty, is independent
of the chosen reduced expression for wyx. O

The following algebras were introduced by Letzter [57]. We follow the conventions of
[51,6].

Definition 4.9. We define U, (gx) as the subalgebra of U,(g) generated by the K., E,, F’.
for r € X. We define U,(h®) as the subalgebra of U,(h) generated by the elements K,
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with O(w) = w. We define # C U,(g) as the subalgebra of U,(g) generated by U, (gx)
and U, (h®) together with the elements

B, =F, +¢, X, K, rel\X,
where
Xy = —27(r) Ad(Twx ) (Er(r))-
One then has that £ is a right coideal subalgebra,
A(B) € Z 2 Uq(9)-

Remark 4.10. In [51, Definition 4.3] a specific function z = s(X, 7) is used which does
not satisfy our requirements as it takes values in {41, +i} in general. However, one can
also use the current conventions for z throughout the theory, see [6, Remark 5.2].

Remark 4.11. In general % depends more freely on the parameter ¢, and can have an
additional parameter s. The specific choice for ¢ is needed to apply the results of [6],
while the choice s = 0 simplifies some of the constructions.

Remark 4.12. By Lemma 4.2 both z and ¢ are T7p-invariant, from which it follows that
770(Br) = Brry(r)-
In particular, % is T7g-invariant.
In the following, we also write ¢ for the unique character

c: P— Ry, Cq, = Cp.

r

We then write v for the C*-valued character on P given by

Y(w) = Zr (w)e(w), weP.
We further write” £ € U, (h) for the unique element such that for w € P

—(wt,wt oo ) (w,mY
£(w) = Y(w)g~ @ DS (e o) @.=y) (4.7)

)

2w,
(O‘r 7O‘T)

where @, = are the fundamental coweights determined by (@, as) = 8,5 and

where

2 We follow the notation in [6], even though we also use & for an arbitrary vector in a Hilbert space. This
should however not lead to any confusion, as the réles of the two different uses are quite different.
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wh = %(w:l:@(w)). (4.8)

We now want to introduce the quasi-K-matrix as constructed in [6, Theorem 6.10].
This construction is however performed in the formal setting. To be able to transfer the
arguments, let us briefly make a digression into the formal setting.

Let Uq(g) be defined as in Definition 1.2, except that we consider it over the field
C(q'/") with ¢ replaced by the formal variable q. Here N can be taken for example to
be the determinant of the Cartan matrix for g, so that we can make sense of the variables
q,. We can also make sense of the coideal subalgebra % C Uq(g) in this setting. Note
that in the definition of the B, one treats z, as a complex scalar, but the ¢ in ¢, as a
formal parameter.

Define then the bar involution — as the unique C-algebra automorphism of Uq(g)
satisfying

f(q):f(q_l)v E.=E,, E:F’M K_w:K_l fEC(q)

w !

Proposition 4.13. For r € I\ X we have

B, = F, — (—1)®rc0rm)qm@rxore) ety o) Ad(Ty b) (B ) Ky € Ug(g). (4.9)
Proof. First of all we have
B—r = Fr + ETTKT‘

Since z;(,y € C, we have Z7(;y = 2;(;). On the other hand, we have in the notation of
(67, 37.1] that Ad(T;.) =T}, and Ad(TY) = T} _y, with

T} (X) =T}

r,¢1(7)7 T/,il(X) =T,

T ’I‘,:FI(Y)’ X € Uq(g)

Hence we have
Y’r = _zT(T)Ad(TwX)(ET(T)) = _zr(r)Tzlle,fl(ET(r))'
In the proof of [5, Lemma 2.9] it is shown that
TZX,A(EH — (_1)(2px,ar)q—(2px,a7,)T;)X771(ET),
Using this we get

X, = —(—1)@%0er) g @exer) 2 AT ) (Eriry)-

Plugging this into B, and using & = ¢, ! shows (4.9). O
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The value of B, in (4.9) now of course makes sense also in the non-formal setting,
independently of its construction through the bar involution. We formalize this in the
next definition.

Definition 4.14. For r € T\ X we define

B, = F, — (—1)%x:0rm)g=Cexcarm) ety ATy ) (Bry) Kr € Ug(g).  (4.10)

Theorem 4.15. There exists a unique X = 3_ o+ Xa € Ug(n) with Xo € Ug(n)a, with
Xo=1 and

B,X = XB,, F.X = XF,, rel\X,secX.

Proof. Using the concrete formula (4.10), we see that the equivalence (2) < (3) of [6,
Proposition 6.1] still holds in the non-formal setting. The uniqueness of X then follows as
at the end of [6, Proposition 6.3], which is again still valid in the non-formal setting. For
the existence one notes that the proof of [6, Theorem 6.10] can be followed ad verbatim
for ¢ > 0 and distinct from 1. O

Corollary 4.16. The quasi-K -matriz X satisfies 710(X) = X. Similarly, 770(K) = K.

Proof. As in Remark 4.12, we have 779(B,) = Erm(r) for r € I\ X. The equality
770(X) = X then follows immediately from the uniqueness in Theorem 4.15. The 779-
invariance of K then follows immediately from its definition, Lemma 4.2 and the 77-
invariance of ¢ and z. O

Theorem 4.17 ([6, Corollary 7.7 and Theorem 9.5]). The element

K =X, T, € Uy(g) (4.11)
satisfies
AK) = (K@ 1) Rrry21(1 @ K)R = Bo1 (1 @ K)Rrry (K @ 1). (4.12)
Moreover, for all X € A
KX = rro(X)K. (4.13)

Remark 4.18. Note that when comparing conventions, the element Rin [6, Theorem 9.5]
coincides with our ¥ o %, where X is the flip map.

In the following, we will modify K so that it becomes a *x-compatible r-modified
universal K-matrix for a particular v. We will need some preliminary results concerning
the behaviour of X under the *-operation.
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Our first goal will be to show the identities
= Ad(Tw,)(10(X)),  Ad(Z)(X) = 7(X),
see Theorem 4.22. We use here the notation Ad(t)(X) = tXt~! for ¢ a grouplike in U, (h)

and X € U,(g).
Let Sp be as in (1.16), and let similarly

Sx = ™% ¢ T (4.14)

Let us further denote

S=e"r €T,
so that S? = Sy. Note that since (pV,,.) = 1 for all 7 € I, we have

Ad(S)(E,) = —E,, Ad(S)(F,) = —F;, Ad(S)(K,,) = K.
Lemma 4.19. The identity ST, | = TJ;SS)_(l holds.
Proof. We have
ST1¢ = emile" wt(©)=(wt(© o)) p1g _ =milwi(€).a) =1,
Hence
ST, Le = e 2mi O 15e = T, 1885, O
Let further o : Uy(g) — Uy(g) be the unique algebra anti-isomorphism such that

o(E,) = E,, o(F,) =F,, o(K,) =K%

w

Note that by [42, 8.(10)], one has
o(Ad(T;)(X)) = Ad(T; 1) (0(X)), X € Uya).

Lemma 4.20. For r € I\X we have

(1) Ad(8)(o(B,)) = —B,,
(2) Ad(Z)(7(By)) = Zm)BT(,)}
(‘?) Ad(z) (T(BT)) = Z7(r) -r(r)
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Proof. Let us first prove (1). We have
Ad(S)(a(By)) = —F; + ¢ K, Ad(S) (0(X,)).
Since X, € Uy(g)—6(a,), the same is true for Ad(S)(c(X,)). Therefore we can write
Ad(S)(0(B,)) = =F, +q~ *0 e, Ad(S)(0(X,)) K.

Now from the identity o o Ad(T,) = Ad(T7!) o o we obtain o 0 Ad(T,, ) = Ad(T};}) oo
Since by Lemma 4.19 we have

Ad(S) Ad(Tyy 1) (Eq ) = —(=1) 2% Ad(Tyy 1) (Er(ry),
we get
Ad(S)(0(Xp)) = (1) 502, ) AT 1) (Brir)
Plugging this into Ad(S)(o(B,)) and observing that
(@O — = O +20x) _ ~(20x.arin) ~1

gives the result.
Let us now prove (2). Using that 7(X,) € Uy(0)wya,, 22 = 1, Z(wx(a,)) = z. and

-
Cr(r) = Cr, we find

Ad(%) (T(BT)) = ZT(T.)FT(T.) + E(anT‘)ZT‘ZT(T)CT‘XT(T) K‘r_(i‘) = ZT(T.)BT(T).
The proof of (3) follows similarly. O
Proposition 4.21. We have Ad(S)(c(X)) = X.

Proof. We can write

Ad(S)(0(X) = > Ad(S)(0(Xa))

aeQt

with Ad(S)(0(%X0)) =1 and Ad(S)(c(Xa)) € Uy(n)a-
Now since X commutes with F,. for » € X, we also have that Ad(S)(o(X)) commutes
with F,.. On the other hand, applying Ad(S) o o to B, X = XB, with r € I\ X, we get

Ad(S)(a(X)) Ad(S)(0(Br)) = Ad(S)(a(B;)) Ad(S)(o(X)).

But we have Ad(S)(o(B,)) = —B, from Lemma 4.20, which is also equivalent to B, =
— Ad(S)(c(B,)). Using these we get
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Ad(S)(0(X))B, = B, Ad(S)(a(X)).
By Theorem 4.15 we conclude Ad(S)(o(%X)) =X. O
Let now
ce: Ug(g) = Ug(g)

be the unique antilinear algebra homomorphism which is the identity on E., F,., K.
Then we have the identities

Ad(Ty,) = *xocco Ad(S) o o o 79, Ad(leol) =T19000Ad(S)occox, (4.15)

where the first identity follows from (1.17) and where the second expression follows from
the first, since all the various maps are involutions. Note further that the maps Ad(S),
70, 0 and cc all commute among themselves.

Theorem 4.22. We have X* = Ad(Ty, ) (10(X)).

Proof. We clearly have cc(X) = X by the defining property in Theorem 4.15, using that
z is real-valued and hence the B, and B, are invariant under cc. The result then follows
from (4.15) and Proposition 4.21. O

We now perform various small changes to A, first to make it *-invariant and then to
make it rather a left coideal. Define

1
Wo = *Q(P*PX)- (4.16)
Using the obvious notation K, € U,(h), let us write

% =Ad(Ky,)(#), X =Ad(Ky)X),  K=Ad(Ky)K).

Clearly B is again a right coideal subalgebra. Note that B is generated by Ué(g x),
U,(h®) and the elements

B, = F, + qWoer=0l)e x K-1 rel\X.
Since wxp = p — 2px, and hence wxwy = wp, we can simplify this expression as
B, = F. + ¢*“o)e, X, K71 = Fr+ g @ ) X, K7
using once more the notation (4.8) and the identity (2p, ) = (a-, @;r).

Lemma 4.23. The algebra B is x-invariant.
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Proof. By [17, Theorem 3.11], we need to check that

QQ(WO»ar+a7('r'))CTCT(T) — q(9(ar)—ama7(7->). (4.17)

Note that this theorem was proven under a different assumption on z mentioned in
Remark 4.10, but it is easily verified that for the x-invariance of B the only feature of z
which was used was (4.1) and the fact that z,. =1 for o, L X, which is still valid in the
current setup.

Following the discussion under [17, Theorem 3.14|, it is sufficient to show that
(wo,ar) =0 for r € X, and

1
(wo, ) = 1(@(047@) - ) — O(ar) +2px,0;,), rell\X. (4.18)

Now since (px,ar) = (p,ay) for r € X, we obtain (wo, @) =0 for » € X. On the other
hand, if » € I\ X, we have by [5, Lemma 3.2] that

O(ar(r)) — ar(ry — O(ar) = —ay.
Since 2(p, a,) = (e, o) for all r € I, it follows that (4.18) holds. O

Remark 4.24. Remark that s-invariance of Letzter coideals was also discussed in [9,
Proposition 4.6], and in a less concrete manner in [59, discussion before Theorem 7.6].

We will now proceed to show that also K has a nice behaviour with respect to *, see

Proposition 4.29. We again need some preliminaries.
Let

¢ = EKouw, = Koué,
with £ as in (4.7). Using that
KuoTwo = Two K5l KTy = Ty K,
we find
K=X¢T, 1,0
Let Co € Uy(h) be the unique operator such that

—(w Tow +
Con=gq (Wt (&)™, wt(8) )777 ne Vs,

with w* defined as in (4.8).
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Lemma 4.25. We have
¢ =7%.Co.
Proof. We can write
ep = g 2woar)g=(aran) rel,

and hence for w =" k,a, € P with k, € Q we have

~ LU)HC]:T::ZVT —(2wo,w) Hq renx kr(ag ozr)

rel rel
On the other hand, since (o, , o;F) = 0 by ©-invariance of (—, —), we have
Z(O&T » Qe (wvw;/) = Zkr(ar_var_) = Zkr<ar_7aT)’
rel rel rel
and hence
E(w) = Zr (w)g~ @wo) H g~ Trenx h(a:,a:far)qf(wﬂwﬂ?
rel\X

from which the lemma follows. O

Lemma 4.26. The element Co is invariant under T and T, and commutes with X
and K, .

Proof. The invariance of Cg under 7 and 7y follows immediately from Lemma 4.7. It
is also immediate that C'e commutes with K. Finally, write again X = Zaé(ﬁ Xa
with X, € Uy(n)o. Let V be a representation of Uy(g), and £ € V. Then C@%QC@;l& =
%%a@ From [6, Proposition 6.1], we know that X, # 0 implies O(a) = —«
(their argument still being valid for g non-formal). As the latter implies in turn that

Co(wt(€) + a) = Co(wt(£)), the commutation of X and Cg follows. O
Lemma 4.27. We have

Ad(T,,)(Z) = z1 Ad(T,, )(Z) =% (4.19)
and

Ad(Tw,) (&) =271271¢ (4.20)
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Proof. As z, =1 for r € X, it follows that z is Wx-invariant. The identities (4.19) then
follow from the assumption that 7(2) = 79(2).
The identity (4.20) follows from (4.19) by the computation

Co(wow) = Co(—wow) = Co(10(w)) = Co(w). O
Lemma 4.28. We have
Ad(2)(X) = 7(%) (4.21)
and
x¢ =¢r(%). (4.22)
Proof. For (4.21), it is by Theorem 4.15 sufficient to show that

B,7(Ad(2)(X)) = 7(Ad(2)(X)) B>,
Fr(Ad()(X)) = 7(AdR)(X))F,, rel\X, seX.

By Lemma 4.20 this is equivalent with the defining property of X.
For (4.22) we note that

X¢ =7, Ad(Z7 1) (X)Co = Z.7(Ad(Z™ 1) (1(X))Co.
From (4.21) and Lemma 4.26, it then follows that
X' =Z,7(X)Co = %.Cor(X) = £'7(X). O
Proposition 4.29. We have
AK) = (K& 1) Rrry21(1 0 K)R = Bor (10 K)Rrry(K @ 1) (4.23)
and for all X € B
KX = r70(X)K. (4.24)
Moreover,
oK) =K,  K*=KSxS,7z " (4.25)

Proof. Since K., is a 77p-invariant grouplike element, the element K satisfies (4.12), and
(4.13) with respect to 2.

As &'\ T,
TTo-invariance of wg, the identity 7'7'0(/6) = K follows.

, and Ty, are Trp-invariant, and as Xis TTo-invariant by Corollary 4.16 and
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Note now that T}, commutes with ', and with X by (4.13). Using also Lemma 4.28
and the fact that K, is 7-invariant, we see that we can write

=T, L' r(X)T,}

Since Ad(Ty,), 7 and 79 commute, since To(wp) = wp and since K, Ty Kuy = Trwo, We
find from Theorem 4.22 and 7T7y-invariance of X that

K =T, T 1%,
and thus from Lemma 4.27
LTl e R = 5 T T LR
K= Topi Ty 2 &x* =3z, Ty Tort x*.
Using now Proposition 1.7, and the fact that Sx, Sy assume values in {£1}, we see that

= X T ST, L Sxz 12t = X¢ T, T, L SoSx 15 Y,

T

where in the last step we used that wxp” = p¥ — 2p% and e = 1. As &' = ¢'372,
and as T, and T, commute by Lemma 4.8, this becomes the second identity in (4.25)
by another application of (4.19). O

Let us now move from right coideals to left coideals to have compatibility with the
conventions in Section 2. This can be achieved by means of the unitary antipode R
defined in (1.1). We then write

U,(u’) = R(A), (4.26)

which is a left coideal *-subalgebra of U, (u). Note that by (1.13), we have that U,(u%)
is generated by the U (gx), U,(h®) and the elements

Cr=—qR(B,)" = Er + ¢ Y, Ky, Yo = =2, Ad(Tuy ) (Frry) (427

forre I\ X.
Let further v € U, (u) be the ribbon element

op=q ==y e Vg, (4.28)
so that v is central, self-adjoint and
RonZ = A(v) (v @vh). (4.29)

Put
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H = R(K)v~".
Then since (R ® R)#Z = # and R commutes with 779, we find by Proposition 4.29 that
AK) = (1@ H) Rrry 1 (K @ V) Rai, K =8xSoZ2 'rro(H).  (4.30)

For a categorical motivation of passing between these different kinds of conditions for
K-matrices, we refer to [11]. See also [19,18,92] for further discussion on the categorical
origin of K-matrices.

Let now 7, = 779, and let € = ¢, be an (X, 7)-admissible sign function on I as in
Definition B.8. Put v = (7,,¢,) € End,(U,(b)). The crucial property we will need for e
is that by Theorem B.10 we can find an extension ¢ € T' of € such that

er10(6) = SoSx 72z, t. (4.31)
Define & as in Definition 2.12, and put

H = ECH € Uy(u). (4.32)
Theorem 4.30. The element & is a x-compatible v-modified universal K-matriz.

Proof. Since ¢ is grouplike, it follows from (4.30) that &~'.% satisfies (2.42), hence
K is a v-modified universal K-matrix. To see that it is x-compatible, note that by
selfadjointness of & we have (&€~ 1)* = &¢. Now &€ is central, with

et =en8, eV

Hence by (4.30) and the defining property of €, we find that

H* = (&) o ()€ = TTO(E)_lco@TTO(% = 119(H),
since € and hence & is T1g-invariant. This proves s-compatibility. O

Note also that .7 satisfies the following commutation relation, using (4.24) and the
fact that &€ ! is central,

HX =1r0(X)H, X U, ). (4.33)

Remark 4.31. The only property of the 77p-invariant sign function € which is needed in
the above construction is the existence of an extension € satisfying (4.31). This property
is in general much weaker than being (X, 7)-admissible (for example one could have
e = 1). However, we believe that only in case of (X, 7)-admissible e will the associated
K-matrix lead to a *-homomorphism ¢ : O4(Z,) = O4(U) with sufficiently nice spectral
properties, cf. Remark 2.36. Again, we will not deal here with this subtle phenomenon,
which deserves further investigation.
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4.8. Comparison of the coideal subalgebras U;(E') and Uy (u?)

In this section, we clarify the connection between the left coideal *-subalgebra U, é (¢) C
U, (u) as constructed from the *-compatible v-modified universal K-matrix of (4.32) by
the map ¢ in Theorem 2.39, and the left coideal *-subalgebra U, (u’) C U, (u) as defined
by (4.26).

We introduce first the following map

b:0,(U) > Uylg), fr (ARF)( Brry01(1® K)R),

where I was introduced in (4.11). Recall further the unitary antipode R defined in (1.1)
and the element wy introduced in (4.16).

Lemma 4.32. The equality $(Oy(Z,)) = (R o Ad(K,) o ®)(O,(U)) holds.
Proof. Recall from (2.56) that
(g(f) = (f ®@id)(Zrro21(H @ 1)%rry) = (@ f 0 T70)( (1 @ H ) Rr70,21),

where in the last step we used that K is 77g-invariant by Corollary 4.16. On the other
hand, since K, is 71p-invariant, we find that

R(AA(Ku)() = (id@f o Ad(KS)) o R)(Z(1® R(K) 7y 21).

Since R(K) and ¢ differ only by multiplication with an invertible central element, this
proves the lemma. O

Corollary 4.33. We have UL(¥') C Uy (u?).

Proof. By [52, Theorem 3.11.(0)], the image of ® is contained in % (note that the
element Z in [52] indeed coincides with our element %#). The corollary then follows from
Lemma 4.32. O

To obtain an inclusion in the opposite direction after completion, we need some pre-
liminaries. Let us write

@:ZwAEA@pFA
A

where E4 and F4 denote the standard PBW-bases, A being words in the positive roots
and wy are non-zero scalars. We write wt(A) = wt(E4) € QT, where Ex € Uy(n)wi(g,)-
Write

K=Y K, Ky=Xg&T,.T,} (4.34)

X T Wo
vEQT
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with X =37 X, and X, € Uy(n), as before. Then writing V'(w) for the w-weight space
of a representation V', we have

Ky V(w) = V(wxwo(w) + 7).

Lemma 4.34. We have

‘I’(Uw(fﬂ)) = Z Z wAwBKA,BKYTTO(FA)K(S(lwt(n)—wt(B))-&-TTo('y)EBKv;tl(n)
A,B '\/EQ+

where kA g~ = (€, EAK, FBn).

Proof. This follows straightforwardly by writing out the left hand expression using the
formulas (1.6) and (4.34). O

Note that the (A, B,~)-term in the sum for ®(U (&, 7)) has weight —77o(wt(A4)) +
wt(B).

Choose now for each @ € PT non-zero vectors Nwo(w)> Swx (w) € Ve With respective
weights wo(w) and wx (w). Put

ko = Uw(nwo(w)vgwx(w))

Lemma 4.35. We have

b(ke) = to K ()40 (r(w))
where to = (N (), Kowx (w)) 5 non-zero.

Proof. We need to analyze the inner products

KBy = Mug(w) B FPEuy (m)-

Since 7y, (w) is a lowest weight vector, it follows that k4 g~ = 0 unless A = v = 0.
On the other hand, the element KoF?¢,, (») has weight wxwo(wx (@) — wt(B)) =
wo(w) — wxwo(wt(B)), hence ko,5,0 = (Mo (), KoFPE&wy (=) is zero unless wo(w) =
wo(w) — wxwe(wt(B)) =0, i.e. wt(B) = 0.

It follows that

D(ky) = K0,0,0K g, K

1
(wx (@) wx (@)

Using wx (w) = —O(7(w)), we can write K} K1 K (o)+0(r(w))- Finally,

O(wx (@) M wx (@) —
Ko,0,0 7 0 since the weight spaces at wo(w) and wx (w) are one-dimensional and Ky =

r;iT-l O

wx — wo
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Write now

f‘W,T =Us (Eano(w)v gwx (w))

Lemma 4.36. There exists t , € C and Y, € Uy(b) such that

(i)(fw,r) = tw,rFTTo(r)Kr(w)+6(T(w)) + Yw,r~ (435)

Moreover,

(1) lor # 0 if Ernwo(w) #0,
(2) Yw,r =0 Z.ngX,
(3) Yo, € Uy(b)_err(a,) forr eI\ X.

Proof. Fix w,r, where we assume that E,7,,z) 7 0. We have to analyze again the
coefficients

RA,B~ = <Ernw0(w)7EAK:’yFB€wX(w)>'

Since 7y, () is a lowest weight vector, it is clear that k4,5, = 0 unless A is the simple
root «,- or the empty word.
If A = «,, we have that

Ra,.,B,y = <ET’I7w0(w), E,.’C,YFBwa(w)> = <E:E7.nw0(w), ’C,YFBwa(w)>.

Since Ej Ep1y, () is @ non-zero multiple of 7y, (), it follows as before that k., B~ =0
unless v = B = 0, in which case kq, B,y is @ non-zero scalar. This already accounts for
the general form (4.35) and (1).

Assume now that A is the empty word. We claim that kg 5, = 0 unless v = 0. Indeed,
from the proof of [6, Proof of Theorem 6.10] it follows that K, = 0 for all s € I, which
proves the claim. On the other hand, by weight arguments the element

(08,0 = (ErNwo(w)s KoF P&y (w))
will be zero unless
wo(w) + o = wo(w) — wxwe(wt(B)).

This forces wt(B) = —O7179(w.). As O(a.) = a, for r € X, it follows that in this
case no such B exist, and hence Y, = 0. On the other hand, this also shows that
Yor € U(b),@ﬂ—o(ar) for r € I\X O

We will need some more detailed information in the case r € I\ X. In the following,
we write Qx C @ for the root lattice of gx, generated by the «, with r € X.
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Definition 4.37. For r € I \ X, we define
A, =, — O(w,) € P*.

Proposition 4.38. The following identity holds forr € I\ X: ®(fs, ) = tA, - Brry(ry with
tAT,r 7é 0.

Proof. Clearly E,n,,a,) # 0 since (A, ;) > 0. This shows that t5,, # 0. Also note
that in this case

(i)(fAr,r) =tA, 1 Frrger) + Yo, r

since O(A,.) = —A,.. Using notation as in Definition (4.9), we can thus write ®(fy, ) =
ta,,rBrry(ry + Y, where

Yr/ = YAT,T - tAT,TCTT()(T)XTT(J(T)K;q—t(ar)'
We clearly still have Y,/ € U(b)s with 8 = —O77(c). We claim that 3 ¢ Q%. Indeed,
if B were in Q%, it would follow from G)‘Q; =1id and ©2 =id that 8 = —779(c,), which
is impossible. Since Y,! € £, we then find Y, = 0 by the following lemma. O

Lemma 4.39. Let 3 € QT \ Q%. Then ZNU(b)s = {0}.

Proof. As usual, let us put B, = F,. for r € X. For J = (j1,...,jn) with ji € I, write
F;=Fj ...Fj, and By = By, ...Bj,, and put |J| = n. Let J be a collection of indices
such that {F; | J € J} is a basis of U(n~). Let Uy(nx) be the unital algebra generated
by the E, with r € X, and let as before U, (h®) be the algebra generated by the K, with
w € P and O(w) = w. In [51, Proposition 6.2] it is shown that {B; | J € J} is a basis
for % as a left U,(nx)U,(h®)-module. This uses the following fact: if we take B; with
|J| = n, then By — F; € U(b)F" 1(U(n7)), where F* is the filtration of U(n™) defined
by F*(U(n™)) = span{Fy | |J| < n}.

Assume now that Y € U(b); is a non-zero element with 8 ¢ Q%, and assume Y € %.
Write

n

Y = Z T,By,
JeJg

for uniquely determined T’y € Uq(nX)Uq(he) with only finitely many non-zero. Since Y’
is non-zero and weights for U, (nx)U,(h®) lie in Q7% , there must exist J € J with |J| > 0
and Ty # 0. Let

N = max{|J| | Ty # 0} > 0.

Then we have
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Y =Y TyF; € UML) FNH(U(n)).
JeJ

Since Y € U(b)g, this would imply that also

> TyF; e UB)FNHU®)).
JeJ

However, as the F; form a basis of U,(g) as a left U,(b)-module, this implies Ty = 0
for all J with |J| = N, in contradiction with the definition of N. This concludes the
proof. O

Theorem 4.40. The equality U, (¥') = Uy (u?) holds.

Proof. From Corollary (4.33) we already know that C holds. For the reverse inclusion,
it is by Lemma 4.32 sufficient to show that the weak closure of the image of d equals the
weak closure of #. However, by Lemma 4.35, Lemma 4.36 and Proposition 4.38 we know
that the range of ® contains the K (w)+0(r(w)) for all @, the Fr (K7 (,)+0(r(w,)) for
all € X, and the B, for all » € T\ X. Since the range of P is x-closed, its weak closure
equals its bicommutant. This easily implies that the weak closure of the range of d will
equal the weak closure of . O

4.4. Comparison of the coideal subalgebras Oy (K\U) and O,(U°\U)

Let again # be the *-compatible v-modified universal K-matrix defined in (4.32), and
let Oy(K\U) C O4(U) be the right coideal x-subalgebra as constructed from the map
¢ in Theorem 2.39. Let O,(U%\U) = qu(ue) C O4(U) be the right coideal *-subalgebra
dual to U, (u%) C U, (u) as defined by the general duality in Definition 2.43. We will show
the following theorem.

Theorem 4.41. The equality Oy (K\U) = O, (U°\U) holds, except possibly for U? C U
containing a component of type EII1, EIV, EVI, EVII or EIX.

The proof of this theorem will not be uniform, and will be subdivided into a separate
treatment for different classes, see Proposition 4.49, Proposition 4.52, Proposition 4.53
and Proposition 4.54. For some cases the proof is straightforward, and for others the
proof is very ad hoc and computational. As such, our methods were not strong enough
to cover also the mentioned F-cases in the above theorem. However, at the end of the
section we will sketch a uniform proof for all cases when ¢ is sufficiently close to 1,
Theorem 4.55, based on deformation theory.

Let us first start with the following easy result.

Proposition 4.42. The inclusion O (K\U) C O,(U\U) holds.
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Proof. This follows by general duality for coideals, Theorem 4.40 and Proposi-
tion 2.44. 0O

To obtain an inclusion in the other direction, we first recall the following classical
terminology. Let us write

Oq(U)w = linear span{U(§,n) | §,n € Vi }, Oq(Ue\U)w = Oq(U)w N Oq(Ue\U)

for spectral subspaces, and call

 dim(0,(U°\U) )
M = T dim(Va)

the associated multiplicity. We also use this notation at ¢ = 1.

Definition 4.43. A positive integral weight @ € P7 is called spherical with respect to U?
if

OU\U) # 0.
We denote by P the set of spherical weights.

The following theorem states in particular that U C U and its quantum companion
are Gelfand pairs, i.e. the multiplicity function is {0, 1}-valued.

Theorem 4.44. If w € P+ and q > 0, then mg o = 0 _cpt-

Proof. For ¢ = 1 this is classical. For ¢ # 1 this is proven® in [58, Theorem 4.2 and
Theorem 4.3], see also [59, Theorem 7.8]. O

Let now I C I\ X be a fundamental domain for 7, and define yu, € P* for r € Ix,
as follows in terms of the Satake diagram (X, 7) and the fundamental weights w,:

w, if 7(r) = r and r is connected to a black vertex,
tr = 2w, if 7(r) = r and r is not connected to a black vertex,
@ + ey i T(r) £

Theorem 4.45 ([89, Theorem 2 and Theorem 4], see also [91]). A weight 1 is spherical
if and only if p is a positive integer combination of the ..

We call the p, the fundamental spherical weights. In particular, it follows that P} is
a cone.

3 The references assume that ¢ is an indeterminate, but one can check that the proofs for these specific
results are also valid for the case of ¢ a scalar.
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Corollary 4.46. The spectral subspaces Oy(U%\U),.. generate O,(U°\U) as an algebra.

Proof. Let v, be a non-zero U,(u)-invariant vector in V,, , and let & be a highest
weight vector in V,, . Then f, = U(v,, &) € Oy(U\U) must be non-zero, as it generates
0,(U\U),.. as a U,(g)-module for the translation action X > f = f(—X). Now as O,(U)
does not have zero-divisors [43, Lemma 9.1.9.(1)], it follows that f,, = ft... f'* # 0,
with rq,...,7r, an enumeration of Iy and ny € N. On the other hand, it is clear that
fn € Og(UN\U),, for p = 3"%_ nspus. As the algebra generated by the Oy (U\U),,, is
closed under the U, (u)-action, this shows that the latter algebra must equal the whole
of O,(U\U). O

Lemma 4.47. Assume @ € P* vanishes on X. Then Ogy(U\U)p4r(w) lies in the range

of ¢.

Proof. Let £, and 7n,,o be respectively a non-zero highest weight and lowest weight
vector in V. Then it is clear that Z(nw,w, ) is a highest weight vector for the natural
Uq(g)-action (2.34) on Oy(Z,,), with highest weight w — rrywo(w) = w+7(w). It follows
that

¢(Z(nwow7 gw)) € OQ(UO\U)W—FT(W)-

Since the latter spectral subspace has multiplicity one, it now suffices by U,(u)-
equivariance of ¢ to show that ¢(Z(Nwyw,&w)) # 0. This will follow once we show
that

£(0(Z (Muyw: &) = NMuyws H Ew) # 0.

*

Now from the correspondence between .7 = 779(#)* and K, it is clear from taking

contragredient representations that

<77w0w7f%/£w> 7é 0 <~ <£7—0(w)7,(:7]7—0(w)> 7é 0.

Write now K = Zyecw K, as in (4.34). As wxw = w by the assumption w|x = 0, we
have that T_lT_lnTO(w) will be a non-zero multiple of {;, (. Hence (&, (), Kynry () =

wx — wo

0 for v # 0. From this, it is clear that

<§‘ro(w)7 K:nm(w)> = <§‘ro(w)7 K:On‘ro(w)> 7é 0. O

Corollary 4.48. The spectral subspace Oy(U°\U),,. lies in the range of ¢ for r € Ix, with
T(r) #r, and for r € Iy with 7(r) = r but r not connected to a black vertex. For r € Iy
with 7(r) = r and r connected to a black vertex, we have that Oy(U%\U)a,,, lies in the

range of ¢.
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Proposition 4.49. The equality Oy(K\U) = O,(U°\U) holds in the following irreducible
cases, using still the classification as in [1]:

. AI, AITI, AIV,

e CI,

o DI in the case of so(p) x s0(2] —p) Cs0(2l) withp=1—1 orp=1,
e FEI, EII, EV, EVIII,

e FI
. G,
o diagonal inclusions u C u @ u.

)

In particular, equality holds for all the symmetric pairs corresponding to split real
semisimple Lie algebras.

Proof. This follows immediately from Corollary 4.46, Corollary 4.48 and the fact that in
the Satake diagrams corresponding to the above cases there are no 7-fixed white points
connected to black vertices. O

There are some further cases which can be obtained by an easy argument, using the
following lemma.

Lemma 4.50. For all w € P, the operator (%) is not a scalar.

Proof. If £ is a highest weight vector, we have that £ €, is a non-zero scalar multiple
of the vector Tq;; Tgolfw. The latter is a weight vector at weight wxwow = —wx 79 (w@).
We claim that —wx7(w) # w, which will finish the proof. For suppose this were not
the case. Then wxw = —7o(w) is a negative weight. However, let 8 € AT be the highest
root. Since 8 = ) ., kra, with k. > 0 for all 7, we know that § ¢ A%. On the other

hand, wx preserves the set AT\ A}, and hence wx 3 > 0. It follows that

0 Z (wa;wXﬂ) = (wvﬂ) > 07
a contradiction. O

Corollary 4.51. Let i € P;7\ {0}, and assume that there exists a positive weight w € P+
such that Vi (o) @ Vi contains V,, as its only non-trivial spherical representation. Then
O,(U\U),, lies in the range of ¢.

Proof. The matrix coefficients of the Z (£, n) span an U,(g)-module which is isomorphic
to the tensor product representation V% (=) ® Vo = V(=) ® Viw. Hence the range of this

module lies in C1 + O,(U?\U),, by assumption. However, the range can not be C1, as
this would imply by (2.46) that 7 (2¢) intertwines 7, and 7 o 779, and must hence
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be a scalar, in contradiction with Lemma 4.50. This entails that O,(U?\U),, lies in the

range of ¢. O

Proposition 4.52. The equality O,(K\U) = O,(U°\U) holds also in the following irre-
ducible cases:

« BI, BII,
e DI (remaining cases) and DII.

Proof. In these cases, there is a unique white vertex s which is 7-fixed and connected to
a black vertex. By Corollary 4.46, Corollary 4.48 and Corollary 4.51, it is then sufficient
to show that there exists an irreducible representation V such that V, is the only
non-trivial spherical representation in V(o) ® V.

Let us consider the BI and BII cases first. In these cases g is of type By, 7 = id and
X={p+1,--- £} with 1 <p <{¢—1. The Satake diagram is as follows.

1 p )4
O 0—O—8- 8

The spherical weights are u, = 2w, for r=1,--- ,p—1 and p, = @w,. We have

4
Ve, ® Vioy 2 Voo, @ (@ vm,) :
r=1

where by convention Vi, is the trivial representation, see for instance [82, Reference
Chapter, Section 2, Table 5]. Hence V is the only non-trivial spherical representation
appearing in Vg, ® V,.

Next consider the cases DI and DII. In these cases g is of type Dy and X = {p +
1,---,£} with 1 < p < £ — 2. The automorphism 7 depends on the parity of £ — p: we
have 7 = id for £ — p even, while for £ — p odd we have that 7 switches the two end nodes
of the Dynkin diagram.

-1 -1
1 p 1 P
o—O0 -0O—O0—e o<: o—O0 -0 —0O0—e& o<:@
¢ )4
The spherical weights in these cases are y, = 2w, forr =1,--- ,p—1and p, = w,. We

have the following tensor product decompositions:

Vi, ® Vo, Voo, & | P Voo |+ Veor ®Vioy s = Vi 110, & | D Vs |

r>1 r>1
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see again [82, Reference Chapter, Section 2, Table 5]. In the case ¢ — p even we use the
first decomposition. Then we have Vg, _, = Vg, for 7 = (£ — p)/2 and this is the only
non-trivial spherical representation appearing. In the case £ — p odd we use the second
decomposition, since 7(¢) = £ — 1. Then we have Vi, , =V forr=({—-p—1)/2
and this is the only non-trivial spherical representation appearing. 0O

The only remaining classical cases to be dealt with are now the following.

Proposition 4.53. The equality Oy (K\U) = O,(U?\U) holds also in the following irre-
ducible cases:

. AII
. CII,
« DIII.

Proof. We give the corresponding Satake diagrams of sl,11 (H), sp(p, ¢) and su; (H) the
standard ordering as can be found for example in the Tables 6 and 7. Then taking the
weight @ = t; in Corollary 4.51, we obtain that the range of ¢ contains O, (U?\U),,,,
where ji5 = . It suffices to show that these elements generate O,(U%\U) as an algebra.
This claim will be proven in Proposition C.2 in Appendix C. O

Finally, we treat the case FII of g = f4. This corresponds to the following Satake
diagram.

1 2 3 4
O—=+0—0

For this case, we will very explicitly verify that Oy (K\U),, # 0.

Proposition 4.54. The equality Oy(K\U) = O,(U?\U) holds also in the irreducible case
FII.

Proof. By Corollary 4.46 and equivariance of ¢, it is sufficient to show that O, (U\U),
contains a non-zero element. This is the content of Proposition D.4 in Appendix D. O

In what follows, we will sketch a uniform argument showing that Theorem 4.41 holds
true, also in the exceptional cases, for ¢ close to 1. As this result is not as strong as we
would like, we will not be very detailed.

Theorem 4.55. For any compact symmetric pair U? C U, the identity Oy (K\U) =
O, (U\U) holds for q sufficiently close to 1.

Proof. First we note that the highest weight modules Vi, for Uy(g) can be identified as
vector spaces over all 0 < ¢ in such a way that the structure coefficients of O4(G) depend
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continuously on ¢ [76, Theorem 1.2]. Similarly, the structure coefficients of the algebra
04(Z,) depend then continuously on ¢, becoming in the limit ¢ = 1 the vector space
O(G) with product and *-structure

f+g9="(90)® fr), Q) f2)9¢2) ) = f(r(g)")
We now claim that the x-homomorphisms
¢ =0¢q:04(Z,) = Og(U)

have a well-defined limit at ¢ = 1. For this, it is enough to show that the K-matrix
A = Jyg, or equivalently IC; has a well-defined limit at ¢ = 1. Now T},,, and T, , converge
respectively to mg and myx, while the functions £ and £ converge to z,. Finally, from its
construction in [6] one sees that the quasi-K-matrix X, becomes the unit at ¢ = 1. Since
also the ribbon element v becomes 1 in the limit ¢ = 1, it follows that the JZ; indeed
vary continuously over ¢, and at the limit ¢ = 1 we have

<%/1 = @mE_lmomXE;l.
If now ¢; is surjective, it follows that ¢, will hit all the O,(U°\U),, for ¢ close to 1,
and hence ¢, will be surjective by Corollary 4.46.

To see that ¢, is surjective, note that the range of ¢, being a coideal, will be of the
form O(K\U) for K a closed subgroup of U?. Since

¢1(f)(w) = fror(uw) "),  wel,
it follows that
K={ucU]|nr(u) ' Hu =4}

But as &€ 1 is central, as = Ad(Z) o779 0 Ad(mo) Ad(mx) and as momxz, = Zmemx,
we see that K =U?. 0O

Let us end with the following remark.

Remark 4.56. By construction, the Vogan automorphism v of U determined by (779, €)
will be inner conjugate to 6, say by u € U,

0 = Ad(u)v Ad(u™1).
Let

w=w,g=uv(u) €U
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Then w* = v(w), i.e. w € H, with H, as in (2.31), and moreover
Ad(w)(x) = v(z), zeU’.
In particular, we obtain a map
UNU - H,, U’z v(z) lwz.

Now by the proof of Theorem 4.55, we see that in the classical limit J#" corresponds to

1

the element w’ = e 'mgmxz; 1. It would hence be interesting to see if one can take

w = w’, and if then the factorisation w = uv(u)* passes through to the quantum setting
for 2. We believe that this will be connected to a notion of quantum Cayley transform,
see [63] for some closely related material.

Appendix A. Variations on twisting

In this appendix, we consider some variations on the results in Section 2 by modifying
the twist. We resume the notation of that section.

As a first variation, consider the opposite universal R-matrix and associated coquasi-
triangular structure

Z=R5", T=r
With v € End.(b), we can then also consider
%,,:%;%1, Fl,:r;él

and the associated convolution invertible real 2-cocycle functional

@y 1 O™ (GR) x OF™(Gr) — €, @, (fgt, hk') = e(f)T, (b, g*)e(k).

Definition A.1. For v, u € End, (U,(b)) we define 657“(GR), resp. 557”(GR) as the vector
space Ogom(GR) endowed with the respective new multiplications

M (f,9) = Du(fa): 90)) F2) 9w (f3):93))s fr9 € O™ (GR),
Mo, (f59) = @ (1), 90)) F2) 9@, (3 93))5 f,9 € O"(GRr)

and the original *-structure.

As before, these can be made into a connected cogroupoid with compatible x-structure
using the tensor product comultiplication on Og°™(Gg). In particular, we have the

Hopf *-algebra 55(GR) = 5Z’V(GR), and the *-algebra 5Z’id(GR) with commuting left
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and right coactions by respectively 5Z(GR) and Og(Gr). We then have the following
straightforward modifications of the results in Section 2. Unexplained notation should
be straightforward to interpret.

Lemma A.2 (Cf. Lemma 2.7). Let v, i € End,(Uy(b)), and let w, 7’ be representations of
Ug(u). In (5;7“(GR), resp. (557“(GR) we have the commutation relations

R =3 By S B U S S o' wTt St ol ow
Yi3%,, 12Yos = Yos%, 15 Y13, Yis#,, 12Yo3 = Yo%, 15 Y13

Proposition A.3 (Cf. Proposition 2.10). There is a unique pairing (—, —). of Hopf alge-
bras between Ug(g) and Oy (G) such that

(vaf)L:(Kw7f)v (Ervf)/e:(Eva)v (Fraf)/szeT(FTaf)' (Al)

Moreover, there is o unique pairing (—,—), of Hopf *-algebras between Ug(g,) and

!
€

5Z(GR) extending the above pairing (—, —)

We then denote by 5,1(6’,,) the Hopf *-algebra arising as the coimage of 5Z(GR)

obtained by dividing out through the kernel of this pairing. Clearly Oq(G,) = O4(G.)
as Hopf *-algebras.
Let us denote Oy(G,\\Gr) for the coinvariants in O}(Gr) with respect to the left

coaction by O,(G,,). Denote by (5q(Zy) the vector space O,4(G) with the product

f¥g=r(fu),92)(f2) ® 93), Q) f3)90)T (fra), T(S(9(1)))), (A.2)
and the x-structure ff = 7(S(f)*).
Theorem A.4 (Cf. Theorem 2.28). The map

Jv 2 04(2,) = Oy(G\GR), | = (F2):6)S(f))7(f)™!
induces an isomorphism of x-algebras.

In terms of the generating matrices of 6q(ZV), which we write Z, this means
Gyt Ze s Yo (& @ (V)M
We then have the following form of the reflection equation:
R DRy By = Zig 51 s 35

with the induced right coaction of O,(Ggr) now given by



K. De Commer, M. Matassa / Advances in Mathematics 366 (2020) 107029 75

Zn > Vi3 Znaom(Ya) s .
Inverting (A.2) leads to

(f() ® 91), Q) f2)9¢2) = r(S(f(1)) 91)) fea) * 93)T(f3), T(9(2))),

so that the corresponding #-characters of O,(Z,) are those H € Uy (g) with

=), QAR =B NH@N% (10 H) = (10 H)Bro1 (F © 1) %5
(A.3)
Let (5q(K \U) the corresponding right coideal *-subalgebra of O,(U). Let v be the ribbon
element as defined in (4.28).

Proposition A.5. Assume that v is of symmetric type. Then any *-compatible v-modified
universal K-matrixz is invertible, and there is a one-to-one correspondence between -
compatible v-modified universal K-matrices and elements satisfying (A.3), the corre-
spondence being given by

H =v gt (A.4)

Moreover,
O (K\U) = 1(O4(K\U)). (A.5)
Proof. If ¢ is a *-compatible v-modified universal K-matrix, put % = & 1.#. Then
A(Ae) =27 (He 0 )R (10 He) = (190 H) Ry (He © )%y (A6)

As in [53, Lemma 3.13] one finds by applying 7 to S(a(1))a) and using (A.6) that
K« € Uy(u), defined by

( c,a) = r(S(ae)), awy) (He, S(ags)))r.(S(ag)), as)),

is a left inverse to J#;. Similarly one constructs a right inverse, proving invertibility of
. The same argument shows that any element satisfying (A.3) is invertible.
Using now the identities (2.18) and (4.29), the centrality of v and the fact that, in the
symmetric case, Q. = Q- !, one deduces that the correspondence (A.4) is well-defined.
To see that (A.5) holds, note that the same argument as in Proposition 2.44 shows
that

O (K\U) = {X e U,(u) | 1® A)(id@7)A(X) = AX)(1® %)}

Using centrality of v, it is then immediate that
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O, (K\U) = {X e U,(u) | (1 ®#)AX) = (ide@r)AX)(1® %)},

hence 5q(K\U) = @q(K\U) by Proposition 2.44, and then (5q(K\U) = O4,(K\U) by
the biduality statement in Proposition 2.42. O

Remark A.6. It was not clear to us how (or if) the above correspondence can be gener-
alized to the non-symmetric case, as one no longer has invertibility of JZ .

Let us now present a second variation. Let us for the moment identify O4(G) with
O4(G) by the map fT+— f*, and identify then further 0% (Gr) with Oy(G) @ Oy(G) by
applying this map to the second component. In particular, we then have (f®g)" = g*® f*.
By general twisting arguments, Oy (Gr) is coquasitriangular with universal r-form

-1
Ty,D = Ty, 147137241, 39,

cf. [70, Theorem 2.3.4 and Proposition 7.3.2]. Moreover, r, p is real in the sense that
(8 S)(rs,p)" = rupa1 € Uy(9)**EU, (g) .

It follows that we can consider the r,, p-twisted *-algebra Oy (Gr)’, obtained by endowing
Oy(Gr) with the original *-structure and the new product

f-9=(up, fa)®9m)f2)902) f,9 € O (GR). (A7)

This *-algebra fits into a connected cogroupoid linking O} (Gg)°? with O} (Gr). By com-
position, we also obtain an r, p-twisted *-algebra O;”id(GR)' with new product given
again by (A.7), but interpreting f, g € O;”id(GR). This time the x-algebra Oq”’id(GR)’ fits
into a connected cogroupoid linking Oy (Gr)°P with O,(GR). The *-algebra Oq”’id(GR)/
is the v-twisted Heisenberg double analogon of the v-twisted Drinfeld double O;”id(GR),
and corresponds to* the twisted doubles considered in respectively the Poisson and quan-
tum setting in [85,86].

Let us show that this second variation is actually isomorphic to the first variation.
We will need some preparations.

Theorem A.7. There exists an invertible element t € Uy(g) such that the following holds:
Ad(t) is an algebra and anticoalgebra homomorphism satisfying

Ad(t)(Kw) = Kvﬂ'o(W)7 Ad(t)(Er) = _quTo(r)ﬂ Ad(t)(Fr) = _q’l“_QETO(T)7
(A.8)

and

4 In [85,86] the constructions are carried out in the complex setting, without consideration of the x-
structure. This allows one to consider a more general class of automorphisms than the involutive ones.
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F =)A= APt H(t®t). (A.9)
Moreover,
S(t)* =t. (A.10)

Proof. Let ¢ € U,(u) be defined by c£ = ¢WHOWHE/2¢ for ¢ in some Vi, and let T,
be the alternative Lusztig braid operator at the longest root constructed from the

/¢ = Yoo (D) EWEVECE.
a,b,c>0
—a+b—c=(wt(&),a))

Then from [84, Lemma 3.10 and Theorem 3.11] (see also [47,64,46]) it follows that

t=cK_,T, =cI, K,

w

satisfies (A.8) and (A.9), upon noting that

e the above references use the opposite comultiplication,

« their R-matrices hence correspond to our Z !,

o in [84, Definition 3.5] one should correct the small typo by adding an extra sign in
the expression under the summation sign and changing the root to the associated
coroot, and

« we have changed the appearance of K, in [84, Definition| into K_, as this does not
change (A.9) but is important to have the right compatibility with the x-structure.

Finally, to see that S(t)* = ¢ we first note that S(¢)* = c. Since we can write
K_,T,, as a product of the rank one operators K_, /5Ty, it is hence sufficient to
verify that K_,/,,T" is stable under S(—)* in the rank one case. However, since
S(X)* = R(AdA(K_q/2)(X))*, and since K_,,;T" = T'K,/s, this is equivalent to
R(T")* = T' K. This now follows similarly as in Lemma 1.6. O

Consider now the corestricted left coaction of O4(G,)°P on OF'4(Gr)’, and let
04(G,\\GR)' be the associated coinvariant x-subalgebra. Let ¢ be as in Theorem A.7.

Proposition A.8. The map
F: 0y (Gr) = Oy (Gr), | = F((t© )%,5,-)

is a right O4(GR)-equivariant x-isomorphism, carrying Oq(G,\\GRr)' isomorphically onto
Og(G,\\Gr)-
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Proof. Pulling the algebra structures back to O°™(GRr) = Oy(G) ® Oy(G), we need to
compare the two products

frg=(rv1ar1sras, f1) ® 91)) f2)902)(T32 5 fi3) © 93)), [,9 € O°"(GRr)
of 0¥14(Gr)" and
f9="(r, 33, f) ® 90)) f292)(r52  f3) @ 93)), fr9 € 07" (GR)
of (5(1”’id(GR) by means of F'. This entails checking that, with z = (t ® t)%,:%l,

(z7' @ 2 Ry 14R13R24 AP () = %;%3, (A.11)
where A® is the tensor product coalgebra structure. Now using (A.8), we easily see that
t ot NB, = Byt @t7h).

By (A.9) we can then simplify (A.11) to
Ry 1Ry, 43%0 41 A®(<%’y 1) = %;23

However, an easy calculation shows that A®(%’V21) X, 41%’” 21%1, 43%y 23, proving
the above identity.

This shows that F is an algebra isomorphism, and it is right O4(GRr)-equivariant by
construction. To see that F' is x-preserving, we need to show that x as above satisfies
S(x)t =, ie.

(S®S)((t@t)#, ") = (t®t) %o,

This follows from (S ® S)%, = %, and Z;°* = %, 21 together with (A.10).

Finally, to see that F(O,(G,\Gr)') = O4(G,\\Gr), it is enough to compare the
right infinitesimal actions <1 of respectively U, (g,) and Uy(g,)°? on O, (G, \\Ggr) and
0,(G,\\Gr)'. Transporting these actions along the natural vector space isomorphisms
O, (G \GR) = O4(G) ® O4(G) = 0,(G,\\Gr)' and taking care of implementing cor-
rectly the pairings (—, —). and (—, —)., we compute for example for f € O,(G) ® O, (G)
that

F(f)< K, = f(z(K, ® K,)—) = f((Kf‘ro(w) ® K*To(w))x_) =F(f< Kf‘ro(w))'
Similarly, using again (A.8), we find

F(f)QEr:f((f(X)f)%Vm(E ®1+e.K, ®E()) )
= f(t®t) (&1 ® Er + Ep @ Ko () %y, 51 —)
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= f((_erqgl ® F‘ro(r) - ngTo(T) ® K—Tof(r))(t ® t)%;51_>
= F(.f < (_QEFTO(T)))7

where in the last step we use that 7 and 7y commute, cf. Lemma 4.2. One similarly
shows that F(f) < F, = F(f < (—=¢; 2Er(»)), from which the preservation of invariant
subalgebras under F' then follows. 0O

Appendix B. Enhanced Satake diagrams and associated Vogan diagrams

Let g be a semisimple complex Lie algebra with Dynkin diagram I' and compact form
u. We use notation as in Section 1. In particular, we endow g with the Lie x-algebra
structure inducing u.

Recall that two Lie algebra involutions o, ¢’ of u or, equivalently, two Lie *-algebra
involutions of g are called inner equivalent or inner conjugate if there exists g € G with

o' = Ad(g)o Ad(g)~".

It is not hard to see that one may always take g € U, so that o,0’ are unitarily
inner equivalent. More generally, we call 0,0’ equivalent or conjugate if there exists
¢ € Aut(u) = Aut(g, *) such that

o' =¢op L.

Recall from Definition 4.4 the construction of involutions 6 = 6(X, 7, z) starting from
a concrete Satake diagram (X, 7, z). It is straightforward to check that 8(X, 7, z) does not
depend on z up to unitary inner conjugacy by an element Ad(¢) for ¢ € T, the maximal
torus in U. We then have the following theorem.

Theorem B.1. The assignment
(X7 T7 z) '_> 9(X7 T? Z)

descends to a one-to-one correspondence between concrete Satake diagrams (X,7) on T
and unitary inner conjugacy classes of Lie algebra involutions of u.

Proof. It is well-known that any %-compatible involution is equivalent to a Satake invo-
lution up to conjugacy with an automorphism of u [1]. We have to show then that two
concrete Satake diagrams induce inner conjugate involutions if and only if the concrete
Satake diagrams are equal. This follows from [40, Theorem 3.11]. O

In fact, for the proof of the previous theorem we may clearly restrict to the case of g
simple, and then only the cases of the Satake diagrams associated to u3,(H) = s0*(4p)
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and s0(1,7),50(2,6) and s0(3,5) need to be investigated, as they are the only ones ad-
mitting Dynkin diagram automorphisms which are not Satake diagram automorphisms.
In Proposition B.4 and Proposition B.5 we will show explicitly that these automorphisms
induce non-inner equivalences by using instead the Vogan form for the involutions.

Definition B.2. A x-preserving involution v of g is said to be in Vogan form with re-
spect to the Chevalley-Serre generators . if there exists an involutive Dynkin diagram
automorphism 7 and a 7-invariant sign function

e: I — {£1}
such that

V(hr) = hT(T')a V(GT) = 6?”67'(7')3 V(fT) = eT‘fT(T‘)‘ (Bl)

Conversely, whenever 7 is an involutive automorphism of the Dynkin diagram I and
€ is a 7-invariant sign function on the underlying set I, we can define a *-compatible
involution v = v(Y, 7) by (B.1), where we write Y = Y, for the set of points with ¢, = —1.
One can reduce to the case with ¢, = 1 for 7(r) # r, but it will be more natural not to
make this reduction a priori. The datum (Y, 7) can be encoded on the Dynkin diagram
by connecting 2-point orbits of 7 via arrows and coloring the Y-elements black. One calls
the resulting diagram a concrete Vogan diagram.

It is well-known that any involution of u is inner conjugate to some v(Y, 7), see e.g. [39,
Chapter X] or [49, Chapter VI]. To see which v (Y, ) are inner conjugate, we will use the
following lemma. Note first that any sign function € on I can be extended uniquely to a
{#1}-valued character on the root lattice Q. Given a subset Z C I, let us further write

r——1 ifre”z
I — {£1},
1z =1 { re1 ifrg¢z
Lemma B.3. Two Vogan involutions v(Y, ) and v(Y',7') with associated sign characters
e, ¢ are inner conjugate if and only if T = 7' and €, €' are equivalent with respect to the
smallest equivalence relation generated by the following two types of relations:

o type l: e ~€¢ =¢€os, forr €l with (r) =r and e(r) = —1.
o type 2: € ~ € =gy (o)) - € forr € 1 with 7(r) # 7.

Proof. Tt is clear that (inner) conjugacy implies 7 = 7/, so we will assume this in what
follows.

Fix e. If ¢ = 0y +(r)} - € for 7(r) # r, we can pick z € T such that

2(ar(s)2(as) ™ = 03 (8), for all s € I.
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Table 3
Equivalence classes for Vogan diagrams of type A with non-trivial auto-
morphism.

Table 4

Equivalence classes for Vogan dia-
grams of type E with non-trivial au-
tomorphism.

Then v(Y’,7) = Ad(2)v(Y,7) Ad(2)~!. On the other hand, if ¢ = €os, for 7(r) = r and
e(r) = —1, we have, using the notation (4.2), that 7(m,) = m,, and it is then easy to
see that

Ad(m,)v Ad(m,)"! =1/

Hence € ~ € implies v(Y,7) ~ v(Y’, 7).

Conversely, assume that v(Y, 7) ~ v(Y’, 7). We may assume that g is simple. If 7 = id,
we only need to use the first operation, and the result follows from® [14, Theorem 5.1].
If 7 # id, we treat the three cases A, D, FE separately, following the arguments in [14,
Section 4].

For the A-case, it is clear that any two inner equivalent v, must have diagrams
related by an equivalence of type 2 (Table 3).

For the FE-case, there is only Fg to consider. It is easy to check directly in this case
that the equivalence relation on the possible signs creates two orbits, which correspond
precisely to the two choices of real forms (Table 4).

The same argument as in [14, Section 4] can be used in the D-case, whereby the
operation of the first kind can be used to reduce to the case of a single painted 7-fixed
vertex. If the single painted vertex is at position p, the Vogan diagram corresponds to
the symmetric pair

50(2p+1) x s0(2¢ + 1) C s0(2p + 2g + 2) = s0(21),

see e.g. [49, Appendix C.3]. The only thing left to prove is then that the two sign functions
associated to the diagrams with non-trivial automorphism and a single painted vertex
either at por ¢ =1—p—1 (for p <1 — 2) are equivalent,

5 Note that the proof of [14, Theorem 5.1] is with respect to equivalence by inner conjugacy, although
the authors introduce the equivalence relation as being by general conjugacy with an automorphism.
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12 3 p 0—2 12 3 q 0—2
l V4

This follows by an easy direct verification (using also the type 2 equivalence!). O

1

It is known from the Borel-de Siebenthal theorem [49, Theorem 6.96] that any Vogan
involution is equivalent by conjugation with an automorphism to a Vogan involution
coming from a diagram with at most one painted vertex. Moreover, as we have seen
there is no distinction between conjugation by an automorphism and conjugation by an
inner automorphism, except in the case corresponding to the real forms so*(4p) or real
forms of s0(8). In these cases, we have the following.

Proposition B.4. Consider the Vogan diagrams ({l},id) and ({{—1},id) on Dy forl even,

(-1
1 2 3 O£52<f 1 2 3 (=2
o—0—0C ) o—O0—0

4

Then v({i},id) and v({l — 1},id) are equivalent but not inner equivalent.

-1

Proof. As in the proof of Lemma B.3, we have that the two diagrams are inner equivalent
if and only if the associated sign functions satisfy € = ¢ ow for w € W. But consider the
value

c=¢€lar +asg+...+a-1).

Then it is easily seen that c is the same value on the whole of We. However, ¢ differs for
the two choices of Vogan diagrams. 0O

Proposition B.5. There are nine inner equivalence classes for Vogan diagrams of so(8),
obtained by rotations of the following three cases (Table 5):

(1) s0(1,7): Y =0, 7(3) =4,
(2) 50(2,6): Y € {{1},{1,2},{3,4},{2,3,4}}, 7 =id,
(3) s0(3,5): Y € {{1},{1,2},{3,4},{2,3,4}}, 7(3) = 4.

Proof. It follows by an immediate verification on the Dynkin diagram D, by means of
Lemma B.3. O

Definition B.6. We call a concrete Satake diagram (X, 7) and a concrete Vogan diagram
(Y,7") compatible if 6(X,7) and v(Y,7’) are inner conjugate.

The following lemma is clear by (4.5).
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Table 5
Vogan diagrams for so(p,8 — p) with 1 < p < 3 with at
most one colored vertex.

3
s0(1,7) %H%@
4
3
50(2,6) L%i é—(%i

4 4

3
50(3,5) h%@ é—(%i
1 2
1 S

[oV]

&k
LA A

S
N

Lemma B.7. If a concrete Satake diagram (X,7) and a concrete Vogan diagram (Y, ")
are compatible, then 7" = 7719.

We can hence reformulate Definition B.6 as follows. Recall that if € is a sign-function,
we denote by Y, the set of points with value —1.

Definition B.8. Let (X, 7) be a concrete Satake diagram. We call (X, 7)-admissible sign
function € : I — {£1} any sign function which is 77p-invariant and such that v(Ye, 770)
is inner conjugate to 6(X, 7). We call two sign functions €, €’ equivalent if they are (X, 7)-
admissible for the same Satake diagram (X, 7).

One can find at least one (X, 7)-admissible sign function by comparing the classifica-
tions of involutions in terms of Satake diagrams on the one hand, and of special Vogan
diagrams with at most one painted root on the other. Again, one can use standard tables
to look up the equivalence, but we need to know more specifically the correspondence
up to inner conjugacy in the case of s0*(4p).

Lemma B.9. Consider the concrete Satake diagram (X, T) corresponding to so*(4p) with
the 2p—1th root painted as in Table 1. Then 6 = (X, T) is inner conjugate to v({2p},id).

2p —1 2p —1
1 23 2p — 2 ~ 123 2p — 2
OO - o—0——0
2p 2p
Satake Vogan

Proof. Let us realize so(4p) concretely on C*? with basis {ej}. We have that

0= Ad(momx)
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We can easily see that for a constant sign ¢
moer = c(—1)"ey.
On the other hand,
mx = mims...Map_1
is a diagonal block matrix with constant blocks in M4 (C). It follows that € can be put
into Vogan form inside SO(4) x ... x SO(4). Looking at the bottom block, we see that

this corresponds to the transformation of the Satake diagram of SO(4) ~ SU(2)x SU(2),
with the top vertex colored, into Vogan form, with the lower vertex colored.

2p—1 2p—1
[ J O
—
O [ J
2p 2p
Satake Vogan

As the same happens in each copy, and only the simple roots of the form e; —e; 11 appear
in the remainder of the Dynkin diagram, it follows that the complete Vogan diagram is
the one described in the lemma. 0O

We will be interested in verifying a certain compatibility between the sign function of
a Vogan diagram and a particular sign function constructed from an equivalent Satake
diagram.

Fix x¢ as in Lemma 4.3, and recall the notations Sy, Sx,z and z; from (1.16), (4.14),
Lemma 4.3 and (4.6).

Theorem B.10. Let (X, 7,z) be an enhanced Satake diagram, and let € be an (X,7)-
compatible sign function. Then there exists an extension € € T of € such that

er7o(€) = SoSx 27, . (B.2)

Proof. We may assume that g simple. Note that by (4.1), the right hand side of (B.2)
lies in the center 2°(U) = Char(P/Q), while by Lemma 4.2 and the choice of Z we
have that the right hand side of (B.2) is 77g-invariant. It is then easily seen that if €
admits an extension € satisfying (B.2), any ¢’ = s..(e), for 7(r) = r and €, = —1, admits
the extension € = s,(€) satisfying (B.2). It is also easy to see that the existence of an
extension is stable under an equivalence of type 2 in Lemma B.3, since we can extend any
Nirrro(r)y for 7 # 770(r) to an element 7) € T' with 7j779(7}) = 1: for example, choosing
n € N such that %Q DO P D @, and choosing a fundamental domain for the Trm-action
on I, we can put ﬁ(%aT) =1 for r fixed under 77y and
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(1 mi/n ~(1 —mi/n
n <nar> =e€ / ) n (naT‘ro(r)> =€ /

for r # 779(r) in the fundamental domain. By Lemma B.3 we may hence restrict to
the case of a reduced Vogan diagram with at most one painted root. By applying an
automorphism, we may also assume that the Satake diagram corresponds to the standard
presentation in, say, [82, Reference Chapter, Section 2].

For A an abelian group we write Char(A) for the characters A — U(1). Consider the
group homomorphism

m:PxQ— P, (w, ) = w~+ T (W) + a.
Then 7 dualizes to a homomorphism
# : Char(P) — Char(P) x Char(Q), p = (pt70(p), P1@)-

Let us write

n:P— U(l), w SOSXEE;l(w) — 62”(PV+P}+X0*T(XO)M).

Then we are to show that (n,€) lies in the range of #. This is equivalent with (7, €)
vanishing on Ker(w). Now since xq is 77p-invariant, this means that we have to check

e(a) = emieY +ox +x0=T(x0),2) Va € Q, (B.3)

where
Q' ={a € Q| 3w e P such that a = w + 779(w)}.
Now it is easy to see that
Q ={aeQ]|rr(a) =qa, (a,a))€2Z for t7o(r) =r}.
Write
5, = emilp’ FrX+x0-7(x0)r) ¢ {£1}.

Identify Z! = Q via k +— _ k.c,., where [ is the rank of g, and let Iy C I be the set of

T7o-fixed points. Let A’ be the rectangular matrix obtained by restricting the rows of
the Cartan matrix A to the index set Iy. Then we see that (B.3) becomes

H(eTéT)kT =1, Vk € Z! such that 77o(k) = k, A’k € 2215l (B.4)
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As the left hand side takes values in 1, we can consider the condition on & modulo two,
and are thus to check (B.4) on

B={k= (k) € (Z/22)" | T7o(k) =k, A’k =0mod 2}.

Let us present the elements of B in the different cases, listing only those for which
B # {0}. We will use the ordering of simple roots as in [82, Reference Chapter, Section 2].

(1) Case of 779 = id. Then B = Ker(A) mod 2, and we find the following non-zero
elements of B:
(a) A; for [ odd: k= (1,0,1,...,1,0,1).
(b) By k = (1,0,1,0,...,1,0) for l even, (1,0,1,0,...,1,0,1) for [ odd.
(¢) C;: k=(0,0,...,0,1).
(d) Dy for I odd: k = (0,0,0,...,0,1,1).
(e) Dy for I even: k = (a,0,a,0,...,a,0,b,¢) with a+b+c=0.
(f) Er: k= (1,0,1,0,0,0,1).
(2) Case of 719 # id:
(a) Ay forl=2p: k= (a1,...,ap,ap,...,0a1).
(b) Ajforl=2p+1: k= (a1,...,ap,apt1,0qp,...,a1).
(¢) D for l odd: k = (a,0,a,0,...,a,0,a,b,b).
(d) Dy for l even: k = (0,0,...,0,0,a,a).
(e) Eg: k= (a,b,0,b,a,0).

One can now check (B.4) by an easy case-by-case verification, using Tables 6, 7, 8
with the following legend:

e The first column presents an enhanced Satake diagram, with z, = 41 indicated
whenever the value is not a priori determined, and (contrary to custom) with also
the action of 7 drawn for black vertices when non-trivial (to avoid possible confusion).

¢ The second column encodes 77y and the function § with a root colored black if
0, = —1. Note that ¢ depends on the choice of x, but this will only come into play
in the DIII-case s0*(2l) = su; (H) for [ odd, where we list the two possibilities.

e The third column presents an associated standard Vogan diagram, which can for
example be deduced from the Kac diagrams in [82, Reference Chapter, Table 7]. O

Remark B.11. Note that the theorem is no longer true if we work with conjugacy instead
of inner conjugacy, as then the case s0*(4p) fails!

Remark B.12. It is clear that the converse of the theorem does not hold. It would be
interesting to determine which extra conditions are needed to make the converse hold.
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Table 6
Satake diagrams, d-function and Vogan diagrams, Type A/B/C.
Lie algebra Satake (X, T, z) (6, 770) Vogan (e, 770)
sl(¢,R) 1 ) &@1 c}@o
£ odd
sl(¢,R) &/o_\{—\/&\’% o@o
£ even
[ H 12 )4 R AR R AR
slpyq (H) 0o 0@ o< 0—0—0-70 o< 0—0—0---70
(=2p+1
su(p, £+ 1 —p) e

£ odd,(£—2p+1)/2 odd

g}—‘
i)

|

—

su(p,£+1—p)
£ odd,(£—2p+1)/2 even

K
et
a—

o—O- “+1 oo oo
l ¢ J4
su(p, p) (1>—<} %—& <1>—<}
o E E ij }p }p
o—- e oo
4 0 l

2
so(p,20+1—p) 1 p <1} o—o—op/ -
£,p even o  0—0O0-  -0=0
1 14 | Alop
s0(p,2¢+1—p) & B O OO %O
£,p odd
2
so(p,20+1—p) 1 p o o—o—op/ - 00
¢ odd,p even . 8O- OxO
2l+1—p
2

i
:

so(p,20+1—p)

£ even,p odd

spoe(R) <1>—<} oq-g l—& t@g (1>—<} o=¢£
2

sp(p, £ —p) 19 2p ) o—<2>—<} ﬁo 0=0 D Y,
£ even o0 O oo 3 0—0—0 @O O=0
sp(p, £ —p) oo Lo Ott-(t;

£ odd

£/2

5332(;1’2717) i—g—& o—ﬁé o0—0—0 o—o¢£ oo o—‘—o oq-é

=2p

Appendix C. Invariant vectors and exterior algebras

In this appendix we will prove a result concerning the spectral subspaces O, (U?\U) i
for certain fundamental spherical weights p; in the cases AII, CII and DIII. The proof will
make use of the explicit results of Noumi and Sugitani [80], as well as some appropriate

g-analogues of exterior algebras.
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Table 7

Satake diagrams, d-function and Vogan diagrams, Type D.

Lie algebra Satake (X, 1) (8, 770) Vogan (e, 779)
-1 p—1 -1
so(p,2¢ — p) : PN o<2\)’_ 3 oo o<2\)’_
£,p odd
l l
n » Ll -1 o -1
s0(p, 20 — p) o0 -0—O—e 1 p 1 2
2,p even ‘<; O<:; O<:;
-1 P -1
so(p, 20 — p) : ~ho o<2 ! oo o<2
£ 0dd,p even
’ l l
1 p o] -1 p=1 -1
s0(p,2¢ — p) ’<:\)r— : 0—%—0 o<2\)’_ ! oo o<2\)’_
£ even,p odd Y
l l
-1 =1 -1
so(0—1,£+1) : oo s oo
£ odd
—1 l l
1 o -1 £_q -1
so(6—1,641)| OO 000 T 1 p 1 2
0<§ o '<;@ Seo o<:;@
1 -1 1 =1 -1
0,4 3
53(Odd) *-oo &<;@ RS s o<;@
-1
s0(, ) o0 -0—0—0 O<Z 1 p 1 2
£ even 7
l ¢
19 -1 -1 -1
5?Z(H) *O—e—O <1>—o o—o<: <1>—<}
l ¢ l
-1
sug (H) <1>—o o—g—o
£ odd 2
-1 £ _1 -1
3 oo SO p Sl L, 2oo o<:
+1 0—0-0—0—0
: o<(.; .

C.1. Noumi-Sugitani coideals

In [80] Noumi and Sugitani construct some quantum analogs of U (u?) for certain invo-
lutions € and g of classical type. The construction is based on finding explicit solutions J
of the reflection equation, from which one can build coideals B; C U,(u) which specialize
to U(u’). In [57, Section 6], Letzter shows that the coideals B are subalgebras of appro-
priate By, where By is the coideal corresponding to the involution 6 that she constructs
in the cited paper. Moreover it follows from [80, Theorem 1] and [59, Theorem 7.7] that

one has equality of the invariant subspaces V.27 = V5¢ for all w € P+,
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Table 8
Satake diagrams, é-function and Vogan diagrams, Type E.
Lie algebra Satake (X, T) (6, 770) Vogan (€, 770)
1 2 3 4 5 eI T
EI ::iso ..I.* O—O—::—()—()
6
T RN
EIV
1 23 45 6
EV :::i:: ll.:" :::i::
7
EVI I:Ii:: :::ill :l:i::
EVII ::III: .::i:: .::i::
Table 9
Relevant spherical weights for the AII, CII and DIII cases.
Case g Relevant spherical weights
AIl Azn—1 = slan W2, W4, ", Wan—2
CII (ZS [n/Z]) Chp = S5p,, W2, W4, , T2
DIII (first case) Day = 5040 W2, Wa, -, W—2
DIII (second case) Doyt = 504042 T2, W4, - ", W2L—2

Let us give some more details regarding [80]. Let V = V5, be the N-dimensional fun-
damental representation for g of classical type. Then, for the classical symmetric pairs
considered in the cited paper, V ® V contains only one non-trivial spherical representa-
tion, namely V,. A vector invariant under By is then given by

N
wy = Z Jij’Ui@’l}jEV@V,

ij=1

where {v;}, is a basis of V and J = Zij Jijei;j in terms of the matrix units e;;. The
matrices J are given explicitly for the classical symmetric pairs under consideration.

C.2. Classical and quantum exterior algebras

Let us consider the symmetric pairs AIl, CII and DIII. We are concerned with those
spherical weights p; such that 7(¢) = ¢ and the node ¢ is connected to a black vertex
in the Satake diagram. These spherical weights are summarized in Table 9, where we
recall that we use the standard ordering for the Dynkin diagrams as can be found in the
Tables 6 and 7.
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Recall that most of the representations V., can be constructed as exterior powers
of the fundamental representation Vg, see for instance [36, Section 5.5.2]. In the case
A,_1 = sl, we have AF(V,) = Vo, for k =1,--- ,n — 1. In the case D,, = s0g,, we
have A*(V,,) =V, for k=1,--- ,n— 2. In the case C,, = sp,, the exterior powers are
reducible and we have the decomposition

with the convention that Vi, is the trivial representation. Observe that the weight space
A*(V, ), is one-dimensional, since V,,, with i < k does not have the weight .

For each V = V, as above, it is possible to construct a g-deformation Ay4(V) of
the exterior algebra of V' which has the same graded dimension as the classical one.
The relations in A,(V) are more complicated that those of the classical exterior alge-
bra, but nevertheless we have the following result, see [38, Proposition 3.6] and [55,
Proposition 4.6].

Proposition C.1. Let {v;}N, be a basis of V.. Then there is a filtration F of Ay(V') such
that grzAq(V') is generated the v; with relations v; A v; = —q;;v; Av; for some g;; > 0.

From this result it can be readily seen that the elements v;, A---Av;, withi; < - <
give a basis of Af(V). Hence dim A¥(V) = dim A*(V') for k = 1,--- , N. Moreover the
U,(g)-module algebra A} (V) decomposes as in the classical case. The algebra Ay(V) can
be realized as a subspace of the tensor algebra T'(V), see for instance [55, Section 3.4].
Write mp : T(V) — A, (V) for the projection. Then we denote by 7 : T(V) — grrA,(V)
the map obtained by composing mo with the projection Ag(V) — grzAq(V).

C.3. Spectral subspaces

The content of the previous subsections will be used for the following result.

Proposition C.2. Let u; be a spherical weight from Table 9 for AII, CII or DIII. Then
the spectral subspace O, (U\U),,, is contained in the algebra generated by Oy(U\U )y, .

Proof. Recall that by Theorem 4.44 the subspace of U,(u?)-invariant vectors in V,,, is
one-dimensional. Fix non-zero invariant vectors w; € V,,, for all <. Observe that if w is an
invariant vector, then so is w®" for any n € N, since U, (u?) is a coideal. Now consider
the invariant vector wy corresponding to ps = wsy. Suppose that, for each ¢ as in Table 9,
there exists some n; € N such that the component of ws™ in V,,, is non-zero. Then this
component is a non-zero multiple of w;. If this holds then the claim follows from

U(wa,v1) -+ Uwa,vp,) = U(wS™,v1 @ -+ vy, ).
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Upon changing conventions, it is equivalent to prove the same statement for the algebra
0,(G)Pe | where By is Letzter’s coideal. Moreover we have O,(G)57 = O,(G)P?, where
By is the coideal of Noumi and Sugitani. In [80] a Bj-invariant vector wy € V ® V is
constructed explicitly for the cases AIl, CII and DIII, where V = V;, is the fundamental
representation. The component of wy in V,, € V ® V is non-zero. We will show in

Lemma C.3 that w?m has non-zero component in V., for the appropriate values of m.

2m

Then the conclusion follows from the previous discussion. O
In the next lemma we will use the explicit invariant vectors w; given in [80].
Lemma C.3. Let wj be the appropriate invariant vector for AII, CII or DIII.

(1) For AII the component of w§™ in Vg, is non-zero for 1 <m <n—1.
(2) For DIII the component of w?m in Vg, s non-zero for1<m <{—1.

3) For CII the component of wS™ in Vo, is non-zero for 1 < m <.
J 2m

Proof. (1) We have g = As,,—1 and V,,, has dimension N = 2n. The invariant vector is

n

wy = 5 Aok (Vak—1 ® Vag — qUak & Vag—1),
k=1

where the agy, are non-zero. Applying the projection m we get w(wy) = > _; brvag—1Av2g
for some non-zero by. It is enough to show that 7(w;)"™ # 0 for 1 <m < n — 1. Let us
focus on the term wao,, = v1 Avg A -+ A Vgp—1 A Vo, It follows from the commutation
relations that we have

V2j—1 A\ V25 A Vag—1 NV = C - Vap—1 A Vo A\ V251 A Vaj,

)™ and hence

for some ¢ > 0. Then wy,, appears with non-zero coefficient in m(w;
m(w)N™ # 0.

(2) We have g = D,, and V,, has dimension N = 2n. We use the notation j' =
N + 1 —j. First we consider the case when n = 2/ is even. The invariant vector is given

by

L L

wy = Z sk (Var—1 @ Vak —quag ®'U2k71)+z a@r—1) (Vky @V(2r—1) —qV(2k—1) @V(2k) )5
k=1 k=1

where the coefficients are non-zero. Therefore its projection is given by

14 14

7T(U)J) = Z brvok_1 N vok + Z b;v@k)/ A V(2k—1)-
k=1 k=1
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Observe that (2k)" > 2¢ for 1 < k < £. It is enough to show that m(w;)"™ # 0 for
1 <m < /—1. As for the AlI case, we see that the term wa,, = V1 AVa A+ - AVy_1 AVam,
appears with non-zero coefficient, hence m(w;)"™ # 0. The odd case n = 2¢ + 1 is
very similar. The only difference is that in w; we also have a term proportional to
Up ® Uy — Uy ® Up. The rest of the argument is completely identical.

(3) We have g = C,, and V,, has dimension N = 2n. We will use the notation
j'=2n+1—j and consider the parameter ¢ < [n/2]. We have the invariant vector

¢
wy = Z gk (Vak—1 @ Vo — qUak ® Vag—1)
k=1
¢
+ Z acak—1) (Vzky @ V(2k—1) — qQU2k—1) @ V(2k))

k=1
n 20
l /-1 "
+ E (ajv; @ vy —a vy @v;) + E ajv; ® v,
Jj=20+1 J=1

where the coefficients are non-zero. Therefore applying the projection we get

14 2¢

4 n
7T(’wJ) = Z brvog—1 N Vo, + Z b%v(gk), A V(2k—1)’ + Z cjv; Nvjr + Z C;’Uj Nwjr.
k=1 k=1 j=2041 j=1

First we show that m(w ;)™ # 0 for 1 < m < £. Let us consider again wa,, = v1 A vy A
co+ A Vam—1 A Vom,. We claim that this element arises only from products of the terms
Vok_1 Aoy with 1 < k < £. Indeed, as 7/ > n for j < n and j' < n for j > n, the element
Way, can not contain any of the terms v; A vj. Then, as in the other cases, we conclude
that ws,, appears with non-zero coefficient and hence (w ;)™ # 0.

Finally, since A2™(V) is reducible, we still need to show that we obtain a non-zero
component in Vg, . Recall that the fundamental representation V, of C,, has weights
N, U{=X\},, where \; = w; — w;—1 and we use the convention wy = 0. The
vectors v; for i = 1,--- ,n have weight A;. Then we see that the term ws,, has weight
S22™ \i = way, and hence belongs to Vi, . O

Appendix D. Computations for the symmetric pair of type FIT1

We realize the root system of g = §, explicitly in R* with the usual orthonormal basis
{e-} by putting
1

a1 = 5(61 —€E2 — €3 —54)7 Qg = &4,

Q3 = €3 — &4, gy = E9 — E3.
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%(ar,a,,) we have d; = dy = 1/2 and d3,dy = 1. Then @y = ¢y,

and V = Vg, is a quasi-minuscule 26-dimensional *-representation of U, (f4). To realize

In particular, with d,. =

it explicitly, let us use the notation

[n] _ qn/2 _ qfn/Z
g2 —q-1/2’

so in particular [1] = 1,[2] = ¢*/?+¢~"/? and [3] = ¢+ 1+¢'. Fix in V an orthonormal
basis

6207 f515253547 603667 1 S k S 4,Si 6 {:l:}?
and put
fo=12]""(eo + [3]'?¢p),

so that fy is a unit vector. Then we can let U, (f4) act uniquely by the following rules: the
vectors fs, s,s45, ave weight % Zi Si€q, the vectors e,f have weight +¢y, and the vectors
eo, fo have weight zero. Further, the F), act as in Diagram 1.

The operators E, = K, F* act in the obvious way by the adjoint operation, for example

Evfoiyr =[2"2fo, Eifo=q"?[2" 2 fo__,
Ereg = q"?[2] 72 fy

Eaey = [2]Y%ey, Ezeq = q'/?[2]'/%e],

Exfo =q"?[2]7%¢f .

Put X = {a9, as, a4}
Lemma D.1. On basis vectors, we have the following action of Ty, ,

— 9/4
waf$1828384 = 52844 / fS1,—327—83,—S4’

+ 5/2 + 5/2 + 5/2
) TwX€2 =q / 6327 waea‘ =—q / €3¢’ wae4 =q / 64;

and
Tuwyeo = —q’eo, Tux fo = fo— a**([3] — 2)eo.
Proof. The longest word in W is given by
Wxel = €1, wxe, = —e, for r € {2,3,4},
with reduced expression

WX = SepSes8e, = (8453528354)(835283)852.
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er
Fy \qul/4
F+++4
Fo \Lq—l/zl
Ftt—
Fg \Lq—l/2
f+—+
q—1/4 Fy
- f+—t+
N
4/4 Fy q—1/4
ef Ft—t—
=172 ) =172
ef fr——+
a—1/2 y g~ 1/4
F3 /4 Fo
eI N —
Fy lq71/2[2]1/2 Fp \Lq—l/2[2]1/2
€0 F1 Fa fo
Fy \L [2]1/><1 l (21/2
ex (2171/2 (2172 fopiy
F3 q—1/4 Fo
172 I A
e3 fott-
Fy q—1/4 F3
q—1/2 Fy q—1/2
2 fet—t
g—1/4 Py q—1/4
Py Az Py
fott fet——
q71/4 Fy
k ¢~ 1/2
-
Fy \Lq71/2
fe—t
Fy \Lq—l/4
J A
Fp \Lq—l/4
er

Diagram 1. Action of the F, on V.



K. De Commer, M. Matassa / Advances in Mathematics 366 (2020) 107029 95

Now consider for Uy, (su(2)) the spin 1/2-representation and spin 1-representation
determined by respective orthonormal weight bases {v1;/2} and {v_, vo, vy} with actions

Pv_ipe,  Fooy=g¢ (¢ +a )"0,  Foo= (g +q ") %o .

FTU+1/2 = qr_l
Then with respect to these bases, we have from (1.14) that the Lusztig braid operator
T, acts via

1/2

Trv+1/2 = =4y V-1/2, TrU—1/2 = qi/

2
’U+1/2,

2
Trvy =qv_, Tv_=qvy, Trvg=—g .

One can then easily compute from this the action of T}, on the ef. For the f, 55,
one can compute Ty, on fi 4, and use the formula (1.17) for the remaining fs,s,s,-
For the f_s,s,5, one can then use the U;(gx)—isomorphism fisasgsa ™ fospsss,- Finally,
for eg the value of Ty, is directly computed. Since eq — [2]fo is a U, (gx)-fixed vector, it
must also be a Ty, -fixed vector, from which the value of T, fo can be computed. O

Consider now the enhanced Satake diagram (X, id, 1) with associated Satake involu-
tion § and coideal *-subalgebra Uy () C Ugy(fs4). Using that af = —4(ez + €3 + €4) and
that z; = 1, consider as in (4.27) the generator

Cy = E1 — ¢*'T, FIT, K € Uy(f}).

Then by direct computations using Lemma D.1 one finds the following values:

Cref = -/, Crey =g/ f___,

Cifpirr = tef — a7 221" fo + ¢~ 2]/2(3] - 2)eo,

Crf gy =21 fo—q ey, (D.1)
Cifr—y=a"el,  Cif——y=q .

Let now ¥ be the *-compatible v-modified universal K-matrix for U, (f9).
Lemma D.2. There exists a non-zero scalar a € C such that

- _ _ -3
ate] =ej, X [rsysgss = =4 " [—sys5545

aX ey =—q ey, aX fo=q " fo+ 2]V - q %)er —q %([3] — 2)eo.
Proof. Since

H V()= V(—wxw) ®V(—wxw —e1) @ V(—wxw — 21)
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on weight spaces, there will exist a non-zero a € C such that a# ef = e; . Now since

A commutes with C and Cyef is a multiple of f; | we can compute the action of

a" on fi___ using the formulas in (D.1). As /" commutes with U;(gx), this then

determines a.Z” on all fig,s,s,. Since eg is a scalar multiple of F5CY f4___, we can once

again use the commutation of % with C} and F5 to determine the value of a.%#” on eg.
Finally, using that

Crad frysy =—q 2Cifpy = —q 3([2]"2 fo —q "/ er)
equals
aX Crfryry =" ey —aq P[220 fo — q72[2)"2([3] - 2)eo,
we find the expression for a. % fy. O

Consider now the span of the Zy (£, 1) in O,(Z,) with its left U, (f4)-action

x> Zv(§n) = Zv(S(z1))*E m2)n).

Write
20 = § 052,53,S4ZV(f—5253543 f+828334)7
52,583,854
where
_ _ . —1 _ -3 _ . —4
ypy =1, ayy_=q ", a4 =q¢7, ap-_=q ",
-5 —6 -8 -9
Q-+ =4q -, q—+- =9 a——+ =4q -, a——— =4¢q .

Write further
zp=2Zv(eo — [2fo,ef),  z— = Zv(er,e0 — [2fo).
Then a straightforward computation shows the following lemma.

Lemma D.3. The elements 2o, 24,z are Uj(gx)-invariant, and

3] —a1/4
PRE 20+ q /

z = q5/4z+ — zZ_

is a highest weight vector for U,(f4) at weight e1.

Proposition D.4. The element ¢(z) is a non-zero element in Oy(U'\U), -
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Proof. By Lemma D.3 and equivariance of ¢ it is clear that ¢(z) € Oy(U%\U)w,. To

see that ¢(z) # 0 it is sufficient to compute that £(¢(z)) # 0. We have however by
Lemma D.2 that

as(p(2))
= ¢"*{eo — [2)fo,a X e)
- [2[]?;]/2 Z QAsys354 <f*525384’ a‘%/f+szs354> + q_41/4<6;, a)i/(eo - [2]f0)>

§2,83,84

= [2]_1/2((1_3[3] 20525354 + q_21/2[2](q_3 -4%)

=g V2R PEA 4+ P g S 00 — )
>0. O
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