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Abstract

The purpose of this paper is to study families of Artinian or one dimensional quotients of a
polynomial ring R with a special look to level algebras. Let GradAlg™”(R) be the scheme
parametrizing graded quotients of R with Hilbert function H. Let B — A be any graded
surjection of quotients of R with Hilbert function Hg = (1, h1, ..., hj,...) and H,4 respectively.
If dimA = 0 (resp. dimA = depthA = 1) and A is a “truncation” of B in the sense that
Hs=1,h1,....,hj—1,0,0,0,...) (resp. Ha = (1,hq,...,hj_1, 0, a,,...)) for some a < hj, then
we show there is a close relationship between GradAlg™4 (R) and GradAlg™” (R) concerning e.g.
smoothness and dimension at the points (A) and (B) respectively, provided B is a complete
intersection or provided the Castelnuovo-Mumford regularity of A is at least 3 (sometimes 2)
larger than the regularity of B. In the complete intersection case we generalize this relationship
to “non-truncated” Artinian algebras A which are compressed or close to being compressed. For
more general Artinian algebras we describe the dual of the tangent and obstruction space of
deformations in a manageable form which we make rather explicit for level algebras of Cohen-
Macaulay type 2. This description and a linkage theorem for families allow us to prove a con-
jecture of Tarrobino on the existence of at least two irreducible components of GradAlg? (R),
H=(1,3,6,10,14,10,6,2), whose general elements are Artinian level algebras of type 2.
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1 Introduction

The main goal of this paper is to contribute to the classification of Artinian and one dimensional
graded quotients of a polynomial ring R in n variables (of degree one) over an algebraically closed
field k. In particular we study the scheme GradAlg” (R) = GradAlg(H) which parametrizes graded
quotients A of R of depth A > min(1,dim A) and with Hilbert function H. GradAlg?(R) is the
representing object of a correspondingly defined functor of flat families and it may be non-reduced.
Thus GradAlg? (R) may be different from the parameter spaces studied by Iarrobino, Gotzmann
and others who study the “same” scheme with the reduced scheme structure. In our approach we
try to benefit from having a well described tangent and obstruction space of GradAlg™ (R) at (A)
at our disposal.

An important technique in determining GradAlg(H,4) is to take a graded surjection B — A of
quotients of R with Hilbert functions Hp and H 4 respectively, and, under certain conditions, make
the relationship between GradAlg(H,4) and GradAlg(Hp) as tight as possible. We review some
results of this technique in Section 1. If B = R/Ip, let Np := Hompg(Ip, B) and let reg(B) =
reg(Ip) — 1 be the Castelnuovo-Mumford regularity of B. Let

= @2 R(—n2;) — &L R(—mi) > R— B —0

be the minimal resolution and let e(A/B) =Y ;1 [Hp(n1,) — Ha(n1;)]. Our main results in Section
2 apply to GradAlg(H 4) where A is one-dimensional. We prove (cf. Theorem 12)
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Theorem 1. Let R be a polynomial k-algebra and let B = R/Ip — A = R/I4, 14 # 0, be a
graded morphism such that A is Cohen-Macaulay of dimension one and depth B > 1 and such that
X :=Proj(A) — Y := Proj(B) is a local complete intersection of codimensionr > 0. Let Hy(v) = s
for v >> 0 and suppose either

(a)  Ip is generated by a reqular sequence (allowing R = B), or

(b) B, — Ay is an isomorphism for all v < max;{n2;} and dim R — dim B > 2.
Moreover suppose there is an integer j such that B, ~ A, for all v < j — 1 and such that 14
is (j + 1)-regqular (i.e. reg(A) < j, or equivalently, Ha(v) = s for v > j). Then dim(Nga)y =
dim(Np)o +rs —€(A/B) , and

dim4) GradAlg"4(R) = dim(g) GradAlg"? (R) + rs — e(A/B) .

In particular A is unobstructed as a graded R-algebra (i.e. GradAlg4(R) is smooth at (A)) if and
only if B is unobstructed as a graded R-algebra.

One may look upon the conditions on j above as assuming the minimal free resolution of 14,5 :=
I4/1Ip to be semi-linear (close to being linear, cf. (5)), and the conditions of (b) and (a) as requiring
this j to be large enough in the case Y is not a complete intersection (CI).

Theorem 1 is what we need to treat the case where X consists of s points in generic position on
Y in the sense that Hj4 is the truncation of Hp at the level s and the points are distinct. Indeed
Geramita et al. ([13]) defines such a truncation by

Ha(i) = inf{Hp(i),s} for i>0,

and they show that there exists a reduced scheme X on Y with truncated Hilbert function H»y
provided Y is reduced and consists of more than s points. We prove (cf. Corollary 14)

Corollary 2. Let Y = Proj(B), B = R/Ip, be a reduced scheme consisting of more than s points,
and let X = Proj(A) be s points (avoid SingY ) of codimension v in generic position on Y. Let j
be the smallest number such that Ha(j) # Hp(j). If Y is not a CI, suppose j > reg(Ig) + 2. Then
dim(N4)o = dim(Np)o +rs — €(A/B) , and

dim») GradAlgH4(R) = dimp) GradAlg™®(R) +rs — e(A/B) .
Hence A is unobstructed as a graded R-algebra iff B is unobstructed as a graded R-algebra.

Moreover in Corollary 2 (and Theorem 1) we may allow the codimension r to vary along the s
points, say such that the i-th point has codimension ¢; in Y (Y need not be equidimensional). Then
Corollary 2 holds if we replace rs by > .7, ¢;.

The analogue of Theorem 1 for Artinian algebras is the main result of Section 3 (cf. Theorem 29).

Theorem 3. Let R be a polynomial k-algebra and let B= R/Ip — A = R/I4 be a graded morphism
such that A is Artinian and depth B > min(1,dim B), and suppose either

(a)  Ip is generated by a reqular sequence (allowing R = B), or

(b) B, — Ay is an isomorphism for all v < max;{n2;} and dim R — dim B > 2.
Let F' be a free B-module such that F' — I, p is surjective and minimal, and suppose there is an
integer j such that the degrees of minimal generators of the B-module ker(F — IA/B) are strictly
greater than j (e.g. By, ~ A, for allv < j —1) and such that 14 is (j + 1)-regular (i.e. Aj41 =0).
Then dim(Nga)p = dim(Np)o + dim gHomp(F, A) —€(A/B) , and

dimg ) CradAlgH4(R) = dimp) GradAlg”s(R) + dim ¢Homp(F, A) — e(A/B) .

In particular A is unobstructed as a graded R-algebra if and only if B is unobstructed as a graded
R-algebra.



In Proposition 42 we show an improvement of Theorem 3(a) in the case “B, ~ A, for all v < j—1".
In this case we can skip the condition Aj41 = 0, or equivalently (K4)—j—1 = 0 (K4 the canonical
module) provided the minimal resolution of K4 has no relations in degree greater or equal to j.
This generalization applies to algebras which are compressed or close to being compressed. In the
compressed case the dimension and the smoothness of GradAlg(H4) coincide with the results of
[24].

Theorem 3 applies nicely to Artinian truncations and more generally to Artinian quotients A with
Hilbert function H4 = (1, hy, he, ..., hjfl, «,0,0,..) where Hg = (1, hq, ha, ..., hjfl, hj, hj+1’ ...) and
a < hj. In that case the relationship between GradAlg(H,4) and the open subset GradAlg(Hp),
of GradAlg(Hp) consisting of points (B) where reg(Ip) < 1, may be described by an incidence
correspondence

GradAlg(Hpg, Ha), — GradAlg(Hp), C GradAlg(Hp)
» (1)
GradAlg(Ha)

where p and g are the natural projections (cf. (8) and Proposition 33 for details).

Proposition 4. Let Hg = (1,hy,hs,...) be the Hilbert function of an algebra B # R satis-
fying depth B > 1, and let j, n < j — 2 and o < hj be non-negative integers. Let Hy =
(L, h1,...;hj—1,,0,0,..) and look to the maps p and q in (1). Then

(i) q is smooth and surjective with connected fibers, of fiber dimension a(h; — o), and

(i) p is an isomorphism onto an open subscheme of GradAlg(Hy).
In particular the incidence correspondence (1) determines a well-defined injective application T from
the set of irreducible components W of GradAlg(Hp),, to the set of irreducible components V of
GradAlg(H ) whose general elements satify the Weak Lefschetz property. In this application the
generically smooth components correspond. Indeed V = (W) is the closure of p(q~*(W)), and we
have

dimV = dimW + «a(h; — «a) .

Also Theorem 1 allows a corollary very similar to Proposition 4 in the one dimensional case (cf.
Proposition 19).

In Section 4 we characterize the tangent and obstruction space of GradAlg® (R) at an Artinian al-
gebra (A). Note that if A is Gorenstein with socle degree j and Sa1 4 is the second symmetric power of
14, then the k-dual of the obstruction space is by [32], Thm. 11 isomorphic to the kernel of the natu-
ral map (S2la); — (I42);, or equivalently, to the cokernel of (A%I4); — (Ia®1a); =~ Tori (14, K4)o.
This result generalizes to the following result (cf. Theorem 36), in which Ho(R, A, K 4) is the algebra
homology, cf. (2).

Theorem 5. Let R — A = R/I4 be a graded Artinian quotient with Hilbert function H. Then
dim(Iy ®r K4)o is the dimension of the tangent space of GradAlg™(R) at (A), and the dual
of oHo(R, A, K4) contains the obstructions of deforming A as a graded R-algebra. In particular
GradAlg® (R) is smooth at (A) provided the natural “antisymmetrization” map

Ia®p 14 ®p Ka — Tor{(Ia, Ka)
(cf. (17)) is surjective in degree zero.

Since we in Theorem 44 show that the parameter space L( H) of level algebras, introduced in
[9] through the ideas of [26], is sufficiently close to being an open subscheme of GradAlg (R), we



get that Theorem 5 holds if we everywhere replace GradAlg® (R) by L( H) at a level algebra (A).
Note that the tangent space of L( H) is already well described in [9]. Moreover if A is Artinian of
codimension 3 in R, we show that the obstruction space is contained in the dual of (N4)_3 and we
make explicit a formula which is a lower bound for the dimension of any irreducible component of
GradAlg” (R) (Proposition 39 and Corollary 40).

Finally we look to type 2 level algebras A = R/ann(F}, F») where F} and F; are forms of the same
degree s in the “dual” polynomial algebra of R. Such algebras are studied in [25], and an extended
draft of [25] determines the tangent space of GradAlg™ (R) at (A). If H4(i) = min{dim R;, HA, (i) +
H 4, (i)} for any i, then {Fy, F»} is said to be complementary [25]. Using Theorem 5 we describe the
tangent and obstruction space of GradAlg™ (R) at (A) in the following way (see Proposition 45).

Proposition 6. Let {F, F5} be complementary forms of degree s, and let A = R/I4 be the Artinian
level quotient with Hilbert function H given by 4 = ann(F1, Fy). Let 15, = ann(F;). Then (1a/14-
Ia,)s ® (1a/1a-14,)s is the dual of the tangent space of GradAlgH(R) at (A), and sHa(R, A, A1) ®
sHa(R, A, Ag) is the dual of a space containing the obstructions of deforming A as a graded R-algebra.
In particular if the sequences

IA®RIAL>IA®IAZ~—>IA'IA¢

where A(z®y) = rQy—yQuz, are ezact for i =1 and 2, then GradAlg(H ) is unobstructed at (A)
and we have dimy) GradAlgH4(R) = Z?Zl dim(fa/la-14,)s -

Then we use Proposition 6 and a linkage theorem (Theorem 24) to prove a conjecture of A. Iar-
robino, appearing in the draft of [25], namely that L( H) with H = (1, 3,6, 10, 14, 10, 6, 2) contains at
least two irreducible components whose general elements are level quotients of type 2 (Example 49).
Once having one example of such a phenomena, we produce infinitely many by liaison (Remark 50).
Even though this conjecture was open until now, larrobino and Boij have in a joint work already
constructed other examples of reducible L( H) whose general elements are type 2 level quotients,
one with H = (1,3,6,10,14,18,20,20,12,6,2), and they have got a doubly infinite series of such
components [5].

In this paper we give many examples to illustrate our results, some of them with the use of
Macaulay 2. Among examples of particular interest, in addition to the proven conjecture, we mention
Example 21 of two irreducible components of GradAlg(H) (and of PGor(H)) whose intersection
contains Artinian Gorenstein algebras, and Example 41 of two components of GradAlg(H) with
H = (1,3,6,6,3,1) whose general elements of both components are Artinian licci algebras.

Together with co-authors we have in several papers ([30], [32], [34], [35], [36] and [33] which
makes a correction to [36], Ch. 10) studied the scheme GradAlg™ (R) and its subset PGor(H) which
parametrizes Gorenstein quotients. The latter is essentially an open subscheme of the former (cf. [32],
Thm. 11, or Theorem 44 of this paper). One will see from [34], [36] and [33] that our cohomological
methods often require the quotients to have depth at least two (in which case GradAlg!” (R) is
locally isomorphic to the usual Hilbert scheme, see Propostion 8). In [32] and partially in [34],
we were, however, able to treat Gorenstein algebras A = B/Ip of any dimension satisfactorily,
utilizing properties of the canonical module Kp. In the present paper we take a major further step
in generalizing our notable cohomological and infinitesimal approach to treat non-Gorenstein low
dimensional algebras.

I thank Anthony larrobino for interesting discussion on the subject and for introducing me to
type 2 level algebras and his conjecture by giving me the extended draft of [25]. I also thank him
and the Northeastern University for their hospitality during my visit to Boston in February 2005.
Moreover I thank Arvid Siqueland for a thorough reading of the manuscript and the referee for useful
and clarifying comments to the exposition.



1.1 Preliminaries

Let R be a polynomial k-algebra in n variables of degree 1 where k is algebraically closed. In the
following we focus on the scheme parametrizing Artinian graded quotients B of R, as well as the
scheme parametrizing closed schemes Y = Proj(B) in P = P" ! with fixed Hilbert function H.
Both schemes are denoted by GradAlg” (R). When we write Y = Proj(B), we always take B as
the homogeneous coordinate ring of Y and the Hilbert function of B, or Y, as Hg(v) = Hy (v) :=
dim B,. Now if H(v) = dim B, does not vanish for v >> 0, we call GradAlg? (R) the postulation
Hilbert scheme because this name seems to be most common, at least when it is endowed with its
reduced scheme structure and dim B = 1 (cf. [15], [26]). Since GradAlg” (R) is the representing
object of a certain functor of flat deformations, it may be non-reduced. We continue denoting it by
GradAlg” (R), to make it clear that it may be non-reduced.

Now we recall the definition of GradAlg” (R). Let Hilb?(PP) be the Hilbert scheme ([17]) parametriz-
ing closed subschemes Y of P = Proj(R) with Hilbert polynomial p € Q[t]. The k-point of Hilb?(PP)
which corresponds to Y is denoted by (Y). A closed subscheme Y of P is called unobstructed if
Hilb?(PP) is smooth at (Y).

Let GradAlg(H) := GradAlg® (R) be the stratum of Hilb?(P) given by deforming Y = Proj(B) C
P with constant Hilbert function Hg = H (more precisely its functor deforms the homogeneous
coordinate ring, B = R/Ip, of Y flatly), cf. [30] or [32]. GradAlg”(R) allows a natural scheme
structure whose tangent (resp. “obstruction”) space at (Y) is ¢Homp(Ig/I%, B) ~ (Homg(Ip, B)
(resp. oH2(R, B, B)), i.e. it is given by deforming B as a graded R-algebra ([28], Thm. 1.5). In the
case H(v) does not vanish for large v (i.e. B is non-Artinian), we may look upon GradAlg™ (R)
as parametrizing graded R-quotients, R — B, satisfying depth,, B > 1 and with Hilbert function
Hp = H. If Bis Artinian, GradAlg® (R) still represents a functor parametrizing graded R-quotients
with Hilbert function Hp = H (see [32], Prop. 9 and Thm. 11). B is called unobstructed as a graded
R-algebra if and only if (iff) GradAlg(Hp) is smooth at (B), i.e. at (V).

Remark 7. (a) It follows from a theorem of Pardue (Thm. 34 of [47], cf. [15] for the codimension
2 case) that GradAlg(H) is a connected scheme (see also [40]).

(b) Note also that Ragusa-Zappala’s result for zero-schemes ([49]), that different minima of the
set of graded Betti numbers yield different components of GradAlg(H), is valid for any H and R.
This follows from the representability of the functor which defines GradAlg(H) (/32], Prop. 9), the
semicontinuity of the graded Betti numbers and Ragusa-Zappala’s proof because we may avoid the
“very flatness” argument in their proof by using the flatness of the representing object of the mentioned
functor. Note that the set of graded Betti numbers is partially ordered because each Betti number
(i.e. the number of minimal generators of a fived degree of some finitely generated syzygy R-module)
obey semicontinuity and may decrease under generization. Thus different minima may occur. In
particular incomparable sets (i.e. sets without a common minimum) of graded Betti numbers lead to
different components in general (see [43] for a discussion).

The following comparison result is due to Ellingsrud ([12]) in the case depth,, B > 2, see [2§],
Thm. 3.6 and Rem. 3.7 for the general case. Below s(Ig) is the minimal degree of the minimal
generators of /. Note that the openness statements follow easily from the first isomorphism by the
semicontinuity of dim HY (Y, Ig(v)).

Proposition 8. Let B = R/Ip satisfy depth,, B > 1 and let Y = Proj(B). Then
GradAlg” (R) ~ HilbP(P) at (Y),
provided oHomp(Ip, HL(B)) =0 (e.q. provided depthy, B > 2). In particular the open sets
U(H) := {(B) € GradAlg” (R)| ,HL(B) = 0 for every v > s(Ip)}



and {(B) € GradAlg” (R)|depth,, B > 2} of GradAlg?(R) are also open in HilbP(P).

Here depth,, M (or just depth M, M finitely generated) denotes the length of a maximal M-
sequence in the irrelevant maximal ideal m, and H (—) is the right derived functor of the functor of
sections with support in Spec(B/m). Note that depth, M > r iff Hi (M) = 0 for i < r, cf. [19]. A
Cohen-Macaulay B-module M satisfies depth M = dim M by definition. If B is Cohen-Macaulay of
codimension ¢ in R and Kp = Ext:(B, R(—n)) is the canonical module of B, we know by Gorenstein
duality that the v-graded piece of Hi (M) satisfies (cf. [19])

JHE(M) ~ _ Ext’s (M, Kp)" .

Two graded quotients, R/J and R/J’, are said to be linked by a complete intersection if there
exists a homogeneous complete intersection ideal L such that J = L : J and J = L : J (with
L C JNnJ’). The relationship of being linked generates the equivalence relation, “linkage”. B = R/Ip
is said to be licci (and hence Cohen-Macaulay) if it is in the linkage class of a complete intersection
(cf. [44] for a survey).

The algebraic (co)homology groups Ha(R, B, M) and H?(R, B, M) may be described as follows.
The former group is given by an exact sequence

0—Hy(R,B,M) —-H, @M — G M — Ig/I% ®p M — 0. (2)

in which Gy is R-free, G; — Ip is surjective and minimal, and H; = Hi(Ip) is the degree one Koszul
homology of I [39]. For the graded group H?(R, B, M) we only remark that by [1], Prop. 16.1, and
[39], there are injections

oExth(Ig/I%, M) — oH*(R,B,M) — oExth(Ip, M) (3)

A quotient B = R/Ip of codimension ¢ := dim R — dim B in R has a minimal R-free resolution
of the following form (cf. [11])

.-G, —..>G —>R—-B—-0, Gj = @;ilR(—nﬂ) (4)

and B is Cohen-Macaulay (CM) iff G.41 = 0. The function max;{n;;} —j is increasing as a function
in j if B is CM. If B is Artinian (i.e. ¢ = n), then max;{n.;} — c is the socle degree of B. More
generally the Castelnuovo-Mumford regularity of Ip is given by reg(Ip) = maxy;; {n;: —j+ 1}
and reg(B) =reg(Ip) — 1 (cf. [44], p. 8). In particular

max{n;;} <reg(Ip)+j—1 for any j.
(2

If Gey1 = 0 and G, has rank 1 (resp. G. = R(—s)!), then B is Gorenstein (resp. level of type
t). In these cases B is a compressed Artinian R-algebra if Hp (i.e. Hp(v) for any v) is as large as
possible for a fixed socle degree and fixed type (cf. [24] for existence).

An R-module M of projective dimension ¢ — 1 is said to have a semi-linear (resp. linear)
resolution provided the minimal resolution of M has the following form

0= R(=j =) @ R(=j —t+1)* = . > R(=j =) @ R(=j)™ = M =0 (5)
resp. with a; = 0 for all 7). With B asin (4) and B — A ~ B/I,,p a graded surjection, we define
/Bag

1

€ = E(A/B) = Zdim(IA/B)nu = Z[HB(HLZ') — HA(”I,Z‘)] (6)

i=1 i=1



where Hp and Hj4 are the Hilbert functions of B and A. If B is a complete intersection (CI),
allowing R = B, then IB/I% and the normal module N = (IB/IJQB)* are R-free of rank r1 > 0, and

T1
dim ) GradAlg"? (R) = dim(Np)o = ) _ Hp(ni,)
i=1
In Lemma 9 and Theorem 12 of the next section we look upon the special case B = R as a CI

with 71 = 0. Throughout we pass to small letters to denote the k-vector space dimension of the
(co)homology groups involved, e.g. for any ¢ > 0,

h'(M) = dim H'(M), ,h*(R, B, M) = dim (H'(R, B, M), wextis(M,N) = dim ,Ext (M, N).

Lemma 9. Let R — B = R/Ip — A~ B/I,p be graded morphisms, let c = dim R — dim B and
suppose either

(a)  Ip is generated by a reqular sequence (allowing R = B), or

(b)  ¢>2and By, — A, is an isomorphism for all v < max;{ng;}.
Then OHQ(R,B,IA/B) =0 and ohomg(Ip,I4/) = €(A/B). Moreover e(A/B) =0 if (b) holds.

Proof. If Bis a CI, then it is well known that (H?(R, B, I4/B) = 0, and moreover that oHY(R, B, Ta/p) =~
oHomg(Ip/I1%,14/p) ~ (®ila/p(n1,i))o and we get the lemma in this case. In (b) it suffices by (3)
to show oExth (15, I4/) =0 for i < 1. Applying oHomp(—, I4,p) to the minimal resolution of Ip
deduced from (4), we conclude by the assumptions of (b). O

The following Proposition is a part of Prop. 4 of [32] and is used quite often in this paper. Below
GradAlg(Hp, Hy) is the representing object of the functor deforming surjections B — A of graded
quotients of R of positive depth (for non-Artinian quotients) and with Hilbert functions Hp and H 4
of B and A respectively. Then there exist natural projection morphisms p : GradAlg(Hp, H4) —
GradAlg(H ), induced by p((B — A)) = (A), and ¢ : GradAlg(Hp, Hy) — GradAlg(Hpg), induced
by ¢((B — A)) = (B), which under the assumptions of Prop. 4 of [32] have nice properties.
Recall that A is called Hp-generic if there is an open subset U 3 (A) of GradAlg”4(R) such that
every (A’) € U belongs to imp. Now since the surjectivity of the natural map (Homp(Ip, B) —
oHompg(Ip, A) together with the injectivity of ¢H?(R, B, B) — ¢H?(R, B, A) is equivalent to

oH*(R, B,14/5) =0

by the long exact sequence of algebra cohomology, we may state [32], Prop. 4 (i), resp. (ii) as (i),
resp. (ii) of the Proposition below.

Proposition 10. Let B = R/Ip — A~ B/I,p be a graded morphism of quotients of R.

(i) If ¢H?(B, A, A) =0, (e.qg. OEthB(IA/B, A) =0), then the projection q : GradAlg(Hp, Ha) —
GradAlg(Hp) induced by q((B — A)) = (B) is smooth with fiber dimension ohomp(ls/p,A) at
(B — A).

(i) If OHQ(R,B,IA/B) = 0, then the projection p : GradAlg(Hp, H4) — GradAlg(H4) induced
by p((B — A)) = (A) is smooth with fiber dimension ohompg(Ip,la/p) at (B — A). In particular
A is Hp-generic.

Corollary 11. Let B — A be a graded surjection of quotients of R. If (H%*(B,A,A) = 0 and
oH%(R, B, I4/B) =0, then A is Hp-generic, and we have

dim(Na)o + ohomR(IB,IA/B) = dim(Np)o + ohomB(IA/B,A) , and

dim(A) GradAlg(H4) + ohomp(Ip, IA/B) = dim(B) GradAlg(Hp) + ohOmB(IA/B, A) .
Hence A is unobstructed as a graded R-algebra iff B is unobstructed as a graded R-algebra.



Proof. Using Proposition 10(i) we get
dim(B—>A) GradAlg(HB, HA) = dim(B) GradAlg(HB) + UhomB(IA/B, A)

while (ii) implies dim(p_,4) GradAlg(Hp, Ha) = dim(4) GradAlg(H) +ohomg(Ip,14/p) which
gives one of the dimension formulas. Since smooth morphisms imply surjective tangent maps of
their tangent spaces and since the Hom-groups of Proposition 10 are the tangent spaces of the
fibers, we can argue as above to get the other dimension formula. O

2 Families of one dimensional quotients of R.

In this section we focus on families of zero schemes in P = P"~! with fixed Hilbert function H,
i.e. we study the (possibly non-reduced) postulation Hilbert scheme GradAlg” (R) where H(v) is a
constant for v >> 0.

If Y C P = ProjR is a closed subscheme and X = Proj(A) is obtained by choosing s points in
generic position on Y = Proj(B) (see the paragraph before Corollary 2 for a definition), the main
theorem of this section implies that A and B are simultaneously unobstructed as graded algebras and
dim4) GradAlg?4(R) and dimp, GradAlg?2 (R) are closely related (Theorem 12, Corollary 14).
Even though this result may seem new as stated, it is a straightforward consequence of Theorem
9.16 of [36] if Y is a curve. In this section we generalize the result to any scheme Y. In Proposition 19
we extend the result to families, and we finish by a theorem on linkage of families (Theorem 24).

A zero-dimensional closed scheme X — Y is said to be a local complete intersection (l.c.i) of
codimension (71, ...,7¢) with respect to X = Xj U...U X, if X can be written as a disjoint union
X = Xy U...UX; where, for each i, the ideal (Jx/y )z is generated by an Oy ,-regular sequence of
length r; for every z € X;. If r; are equal for all ¢, say r; = r, we simply say X — Y is an l.ci
of codimension r. Note that in the case r; = 0, then X, is mapped isomorphically onto an open
subscheme of Y. Below Np := Homp(Ip/I%, B) is the normal module of B in R, ¢(A/B) is defined
in (6), no; in (4) and the Hp-genericity of A is defined in the text before Proposition 10.

Theorem 12. Let R be a polynomial k-algebra and let B = R/Ip — A = R/I4, 14 # 0, be a
graded morphism such that A is Cohen-Macaulay of dimension one and depth,, B > 1, and such
that X := Proj(A) — Y := Proj(B) is a local complete intersection of codimension (ri,...,1¢) with
respect to X = X1U...UX;. Let Ha(v) = s and Hx,(v) = s; forv>>0 (so s =), s;) and suppose
either

(a)  Ip is generated by a reqular sequence (allowing R = B), or

(b) By, — A, is an isomorphism for all v < max;{na;} and dim R — dim B > 2.
Moreover suppose there is an integer j such that B, ~ A, for all v < j — 1 and such that 14 is
(j + 1)-regular (or equivalently, such that Ha(v) = Hg(v) forv<j—1 and Hs(v) = s for v > j).
Then A is Hg-generic, dim(Na)o = dim(Ng)o+ > ,;ris; —€e(A/B) , and

t
dim4) GradAlg"4 (R) = dimp) GradAlg"® (R) + Y " ris; — e(A/B) .

In particular A is unobstructed as a graded R-algebra if and only if B is unobstructed as a graded
R-algebra.

Remark 13. Theorem 12 applies to quotients B — A ~ B/IA/B where the mapping cone con-
struction produces the minimal resolution of A from the free resolution of B and a semi-linear
resolution of 14 p (modulo redundant terms). For instance if M = Iy/p andt =7 — 1 in (5) (i.e.
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depth I4/p = 2), then B, ~ A, for allv <j—1 and I4 is (j + 1)-reqular, and Theorem 12 applies.
Also in the case depth Iy g = 1 in which the “G,—1 — ... — G1™-part of the minimal resolution
0— Gy — ... > G1— Iyp — 0 s semi-linear, then Theorem 12 applies because the conlribution
from G, becomes redundant in the minimal resolution of A. Thus the condition on j of Theorem 12
essentially requires I4/p to have a semi-linear resolution; in the non-CI case j must be large enough

to have (b) fulfilled (e.g. j > reg(Ip) + 2).

Proof. 1t is enough to prove that A is Hp-generic and the two dimension formulas. Due to Corol-
lary 11 it suffices to show oH?*(B, A, A) = 0 and ohomp (14,5, A) = >_;1isi, as well as oH?(R, B, Iy/B) =
0 and ohomg(/B,Ia/p) = €(A/B). The latter follows from Lemma 9. Let N,y the normal sheaf
of X — Y. Since dim X = 0 and the composition z <— X <— Y is a local complete intersection for
any x € X, then the sequence (9.6) in the proof of Thm. 9.16 of [36] is still exact (cf. [28], Lem. 3.5
and (3.3)) and may be written as

0— oH'(B,A A) - H'(Wx)y) — oHompg(I4,5,Hy(A)) — (H*(B,A,A) =0 .
Hence oH?(B,A,A)=0and ¢Homp(I4/p, A) ~ oH'(B, A, A) ~ H’(Ny,y) provided
OHOIDR(IA/B, H}“(A)) =0.

Since Hi(A)y ~ HZ(Ia)y ~ —Extl ?(I4, R(—n))Y, we get that Hp,(A), = 0 for v > j by the
(j + 1)-regularity of I4. Note that since 0 — A, — H%(Ox(v)) — HL(A), — 0 is exact, it follows
that the vanishing of HL(A), = 0 for v > j is equivalent to Ha(v) = dim A, = s for v > j. Now,
using (I4,/p);j-1 = 0 we conclude that oHomR(IA/B,H}n(A)) =0.

Hence it suffices to show dimH%(Nx/y) = Y, 7is;. Since Supp(X) is finite, we know that
hO((’)Xi) = ZxGSupp(Xi) length(Ox, ) = s;. Using that /\/X/y’aj is a free Ox z-module of rank r; for
any = € Supp(X;), we conclude by

t

Nx/y Z Z length(NX/ym Z Z T length(OXi’x) = Z T;S; .

i zeSupp(X;) i z€Supp(X;) i

O]

Theorem 12 is precisely what we need to treat the case where X consists of s points in generic
position on Y (i.e. Hy4 is the truncation of Hp at the level s and the points are distinct). Indeed if
we define the truncation of Hp at the level s by

Ha(i) = inf{Hp(i),s} for i>0,

then a theorem of Geramita-Maroscia-Roberts ([13]) show that there exists a reduced scheme X on
Y with truncated Hilbert function H4 as above provided Y is reduced and consists of more than s
points. Denoting the singular locus of Y by SingY’, we get

Corollary 14. Let Y = Proj(B), B = R/Ip, be a reduced scheme consisting of more than s points,
and let X = Proj(A) be s points (avoid SingY ) in generic position on'Y . Let j be the smallest number
such that Ha(j) # Hp(j). If Y is not a CI, suppose j > max;{na;}+1 (e.g. j > reg(Ig)+2). Then
X <= Y is an l.c.i of codimension (11, ...,7¢) with respect to some decomposition X = X1 U ... U X;.
Moreover A is Hg-generic, dim(Na)o = dim(Ng)o+ >, 7isi —€(A/B) , and

dim 4y GradAlg™4(R) = dim(p) GradAlg™s (R —|—Znsl —€(A/B) .

Hence A is unobstructed as a graded R-algebra iff B is unobstructed as a graded R-algebra.



Proof. Since Oy, and Ox, are regular local rings for any z € X, it follows that X — Y is an
l.c.i of codimension as in Corollary 14. By the definition of s generic points, (IA/B)j—l = (. Since
Ha(v) # Ha(j) for v > j, it follows that I is (j+ 1)-regular (and j-regular if s = Ha(j —1)). Then
Theorem 12 applies supposing j large enough. O

Remark 15. It is well known that the Hilbert polynomial pp(x) equals Hg(x) for all x > reg(Ip)—1.
Thus the number j > reg(Ip) + 2 of Corollary 14 is so large that pp(x) = Hp(x) forx > j—3. In
particular using Corollary 14 with say j = reg(Ip) + 2, we get an algebra A with Hilbert function
Hy(x) = Hp(z) =pp(z) forx € {j—3,j —2,j — 1} and Ha(x) = s for x > j.

Example 16. (an obstructed one-dimensional level algebra A with Hq = (1,5,9,13,13,13,...)).

The subset of the Hilbert scheme Hilb®T1=9(P4) consisting of rational normal curves of degree
d = 4 has been thoroughly studied ([42], [46]). Indeed this subset forms a smooth, irreducible open
subscheme of Hﬂb4x+1(]P’4) whose closure V is an irreducible component of dimension 5d + 1 = 21.
All arithmetically CM (ACM) curves are contained in the component V' by [42]. Moreover the normal
sheaf of the general curve Yy of V' satisfies Hl(./\/ifg) = 0, while for instance Y = Proj(B), the union
of four lines meeting at a point, belongs to the same component V and satisfies dim HY(Ny) = 3 (cf.
[36], Rem. 9.9), i.e. Y is an obstructed reduced ACM curve. Both curves have the same graded Betti
numbers, e.g.

0— R(-4)> = R(-3®* = R(-2)°* = R—-B—0.

Since the locus of ACM curves in GradAlg(H) is open in Hilb*TL(P*) by Proposition 8, then V
corresponds to an irreducible component of GradAlg(H) to which (Yy) and (Y) belong. Let X =
Proj(A) (resp. X4 = Proj(Agy)) be obtained by choosing s > 13 generic points on Y (resp. Yy).
Since dim B, = 4v + 1 for v > 0, we see that Corollary 14 applies for j > 4. It follows that A4 is
unobstructed while A is obstructed as graded R-algebras and

dim(4,) GradAlg(Hy,) = dim(N4,)o = h’(Ny,) + s =21+ s

(resp. dim(Na)o = dim(Np)o +s = 24 + s). In particular if s = 13, then Hy = Ha, =
(1,5,9,13,13,13,...), and it is straightforward to see that Ay and A are level algebras with the same
graded Betti numbers, e.g. the minimal resolution of 14 is

0— R(-7)" = R(—6)"? @ R(—4)> — R(-5)"? @ R(-3)® — R(—4)*® R(-2)% — I, — 0.

Corollary 14 applies also to families of reduced schemes Y which are not necessarily equidimen-
sional.

Example 17. Let H(z) = 3x + 1 for x > 0, so H = (1,4,7,10,13,...). If Y1 = Proj(B;) C P?
is a twisted cubic curve and Yo = Proj(Ba) is the union of a plane space curve C of degree 3
and a point P outside the plane containing C, then it is easy to see that both curves belong to
the same stratum GradAlg(H) of the Hilbert scheme Hilb3*TL(P3). We claim they belong to two
different components of GradAlg(H). Indeed (Y1) belongs to a 12-dimensional irreducible component
of GradAlg(H), and using Ny, ~ N¢ ® Np and that C — P3 and P — P3 are CI, we casily get
h'(NVy,) = 15 and HY (Ny,) = 0. Invoking Proposition 8 we see that (Yz) belongs to a 15-dimensional
irreducible component of GradAlg(H), cf. [48] for a complete description of Hilb>*TH(P3).  The
minimal resolution of Ip, (resp. Ip,) is of the form

0— R(—4) — R(—4) ® R(-3)> = R(-3)® R(-2)* = Ip, — 0 (7)

(resp. of the form (7) where both R(—4) and two of R(—3) are removed). Since Corollary 1/ applies
for j > 5, let X1 = Proj(A;1) (resp. Xo = Proj(Asz)) be obtained by choosing s > 13 generic
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points on Y1 (resp. Ya); on Yo we must choose P as one of the s genmeric points to get the right
Hilbert function. It follows that A; are unobstructed as graded R-algebras for i = 1 and 2 and that
dim4,) GradAlg(H') = 12 + s where H' = (1,4,7,...,3j — 2,8,5,...), 3j —2 < 5 < 3j + 1. Since
X9 — Y5 is an l.c.i of codimension (1,0) with respect to the decomposition Xo = Cy U P where Co
consists of s — 1 points, we get

dim4,) GradAlg(H') =15 +s—1=14+5s .

Hence we get two different components of GradAlg(H'). Finally if s = 13 it is straightforward to
see that As has the minimal resolution

0 — R(-7)®® R(—4) — R(—6)° ® R(—4) ® R(-3)*> — R(-5)* ® R(-3) @ R(-2) — I4, — 0.

Once the connection between GradAlg(H ) and GradAlg(Hpg) for s generic points X on Y is
as nice as described in Corollary 14, one may also ask if their irreducible components correspond
exactly and similar questions. E.g., may we look upon A, of Example 16 as the general element of
an irreducible component of GradAlg(H,)? To see that the answer is yes we use some ideas of [32].

Definition 18. Inside GradAlg? (R), H # Hpg, we look to the following open subsets, Smc(H) (resp.
SmCM(H)), consisting of points (R/I) such that Proj(R/I) is a smooth geometrically connected
scheme (resp. smooth and arithmetically CM). Here “points” should be considered as “Q-points”
where S is an overfield of k. Moreover let Smc(H), be the open subset of Smc(H) consisting of
points (R/I) where the Castelnuovo-Mumford reqularity satisfies reg(I) < n. Similarly we let CI(H)
(resp. CM(H)) consist of points (R/I) where I is generated by a reqular sequence (resp. R/I is
CM).

Now let
SmCM(Hp, Ha)y :=p H(SmCM(HA)) N g~ (Smc(Hp),)

where ¢ : GradAlg(Hp, Ha) — GradAlg(Hp) and p : GradAlg(Hp, Ha) — GradAlg(H4) are the
two natural projection morphisms. (e.g. ¢((B — A)) = (B)). Denoting the following restrictions of
p and ¢ by the same letters, we get a diagram (incidence correspondence)

SmCM(Hp, Ha), — Smc(Hg), C GradAlg(Hp)
r (8)
GradAlg(Ha)

Proposition 19. Let Hp be the Hilbert function of some smooth connected curve Proj(B), B # R,
and let H 4 be its truncated Hilbert function at the level s, i.e. Hx(i) = inf{Hp(i),s} for i > 0. Let
j=min{i|H(i) # Hp(i)}, let n < j — 2 and look to the maps p and q in (8). Then

(i)  q is smooth and surjective and its fibers are geometrically connected, of fiber dimension s,
and

(i)  p is an isomorphism onto an open subscheme of GradAlg(Hj,).
In particular the correspondence (8) determines a well-defined injective application ™ from the set of
irreducible components W of Smc(Hg)y, to the set of irreducible components V' of GradAlg(Ha),
in which generically smooth components correspond. Indeed V = w(W) is the closure of p(q~*(W)),
and we have

dimV = dimW + s .

Proof. (i) By Geramita et al. [13] we get the surjectivity of ¢. Since we showed oH?*(B, A, A) =0
in Theorem 12, the smoothness of ¢ follows immediately from Proposition 10(i). To show that the
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fibers of ¢ are (geometrically) connected, one may simply look at the fiber as the variation of s
generic points on a fixed Y, i.e. as a non-empty dense set of Y®. This set is irreducible since Y is
irreducible, and we conclude as claimed.

(ii) In Lemma 9 we showed oExt’é(IB,IA/B) = 0 for ¢ < 1 assuming j > reg(Ip) + 2. By
Proposition 10(ii) this implies that p is smooth and unramified. It is easy to see that j > reg(Ip)+1
implies that p is injective (in fact, universally injective or “radiciel”), cf. Lemma 7(a) of [32|. Hence
we get (ii) by [18], Thm. 17.9.1. Now combining (i) and [20], Prop. 1.8, we get that ¢~ *(W) is an
irreducible component of SmMCM(Hp, Ha),. The application 7 is therefore well defined, and it is
injective by (ii). Finally since ¢ is smooth and p is an open immersion, we easily get the dimension
formulas. O

Remark 20. If we in Proposition 19 drop the assumption dim Proj(B) =1 and maintain the other
assumptions, we still get that q is smooth and that p is an isomorphism onto an open subscheme (but
the irreducibility of ¢~Y(W) may fail).

Now we consider an example of several components of GradAlg(H,), which one may, as in
[43], distinguish by the incomparability of the set of graded Betti numbers (Remark 7). Applying,
however, Proposition 19 to our example we can also describe as well the graded Betti numbers of
some algebras in the intersection of the two components. Below AH is the first difference of H, i.e.
AH(v) = H(v)— H(v—1) for any integer v, in which case AH 4 is of the form (1, ¢, ¢, ..., ¢, 0,0, ...)
(with ¢; # 0) if A is one-dimensional. In this case we often write AH 4 as

AHy = (1,¢1,c2,..0¢)

i.e. as the so-called h-vector of A. In the Artinian case, the h-vector of A coincides with the Hilbert
function H4 provided we write H4 in the form; Hq = (1, hy, ha, ..., ht), with hy # 0 and hj = 0 for
j>t.

Example 21. In [50] C. Walter gives examples of infinitely many Hilbert schemes of space curves
containing obstructed smooth curves of mazimal rank. Indeed his example of a smooth space curve Y
of the lowest degree (i.e. the curve with Hilbert polynomial p(x) = 33x—116 which we consider below)
was independently discovered by Bolondi et al [6] and it was the first example of an obstructed curve
of mazimal rank which was detected. In [6] we showed that Hilb33*~115(P3) contains at least two
irreducible components whose intersection contains (Y). Since the curve Y = Proj(B) is of mazimal
rank, we have oHompg(Ip,HL(B)) =0, and Proposition 8 applies. It follows that the corresponding
algebra B is obstructed as a graded algebra since Hilb?3*~116(P3) is not smooth at (V). Indeed (B)
sits in the intersection of two irreducible components W1 and Wa, both of dimension 4d = 132, of
the postulation Hilbert scheme of space curves GradAlg(Hp), cf. [35], ex. 35.

In [35] we also considered the minimal resolution of B as well as the minimal resolution of the
general elements By and By of W1 and Wa respectively. Indeed

0 — G3=R(-9) — R(—10)*>® R(—9) ® R(—8)* — R(-9) ® R(—8) ® R(~7)° — Iz — 0

is exact and we get the minimal resolution of By (resp. Ba) by making the factor R(—9) redundant
in two different ways, i.e. by removing this factor from the leftmost (Gs) and the middle term (G2),
(resp. from Ga and rightmost term G1). The Castelnuovo-Mumford regularity for all three curves
satisfies reg(I) = 9, and the Hilbert function of all algebras is

(1,4, 10,20, 35,56, 84,115, 148,181,214, ...) .

Thus taking s > 214 points X = Proj(A) on Y in general position and correspondingly for the
others, then Proposition 19 applies with j > 11. Or more precisely, both W1 and Wa and its
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intersection essentially belong to Smc(Hp)g C GradAlg(Hp), and Proposition 19 applies to (every
element Proj(B’) of) Smc(Hpg)g and an s-dimensional linear space of choices of s generic points
on Proj(B’). Hence for each s > 214 it follows that X is in the intersection of two irreducible
components Vi and Va of the postulation Hilbert scheme GradAlg(H ) of dimension dimV; = 132+s
for i = 1,2. In the special case s = 214 we have AH, = (1,3,6,10,15,21, 28,31, 33, 33, 33,0, ...),

and it is not difficult to see that the minimal resolution of 14 is
0— R(-13)¥ & G3 — R(—12)% & Gy — R(—11)** & G — 14 — 0.

and that the minimal resolutions of the corresponding general elements Proj(A;) of Vi are obtained
by removing the free factor R(—9) from G3 and Ga (resp. from G2 and G1). Looking to the corre-
sponding sets of graded Betti numbers of A1 and A we see that they are incomparable.

We finish this section by recalling some known results about the postulation Hilbert scheme
GradAlg (R), consisting of zero-dimensional schemes Proj(A) of degree s. Since we have observed
that oH?(R, A, A) = 0 implies the smoothness of GradAlg (R) at (A), we remark that the smooth-
ness results of Remark 22(i) (when A is generically a CI) and of Remark 22(ii) also follow from
works of Herzog, Buchweitz-Ulrich and Huneke ([21], [8] and [22]). Moreover for Remark 22(iii) we
remark that Buchweitz’s thesis [7], or [8], show that a generically CI licci quotient is unobstructed.
Now in addition to Theorem 12 and Proposition 19, we have

Remark 22. (i) If Proj(R) = P2, then Gotzmann ([15]) shows that GradAlg (R) is irreducible and
he finds its dimension ([26], Thm. 5.21 and Thm. 5.51). It is smooth by licciness and say (ii1) below
(or by [15] provided GradAlg® (R) is reduced). As indicated by Iarrobino-Kanev ([26], Remark to
Thm. 5.51), the dimension formula given in [33], Rem. 4.4, holds in this case ([33], Rem. 4.6).

(i) If Proj(R) = IP?, then the the open part of GradAlg! (R) consisting of Gorenstein quotients
is wrreducible (cf. [10]), of known dimension by ([31], Remark to Thm. 2.6) and smooth by say (iii)
below. This dimension formula is included in [30], Thm. 2.8 with a proof (which also takes care of the
Artinian case). [30], Prop. 3.1 contains a second “dual” dimension formula for the same parameter
space.

(111) Let Proj(R) = P™ and let A and A’ be two graded CM quotients algebraically linked by a
CI B of type (a1, ..., am) with resolution (4). By [30], Prop. 1.7, then A and A" are simultaneously
unobstructed as graded algebras, and we have

dim 4) CradAlgH4(R) — Z Ha(a;) = dimqry GradAlgH+' (R) — Z Ha(a;) .
i=1

=1

(iv) Let B = R/Ip be a graded, generically Gorenstein CM quotient with canonical module Kp
and let A be the Gorenstein algebra given by a reqular section of o € (K}): for some integer t, i.e.

given by a graded exact sequence 0 — Kp(—t) - B — A — 0.
a) If B is licci, then A is unobstructed as a graded R-algebra (indeed H?(R, A, A) = 0), and,

dim4) GradAlg"4(R) = dimp) GradAlg”?(R) + dim(Kp); — 1 — 6(B)—

where §(B), = ,homp(Ip/I1%,Kp) — yexth(Ip/1%, Kg).

b) If Proj(B) is locally Gorenstein and t >> 0, then A and B are simultaneously unobstructed
as graded algebras, and the dimension formula of a) holds (with 6(B)—y =0).

This theorem is true in arbitrary dimension of B. It is proved in [32], Thm. 16 and is a
substantial generalization of some of the statements of (ii) above because, when we apply it to a CM
B of codimension two (necessarily licci), we get the dimension formula of (ii) by [32], Ex. 26. The
preprint [34] contains further generalizations of this theorem.
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By (iii) we see that Cl-linkage preserves the smoothness of the parameter spaces. Due to [29],
Prop. 3.4 it also preserves the irreducibility of the linked family. To define the linked family, let
CICM(Hp, H4) consist of points (B — A) such that B is CI and A is CM, i.e.

CICM(Hp, Ha) := p~'(CM(H)) N ¢~ (CI(Hp))

where p : GradAlg(Hp, Ha) — GradAlg(H4) (resp. q) is the second (resp. first) projection mor-
phism (e.g. ¢((B — A)) = (B)). In the case dim A = dim B (not necessarily equal to one) and
(B — A) € CICM(Hp, Ha), the linked algebra is defined by A’ := B/ Hompg(A, B). This definition
extends to families and preserves flatness [29]. Indeed by [29], Thm. 2.6 there is an isomorphism 7
of schemes and obvious second projection morphisms p and p’ fitting into

7:CICM(Hp,Hy) — CICM(Hp, Ha)
1P L4 (9)
GradAlg(H4) GradAlg(H 1)

where 7 is given by sending (B; — Aj) to (By — A} := B1/Homp, (A1, By)).

Definition 23. Let the Hilbert polynomials pp and pa (corresponding to Hp and Hy4 respectively)
have the same degree (> —1) and let U be a locally closed subset of imp in (9). Then the Hp-linked
famaly of U is

U' = p'(r(p™(U))

Theorem 24. In (9) the morphisms p and p’ are smooth and their fibers are geometrically connected,
of fiber dimension e(A/B) at (B — A) and e(A’/B) at (B — A’) respectively. In particular the Hp-
linked family U’ is irreducible (resp. open in GradAlg(Hpa/)) if and only if U is irreducible (resp.
open in GradAlg(Ha)).

Proof. The proof of [30], Prop. 1.7 takes care of the smoothness of p and p" and their fiber dimension.
It remains to prove the connectedness of the fibers since the other conclusions then follow easily.
The connectedness is, however, a straightforward consequence of the proof of Theorem 1.16 of [29]
(that part of the proof doesn’t require degp > 0 and it is easy to reformulate it for the Artinian case
as well), cf. [41], Ch. VII for similar results. O

Of course Theorem 24 implies Remark 22(iii) above. We may use Theorem 24 to see that many
other properties are by preserved by linkage. Indeed subsets of GradAlg(H) for which the members
allow the same sequence of Cl-linkages which ends in a CI, is irreducible. It does not mean that the
subset of GradAlg(H) of licci quotients is irreducible, as the following example shows.

Example 25. We claim GradAlg? (k[z,y, z,w]) with AH = (1,3,6,6,3,1) contains (at least) two
irreducible components whose general elements are licci. Of course, the general element of one of the
components is an arithmetically Gorenstein scheme consisting of 20 points, with minimal resolution

0 — R(—8) — R(—5)* @ R(—4) — R(—4) & R(-3)* = R — A} — 0.

We get Ay by starting with a CI of type (1,1,2) and then perform general Cl-linkages of type (2,3, 3)
and (4,3,3). It follows that the component is generically smooth of dimension 44 by using Re-
mark 22(iii), or Theorem 2/, twice.

To get the other component, we start with a point Proj(A), i.e. a CI of type (1,1,1), and
we proceed by performing siz general CI linkages of type (1,2,3), (2,2,4), (2,3,4), (3,4,4), (3,4,5),
(3,3,5), in this order. (The first five linkages are the same as for the level algebra 64] in the appendiz
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C of [14]; hence GradAlg(H) with AH = (1,3,6,7,6,2) also contains two “licci” components. By
experimenting with Macaulay 2 we have learned that the three linkages; (2,3,4), (3,4,4), (3,4,5)
above may be reduced to one single linkage; (3,3,4)). We get in this way an open subset U of
GradAlg(H) of algebras As with minimal resolution

0 — R(—8) ® R(—=7) ® R(—6) — R(—=7) ® R(—6) ® R(=5)° — R(—5) ® R(-3) = R — Ay — 0.

Since the Betti numbers do not coincide with the general element A1 of the other component, the
closure of U must be a generically smooth component of dimension 44 by Theorem 24.

(This example holds correspondingly for codimension 3 quotients with h-vector (1,3,6,6,3,1) in
a polynomial ring of any dimension. For the Artinian case, see Example 41).

3 Families of Artinian R-quotients (possibly Gorenstein).

In this section we look to families of Artinian algebras A of Hilbert function H = Hyg, i.e. we
study the scheme GradAlg(H) in the Artinian case with a special look to level and Gorenstein
Artinian quotients. In particular we give examples of codimension 4 (resp. 3) quotients where
GradAlg(H) has at least two components with a Gorenstein (resp. level) algebra belonging to the
intersection of the two components. Moreover we notice that almost all the results of the preceding
section (cf. Remark 22) are known in the Artinian case, except Theorem 12 and Proposition 19,
whose corresponding Artinian counterparts are the main new results of this section (Theorem 29 and
Proposition 33). Of course there are a few changes to Remark 22, mostly concerned with references,
and we include some further results. To summarize,

Remark 26. (i) larrobino shows that GradAlg™ (k[z,y]) is irreducible ([23], Thm. 2.9) and he finds
the dimension ([23], Thm. 2.12 and Thm. 3.13). It is smooth by licciness (or by [23], Thm. 2.9
provided GradAlg™ (k[x, y]) is reduced). Also in this case, the dimension formula given in [33], Rem.
4.4, holds (by the indicated argument of [33], Rem. 4.6).

(i) If R = k[z,y, 2], then the open part of GradAlg® (R) consisting of Gorenstein quotients is
irreducible ([10]) and smooth of known dimension ([30], Thm. 2.83). See also [22], Cor 4.9 for the
smoothness.

(71i) of Remark 22 holds as stated in Remark 22.

(1) of Remark 22 holds as well. One may make a little progress to (iv,b) by stating it as:

b) If Proj(B) is a locally Gorenstein zero-scheme of degree s and if t > 2reg(Ip), then A and
B are simultaneously unobstructed as graded algebras, and the dimension formula of (iv, a) holds
(with 6(B)—y = 0 and dim(KF); = s, cf. [32], Rem. 22). We formulate this using the ideas of
Proposition 19 as Theorem 27 below ([32], Prop. 23, cf. [34] for further generalizations).

(v) One may, via the Macaulay correspondence, consider the set PS(s,j,n) of Gorenstein quo-
tients obtained from the set of homogeneous polynomials of degree j in the “dual” polynomial ring,
of the form '

f=L+.+17,

where L; are general enough linear forms and s is fized. If Ha (which we denote by H(s,j,n))
contains a subsequence of the form (s, s, s), then the closure of PS(s,j,n) in GradAlgH4(R) deter-
mines by Macaulay duality a generically smooth irreducible component of GradAlgHA(R) of known
dimension ([26], Thm. 4.10A and Thm. 1.61, see Thm. 4.13 for similar results when Ha does not
contain such a subsequence).

(vi) In the interesting Gorenstein Artinian codimension 4 case, there is a structure theorem when
Ha=(1,4,7,h,i,...) with 3h—i—17 > 0, allowing us to describe well the corresponding (generically
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smooth) irreducible component of GradAlg™4(R) (/26]). In [37] Johannes Kleppe comes up with
classes of generically smooth components of known dimension of a similar nature.

(vii) Compressed Artinian algebras of fived socle degrees belong to an irreducible generically
smooth component of known dimension by [24], Thm. IIB.

To accomplish Remark 26(iv,b), let Uy C GradAlg(H') be an open subscheme consisting of
points (B) such that B is CM and such that Proj(B) is a locally Gorenstein zero-scheme of degree
s satisfying Hg = H' and reg(Ip) < t/2. Recall that a regular section of o € (Kj); defines a
graded Corenstein algebra A given by the exact sequence 0 — Kp(—t) - B — A — 0. Let
q : GradAlg(Hp, Ha) — GradAlg(Hp) be the first projection and let ¢~ (Uy),ey be the intersection
of ¢~}(U) by the space of those quotients (B — A) which correspond to regular sections of (K7):.
Then we have a diagram where we have restricted the two natural projection morphisms ¢ and
p: GradAlg(Hp, Ha) — GradAlg(Ha) to ¢ 1 (Up)reg:

4 (Up)reg e, U c GradAlg(Hp)
J,pres (10)
GradAlg(H,)

Theorem 27. With notations as above, then

(i) Qres : q’l(Ut),.eg — Uy 1s smooth and surjective, and its fibers are geometrically connected
of fiber dimension s — 1, and

(1) Ppres is an isomorphism onto an open subscheme of GradAlg(Ha).
In particular the correspondence (10) determines a well-defined injective application 7 from the set
of irreducible components W of Uy, to the set of irreducible components V of GradAlg(Hy), in
which generically smooth components correspond. Indeed V = (W) is the closure of pres(gres(W)),
and we have

dimV = dimW +s—-1.

Proof (also of Remark 26(iv,b)). These results are almost exactly the second part of Thm. 16 (cf.
Rem. 22) and Thm. 24 (cf. Prop. 23) of [32] with a slight improvement for the case dim B = 1.
Indeed in replacing “¢ >> 0” by “t > 2reg(Ip)” we assumed in [32], Rem. 22 and Prop. 23(iii) that B
was generically syzygetic (e.g. Proj(B) locally licci). This was needed in Prop. 23(iii) to show that
Pres Was smooth. Since, however, Kp(—t) >~ I4,p and the R-dual of (4) is a free resolution of Kp(1),
we have (I4/p)y = 0 for v > t + 1 —reg(Ip). Hence we may use Lemma 9 and Proposition 10(ii)
of this paper to see that pres is smooth under the assumption ¢ > 2reg(Ip) without requiring B
to be generically syzygetic. Note also that gs is surjective by [4], Thm. 3.2, (cf. [32], Rem. 22).
Since the remaining part of Theorem 27 was proved in [32] (Prop. 23, Thm. 24, cf. Rem. 25(a)), we
get the theorem. Moreover note that Remark 26(iv,b) follows from Theorem 27 since we may get
d(B)—¢ = 0 and dim(K};); = s from Proposition 10 (or by directly using [32], Rem. 14(a) and the
first part of Rem. 22). Hence also in Remark 26(iv,b) it suffices to suppose ¢ > 2reg(Ip) without
requiring B to be generically syzygetic. O

Now we illustrate Theorem 27. The benefit of using Theorem 27 instead of Remark 26(iv,b) is
clear because it is a statement about the whole subscheme U; C GradAlg(H') and not only about a
point in U;. E.g. note that if we apply (iv,b) to the two components of GradAlg(H’) of Example 17,
say with s = 13 and ¢ > 10 to simplify, we get two components of PGor(H), or of GradAlg(H), with

H = (1,4,7,10,13,13,...,13,10,7,4,1)

of dimension 37 and 39 where the number 13 occurs £ — 7 times. The existence of such components
for PGor(H) is now well known ([3], see also [27]). Since, however, GradAlg(H) is connected there
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are graded Artinian quotients belonging to the intersection of the components of GradAlg(H). But
are there Gorenstein quotients in this intersection? The answer would be yes if the intersection of the
two components of GradAlg(H') of Example 17 contains points (B) such that Proj(B) is a locally
Gorenstein zero-scheme because we then could apply Theorem 27! We doubt that there exists such
a quotient B, i.e. we expect that the intersection of the two mentioned components of PGor(H) is
empty (cf. Piene-Schlessinger’s characterization of the intersection of the two components described
in Example 34). Here is an example where we somehow control the intersection.

Example 28. (Two components of PGor(H) with non-empty intersection)

In Example 21 we showed the existence of an algebra, which we now call B whose corresponding
point (B) of the postulation Hilbert scheme, GradAlg(Hp), sat in the intersection of two irreducible
components Vi and Vo of GradAlg(Hp) of dimension dimV; = 132 + s = 346 for i = 1,2. The
element (B) as well as the two general elements (B;) of Vi were obtained by taking s = 214 generic
points on certain curves of Hilb33*~M6(P3) - One of the curves had minimal resolution

0— G3=R(-9) — Gy = R(—10>® R(-9) ® R(—8)* = G1 = R(-9) ® R(—8) ® R(~7)° — I

Moreover Hp = Hp, = (1,4,10,20, 35,56, 84, 115, 148, 181, 214, 214, 214, ...) and the minimal reso-
lution of Ip (resp. of Ip,, or Ip,) was

0— R(-13)3 3 G3 - R(-12)% @Gy — R(-11)*® Gy — Ig — 0 (11)

(resp. (11) in which the factor R(—9) from G35 and Ga, or from G2 and G1, were removed).

Since we have reg(Ip) = reg(Ip,) = 11, we may use Theorem 27 to get, for every t > 22, two
generically smooth irreducible components of PGor(H ) of dimension 132 4+ s + s — 1 = 559 whose
intersection is non-empty, i.e. the intersection contains an obstructed Gorenstein Artinian algebra
whose h-vector is the (t + 1)-tuple

Hy = (1,4,10,20, 35,56, 84, 115,148, 181, 214, 214, ..., 214,181, 148, ..., 4, 1)

where the number 214 occurs t — 19 times. The corresponding sets of graded Betti numbers of the
general elements, A1 and Aa, of the two components turn out to be incomparable because the factors
R(—9) (and R(—t+5)) appearing in the resolution of I4 become redundant in different ways in the
resolutions 14, and 1a,. Of course, for every s > 214 we can construct similar ezamples.

Now we prove the analogue of Theorem 12, which is the main result of this section.

Theorem 29. Let R be a polynomial k-algebra and let B = R/Ip — A = R/I4 be a graded
morphism such that A is Artinian and depth, B > min(1,dim B), and suppose either

(a)  Ip is generated by a reqular sequence (allowing R = B), or

(b) B, — Ay is an isomorphism for all v < max;{ns;} and dim R — dim B > 2.
Let F' be a free B-module such that F' — I,/ p 1is surjective and minimal, and suppose there is an
integer j such that the degrees of minimal generators of the B-module ker(F' — I,/ p) are strictly
greater than j (e.g. By ~ A, for allv < j —1) and such that 14 is (j + 1)-regular (i.e. Aj41 =0).
Then A is Hp-generic, dim(N4)o = dim(Np)o + ohomp(F,A) —e(A/B) , and

dim 4 GradAlgf4(R) = dimp GradAlg”s(R) + ghomp(F,A) — e(A/B) .

In particular A is unobstructed as a graded R-algebra if and only if B is unobstructed as a graded
R-algebra.
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At least in the case depth, B > 1, the natural application of Theorem 29 is the same as
for Theorem 12; the minimal resolution of A should be the one of B in addition to a semi-linear
contribution coming from I4,p via the mapping cone construction, cf. Remark 32.

Proof. All we need to prove is the two dimension formulas. Due to Corollary 11 it suffices to show
oH%(R, B, I4/B) =0 and ohomg (I, I4/p) = €(A/B) together with

dim OHomB(IA/B,A) = ()hOIIlB(F, A) and OEthB(IA/BvA) =0, (12)
because the latter of (12) implies oH?(B, A, A) = 0. By Lemma 9 it suffices to prove (12). Let
F'—F —1I4p—0 (13)

be the first terms of a B-free minimal resolution of I4,5. Applying oHomp(—, A) = 0 onto (13)
and using Aj11 = 0, we get oHomp(l4/p,A4) =~ oHomp(F,A) and oExt}B(IA/B,A) = 0 by the
assumption, and we are done. ]

Remark 30. By the long exact sequence of algebra cohomology, we have the exact sequence
— oH*(B, A, A) — (H*(R, A, A) — (H*(R,B,A) — .

Since it is well known that H*(R, B, —) = 0 if Theorem 29(a) holds and since we have (H*(B, A, A) =
0 by the proof above, it follows that we in Theorem 29(a) have

oH?(R,A,A)=0.

Remark 31. A natural choice of j in Theorem 29 such that (I5/5);—1 = 0 and such that (b) holds,
is j > reg(Ip)+2, in which case we have that 14 is (j+1)-reqular iff 14,5 is (j+1)-regular, and that
Ha(z) = Hp(z) = pp(x) for x > j — 3, c¢f. Remark 15. Since it then follows that B ~ A provided
B is Artinian, the (only) real application of Theorem 29(b) seems to be in the case depth,, B > 1.
It is, however, natural to use Theorem 29(a) also when depth,, B = 0.

Remark 32. Suppose depth,, B > 1 and that 15/p is (j + 1)-regular, and look to
0—Iyp—B—A—0. (14)

Since H%(IA/B) = 0, we have depthy, I4/p > 1, d.e. pdp(Ia/p) < n —1 and in fact pdr(I4/p) =
n — 1 since pd(A) = n. A mapping cone construction applied to (14) in which we use the minimal
resolutions of I4/p and B, leads easily to an R-free resolution of A. Moreover if 14/p admits a
semi-linear resolution, then (14 p)j—1 = 0, and conversely provided reg(I4/p) = j + 1. Note that
A becomes a level algebra if 14,p admits a linear resolution. In particular, the natural application
of Theorem 29(b) is the same as for Theorem 12, cf. Remark 13, i.e. the minimal resolution of A
should be the one of B in addition to a semi-linear contribution coming from I,p via the mapping
cone construction.

Theorem 29 applies nicely to Artinian truncations and more generally to Artinian quotients A
with Hilbert function HA = (1, hl, hz, ceny hjfl, a, 0, 0, ) where HB = (1, hl, h2, PN hjfl, h]’, hj+1, )
is the Hilbert function of B and a < hj;. To see it let, in a very similar way to what we did in
Definition 18 and Proposition 19, GradAlg(H), (resp. GradAlg(Hp, Ha),) be the open subset of
GradAlg(H) consisting of (R/I) (resp. (B = R/I — A)) where the Castelnuovo-Mumford regularity
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satisfies reg(l) < n. Then we have a diagram as in (8) where we now restrict the natural projection
morphism ¢ : GradAlg(Hpg, Ha) — GradAlg(Hpg) and p to GradAlg(Hp, Ha)y, ;

GradAlg(Hp, Ha), —— GradAlg(Hp), C GradAlg(Hp)
» (15)
GradAlg(Ha)

Below we restrict to the case B # R, even though the proposition holds for B = R with the following
small changes; skip the lower indices 7 in (15) and drop the assumption n < j — 2 below, and note
that GradAlg(Hpg) is a smooth scheme consisting of one point. Recalling that an Artinian quotient

A has the Weak Lefschetz property if the multiplication map A, SR Ay+1 by a general linear form
[ is either injective or surjective for every v, we have

Proposition 33. Let Hg = (1,hq, ho,...) be the Hilbert function of an algebra B # R satis-
fying depth,, B > 1 and let j, n < j — 2 and a < h; be non-negative integers. Let Hy =
(1,hi,ho, ... hj—1,,0,0,..) and look to the maps p and q in (15). Then

(i) q is smooth and surjective with geometrically connected fibers, of fiber dimension a(h; — ),
and

(i1) p is an isomorphism onto an open subscheme of GradAlg(Hya).
In particular the incidence correspondence (15) determines a well-defined injective application 7 from
the set of irreducible components W of GradAlg(Hp)y, to the set of irreducible components V. of
GradAlg(H ) whose general elements satisfy the Weak Lefschetz property. In this application the
generically smooth components correspond. Indeed V = (W) is the closure of p(¢~*(W)), and we
have

dimV = dimW + a(h; —a) .

Proof. (i) To any point (B’) of GradAlg(Hg)y, let A" := EB{;OlBZ( @ V; where Vj is an a-dimensional
quotient of Bg-. This shows that q is surjective. Moreover we get the smoothness of ¢ from Propo-
sition 9(i) since oH?(B, A, A) = 0 by the proof of Theorem 29. To show that the fibers of ¢ are
(geometrically) connected, one may look upon the fiber as the Grassmannian of a-dimensional quo-
tients of B}. Since the Grassmannian is irreducible, we conclude easily.

(i) Since the proof of the Weak Lefschetz property is standard (depth,, B > 1), the proof is the
same as for (ii) of Proposition 19. O

We will call an Artinian algebra A with Hilbert function H4 as in Proposition 33 with a = 0
an Artinian truncation in degree j. Moreover, by Remark 31, we normally need j > reg(Ip) + 2
for some B to use Proposition 33 with GradAlg(Hp);—2 non-empty. Having several irreducible
components with a non-empty intersection in GradAlg(Hp),, we get exactly the same type of
irreducible components with a non-empty intersection for their Artinian truncations in a fixed degree
j (for every j > n+2) in GradAlg(H 4) (for instance, the B and the components given by the B; of
Example 21, we leave the details to the reader). We finish this section by another example.

Example 34. (obstructed Artinian level algebra with Hilbert function (1,4,7,10,13,0,0,...)).

We have seen that Y1 = Proj(Bi) C P3, a twisted cubic curve and Yo = Proj(Bs), a union
of a plane space curve C of degree 3 and a point P outside the plane containing C, correspond to
two different irreducible components of the stratum GradAlg(H) of the Hilbert scheme Hilb3*T1(P3)
where H = (1,4,7,10,13,...). Indeed (Y1) belongs to a 12-dimensional irreducible component of
GradAlg(H) while (Y2) belongs to a 15-dimensional irreducible component of GradAlg(H). Using
Piene-Schlessinger’s Theorem from [{8] to see a complete description of Hilb>* T (P3), we also get
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that the general element of the intersection of the two components (which is 11-dimensional) is a
curve Y = Proj(B) with an embedded point. The minimal resolution of I = Ip or Ip, (resp. Ip,)
are of the form

0— R(—4) —» R(—4) ® R(-3)> = R(-3) ® R(—2)> = T — 0 (16)

(resp. of the form (16) where both R(—4) and two of R(—3) are removed). Hence the regularity of
Ip and Ip, for i =1 and 2 is at most 3, i.e. the two components and its intersection essentially
belong to GradAlg(H)s. Applying Proposition 33 for j > 5 and n =3 and to any o < 3j+1, we get
two irreducible components V; of GradAlg(H 4) with a well described non-empty intersection. Indeed
let X1 = Proj(A1) and Xo = Proj(Asz) (resp. X = Proj(A)) be obtained by modding out by h; — «
linearly independent forms of (B1); and (Bs); (resp. Bj) and all forms of degree j + 1. It follows
that A; are unobstructed as graded R-algebras for i =1 and 2 and that dim(4,) GradAlg(H') = 12+
a(hj—a) and dim(y,) GradAlg(H') = 15+a(hj —a) where H' = (1,4,7,...3j—5,3j —2,,0,0, ...).
Moreover (A) is a singular point of GradAlg(H')and belongs to the 11 + a(h; — a)-dimensional
intersection of the components. Finally if o« = 0 and j = 5 it is straighiforward to see that the free
terms of a minimal resolution of Az (and A) are

0— R(—8)!"® = R(-7)*? @ R(—4) — R(—6)* © R(—4) ® R(-3)> - R(-5)'® © R(-3) @ R(-2)*

4 Tangent and obstruction spaces of Artinian families.

In this section we consider graded Artinian algebras with a special look to level quotients of k[z, y, z].
Note that, in most cases, results such as Theorem 29, Proposition 33 and Remark 26 do not apply
because their assumptions limit their applications considerably. We can, however, still analyze
GradAlg? (R) at a point (A) infinitesimally by means of its tangent and obstruction spaces and
a certain obstruction morphism, cf. [38]. In the following we make these spaces more explicit by
duality (Theorem 36), and since we show that the parameter space of level schemes, L( H), of [9]
is sufficiently close to being an open subscheme of GradAlg” (R) (cf. Theorem 44), we can use our
results to study L( H). In particular we study in detail the level type 2 algebras which correspond
to a pencil of forms by apolarity ([25]), and we prove in Example 49 a conjecture of Iarrobino on
the existence of several irreducible components of L( H) when H = (1, 3,6, 10, 14, 10,6, 2).

Indeed inside GradAlg! (R) there is an open set, possibly empty, consisting of graded Artinian
Gorenstein quotients R — A with Hilbert function H (which essentially is the scheme PGor(H ), see
[32]). An elementary way of finding the obstruction space of PGor(H) is to compute the kernel of
the natural surjection

nj: (S2la); — (14%);

from the second symmetric power to the second power of 14 in the socle degree j of A. Indeed, up to
duality, this kernel is isomorphic to ¢H2(R, A, A), the obstruction space of PGor(H). To generalize
this result to any Artinian A, we remark that kern; is isomorphic to the cokernel of the natural
morphism (Agla); — Tord(A, A); (at least if char(k) # 2). This formulation allows a generalization
to any Artinian A. Indeed there is a special product, given as an antisymmetrization map ([1], Prop.
24.1),

Torf (A, A) @4 Torf(A, K4) — Torf(A, K ) (17)

with cokernel Hao(R, A, K4). Up to duality we will show that the zero degree piece of this cokernel
is the obstruction space of GradAlg? (R) at (A). To prove it we need a variation of the following

spectral sequence
Exth (Hy(R, A, A),M) = HPTY(R, A, M)
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(cf. [1], Prop. 16.1). Keeping also the spectral sequence ([21], Satz 1.2)
Ext?,(Tor) (M, K¢), K¢) = Extf,"(M,C) (18)
in mind (C' a CM quotient of A with canonical module K¢), the following result is not surprising

Proposition 35. If B — A — C are quotients of R of arbitrary dimension and if C' is CM with
canonical module K¢, then there is a spectral sequence converging to H* (B, A, C) ;

'ER? = Extl(Hy(B, A, K¢), Ke) = HPTY(B,A,C) . (19)
In particular if C is o graded Artinian algebra, then there is a degree-preserving isomorphism
Homc(Hq(B, A, Kc), Kc) >~ Hq(B, A, C) .

Proof. One knows that Hom 4 (M, C) ~ Home(M ®@4 K¢, K¢), M an A-module. Using this we can
prove our proposition in the usual way, i.e. by considering the double complex

K*,* = Homc(DiH(B,A*,A) XA Kc,f*)

where 0 — K¢ — I, is an injective resolution of the C-module K¢ and Diff(B, Ay, A) := Qyu, /p®a,
A is the complex of Kéhler differentials based on a simplicial resolution, A, of the B-algebra A
(as in [1], Prop. 17.1, so each A; is a polynomial ring over B). If we in ”E5? first take homology
of K, with respect to the second variable (i.e. I.), we get "EP? = HP(B, A,C) and "EP? = 0
for ¢ > 0 because Ext{, (K¢, K¢) = 0 for ¢ > 0 by Cohen-Macaulayness and the fact that each
Diff (B, A;, A) @4 C is C-free. Calculating 'E5? by reversing the order, i.e. by first taking homology
with respect to the first variable, we get (19). Finally since K¢ is an injective C-module in the
Artinian case, we are done. U

Theorem 36. Let R — A = R/I14 be a graded Artinian quotient with Hilbert function H. Then the
dual of (In g Ka)o is the tangent space of GradAlg® (R) at (A), and the dual of ¢Ha(R, A, K )

contains the obstructions to deforming A as a graded R-algebra. Moreover
dim (I4 ®r Ka)o — oh2(R, A, K4) < dim(A)GradAlg(H) < dim (4 ®r Ka)o.
In particular GradAlg® (R) is smooth at (A) provided the natural map
14 ®p I ®p Ka — Torf(Ia, Ka)
of (17), i.e. the map C concretely described in (20) below, is surjective in degree zero.

Proof. Since it is known that the tangent (resp. “obstruction”) space of GradAlg(H,4) at (A) is
oH' (R, A, A) = oHoma(I4/I3%, A) ~ oHompg(Ia, A) (resp. oH?(R, A, A)) by [28], Thm. 1.5, we get
the description in Theorem 36 of these spaces by Proposition 35. Then the left inequality of the
dimension formula follows rather easily from [38], Thm. 4.2.4 while the right inequality is trivial.
Hence we get all conclusions of the theorem once we have shown that the surjectivity in (17) and the
surjectivity of ¢ in (20) are equivalent. Indeed TorZ (A, K4) =~ Torf'(I4, K4) and Torf(A, K4) ~
I4®pr K4 and the map of (17) is just the natural map ¢ : JaQrIAQ@rKa — Tor{%(IA, K 4) uniquely
described in the following way. Let 0 = N — F — K4 — 0 be a short exact sequence where F' is
A-free. Applying T4 @ (—) onto this sequence we get an injection Torf(I4, K4) < I4 ® N which
together with the surjection F' — K4 lead to the composition

IA@RIA@RF — Iy ®p Is ©p Ka — TortR(I4, Kp) < T4 ®r N (20)

given by tQy®@w — ® (yw) —y ® (zw) € I4 ®r N (cf. [2], Prop. 9, p. 204 for details). O
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Remark 37. Let M be a graded A-module and let0 — N — F — M — 0 be a graded ezact sequence
where F is A-free. Arquing as in the proof above, we see that ,Ha(R, A, M) is the homology in degree
v of (21) below. Hence it vanishes if and only if the sequence

[y @rIA@rF 25 I4@r N — Ia®R F (21)
where A(z @y Qw) =2 (yw) —y ® (2w), is exact in degree v ([2], Prop. 9, p. 204).

Remark 38. Let A = R/14 be a graded Artinian algebra and let M be a finitely generated R-module.
Using (18) we get

Hom (Torf (M, K ), K4) ~ Ext%(M, A) .
Thus (Ia @r Ka)y (resp. wTorl'(Ia, K4)) is dual to _,Hompg(Ia, A) (resp. _Exth(Ia,A)) and the
dual of the degree v part of (17) augmented by Ha(R, A, K4) yields an exact sequence

JH*(R,A,A) — _ BExth(Ia, A) — _,Homp(Ia ®p I4,A)
where the left injective map must be the right inclusion of (3) in degree —v.
In the codimension 3 case it turns out that _vExt}%(IA, A) is also dual to ,_3Hompg (14, A):

Proposition 39. Let R — A = R/I4, R = klz,y, 2] be a graded Artinian quotient with Hilbert
function H and minimal resolution

0 — &2y R(—ngi) = &2 R(—n2:) — &L R(—n1) > R— A—0. (22)
Then ,Extl (14, A) ~ ,Torf (I, Ka(3)) for 0 <i <1 and N4 := Homg(I4, A) satisfies

3 T
dim(Ny), — UextR Iz A ZZ 1)~ H( (njs +v) —H(—v—3).
7j=11i=1

Hence ,Exth(I4, A) is dual to (Na)_y_3 for every v. Moreover if (Na)—3 = 0, then oH%(R,A,A) =0
and GradAlg(H) is smooth at (A) of dimension ZJ S (1) H (ny ).

Proof. Applying oHomp(—, R) to (22) we get an R-free resolution of K4(3). Then we get the
complex
0— A— @Tl A(n1 z) — @l IA(TLQZ) — @1 m A(n37i) — KA(3) —0

by tensoring the resolution of K4(3) by A. Note that the map A — @2, A(n1;) is zero since its
matrix is given by the generators of I4. It follows that the homology groups of the complex

0 — @1 A(n1;) — &2, A(ng;) — @1, A(ng) — 0

are precisely Torgfj(A, K4(3)) for 0 < j < 2 and that Torf(A, K4(3)) ~ Ka(3). Moreover by
applying ¢Homp(—, A) onto the minimal resolution of I4 deduced from (22), we get exactly the
latter complex. Hence the homology groups of the complex are also Ext’, (14, A) for 0 < j < 2 by the
definition of Ext. In particular ,Ext% (14, A) ~ K4(3), and UExtg%(IA, A) >~ vTorg'_j(A,KA(?))) ~
vTor{%,j(I 4, K 4(3)) for 0 < j <1 where the last isomorphism is easily proved by tensoring the exact
sequence 0 — Iy — R — A — 0 by K4(3). Since the alternating sum of the dimension of the terms
in a complex equals the alternating sum of the dimension of its homology groups, we also get the
double summation formula by combining with dim K 4(3), = dim A_,_3.

Finally we know that (I4 ® K4(3)), is dual to _,_sHompg(I14,A) = (Na)_y—3 by Remark 38
and that ,Exth(la,A) ~ ,Torf(Ia, Ka(3)) by the first part of the proof. Hence ,Exth(Ia, A) is
dual to (Na)_,_3 and since gExth(I4, A) contains ¢H?(R, A, A) which is dual to oHa(R, A, K4) by
Remark 38 we conclude by Theorem 36. O
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Corollary 40. With A as in Proposition 39 we have

3 Ty

3
ZZ j 1H (njs) = Z j lHn“—?)).

j=11i=1 ]:17,:1

Moreover the sum on the left above, which we call p(H), depends only upon the Hilbert function H
and not upon the graded Betti numbers. We have

dimy 4) CradAlg? (k[z,y, 2]) > p(H) .

Indeed p(H) is a lower bound for the dimension of any irreducible (non-embedded) component of

GradAlg? (k[z,y, 2]).
Proof. The duality of the proposition shows that
dim(Nga)y — vexth(la, A) = _y gexth(l4, A) —dim(N4)_,_3

Putting v = 0 we get the equality of the two expressions of p(H) of the corollary by using the corre-
sponding formula of Proposition 39 for v = 0 and v = —3. Moreover, by Theorem 36 and Remark 38,
the number dim(N4)o — dim (H?*(R, A, A) is a lower bound of dim4) GradAlgH (k[z,v, z]). Using
Remark 38 we get p(H) to be a possibly smaller lower bound. Finally let V' be a non-embedded irre-
ducible component of GradAlg® (k[z, y, 2]) and let (A’) € V such that dim 41y GradAlg! (k[z,y, 2]) =
dim V. Note that the sum which defines p(H) depends only upon the Hilbert function because the
contribution from all ghost terms (i.e. common direct free factors in consecutive terms in the mini-
mal resolution of A) or from incomparable sets of graded Betti numbers (Remark 7) sums to zero!
Hence dim V' > p(H) by the first part of the proof, we are done. O

Example 41. To illustrate Proposition 39, we consider H = (1,3,6,6,3,1) and the two different
irreducible components (now of GradAlg! (k[z,y, 2])) of Ezample 25 whose general elements are licci.
Looking to the minimal resolutions of A; of Example 25, we get

dim(Na,)o — oextk(Ia,, A;) = 4H(3) — 4H(5) = 20 .

By Remark 38, oExth(Ia,, A1) = 0 since we get oTorl'(Ia,, Ka,) — (Ia, ® Ia,)5 = 0 by using
Ka, ~ Ai(5). (Indeed this oExt! -group always vanishes in the compressed Gorenstein case.) Thus
the “Gorenstein” component has dimension 20 (also well known by [24]), while Remark 26(iii) or
Theorem 24 applied to the successive linkages (1,2,3), (2,2,4), (2,3,4), (3,4,4), (3,4,5), (3,3,5)
obtained from a CI of type (1,1, 1), shows that the other component is generically smooth of dimension
21. Thus QeXt}z(IAz,Ag) =1.

An alternative way of describing Ao is to specify the three generators, Fi, Fy and Fs, of degree
3,4 and 5 respectively, in the dual polynomial algebra of R which we will consider more closely later
in this section. Indeed if we take Fy to be a general polynomial of degree 3 (i.e. an element of some
open set of the irreducible parameter space of all forms of degree 3), Fa to be a sum of length 4 of
general linear forms to the 4-th power and F3 to be a sum of length 2 of general linear forms to the
5-th power, we get precisely Ay as As = R/ann(Fy, Fy, F3) (verifyed by using Macaulay 2).

Recall that if A itself admits a semi-linear R-free resolution (except possibly at the minimal

generators of 14), then
oH?(R,A,A) =0 (23)

by Remark 30 and Remark 32. This vanishing also follows from Theorem 36. Moreover using
Theorem 36, we can prove a “dual” result. Indeed suppose I4 admits a semi-linear resolution except
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possibly at the left end of the resolution, i.e. suppose I4 has minimal generators only in degree j
and j + 1 and that the resolution continues by

0>GOR(—j—n+1)* S R(—j—n+ 1)1 @®R(—j —n+2)* 1 — . > F — 1, (24)

where G is any R-free module. Here F| = R(—j — 1)» @ R(—5)™ and R is the polynomial ring
k[z1,...,xyp] with n > 2. Then (23) holds. Using (18) we can even replace F; by

Fi = R(—j — 1) @ R(—j)* & (@ R(~a;)) , a; <j forall i (25)

where the set of generators {f1,..., fm} which correspond to {ai,...,a,} form a regular sequence,
and still get (23), i.e.;

Proposition 42. Let A = R/I5 be a graded Artinian quotient with Hilbert function H, whose
minimal resolution is given by (24) and (25) where the generators { f1,..., fm} of La which correspond
to {ai,....,am} form a regular sequence. Let B = R/(f1,...,fm) (and B = R if m = 0). Then
oH%(R, A, A) = 0 and GradAlg(H) is smooth at (A). Moreover

dim(4)GradAlg(H) = _p,homg(G, B) — _,hompg(G, A) + ZH(%)-
i=1
Proof. By the long exact sequence of algebra cohomology (Remark 30) and (3) we get oH?(R, A, A) =

0 provided we can show Ext}g(f 4/B,A) = 0. Continuing the long exact sequence of Remark 30 to
the left we see that EthB(IA/B, A) = 0 also leads to

dim(N4)o =homp (14,5, A) + homp(Ip/I%, A) . (26)

To show Ext}B(IA/B, A) = 0, we improve a little bit upon Theorem 36 by using (18). Indeed we have
HomA(TorqB(IA/B,KA),KA) ~ Exth(I4/p,A). Hence it suffices to show oTor{%(IA/&KA) = 0.
Now look to the exact sequence

—RG+n—-1)" 1@ R(G+n—-2)"" -G GR(G+n—1)° — Ka(n) —0

which we tensor with I4,5(—n). By the definition of Tor{z(IA/B, K 4), it suffices to show (I4,5(—n)(j+
n—1))o = 0 and (Ix;p(—n)(j +n —2))o = 0. This is true since (I4;p);—1 = 0 by assumption.
Moreover the argument also shows (I4,p ® K)o >~ dim(G*(—n) ® I4,p)o. Hence we get

ohOmB(IA/B, A) = dimTOI‘(]jg(IA/B, KA) = _nhOmR(G, B) - _nhOmR(G,A) s
and we conclude by (26) and the fact that I5/(I5)* ~ &7, B(—a;). O

Proposition 42 with B = R applies nicely to compressed Artinian algebras. Indeed the number
_phomp(G, B) —_,hompg (G, A) coincides with the dimension of the corresponding component given
in Thm. IIB of [24]. If B # R, Proposition 42 also applies to non-compressed algebras:

Example 43. As a special case of Proposition 42 we look to Artinian level quotients with “almost
semi-linear” resolution. All level algebras below may be constructed as A = R/ann(Fy, Fy) where
Fy and Fy are forms of degree T in the dual polynomial algebra of R (cf. later discussion). Indeed
we easily construct in this way algebras A; with Hilbert functions Hu, = (1,3,6,10,15,12,6,2),
Ha, =(1,3,6,10,14,12,6,2), Ha, = (1,3,6,10,13,12,6,2) and corresponding minimal resolutions

0 — R(—10)*> = R(~7)° @ R(—6)° — R(=5)? — I4, — 0
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0 — R(-10)?> = R(-7)% ® R(—6)* — R(—6)>® R(—5)° ® R(—4) — I, — 0
0 — R(—10)2 = R(=7)" ® R(—6)®> — R(—6)* ® R(=5)> ® R(—4)? — I4, — 0 .

Only Ay is compressed, but since one may show that the minimal generators of 14, of degree 4 (which
we use to define B;) form a regular sequence, Proposition 42 applies (we have used Macaulay 2 to
check it and to find the minimal resolutions). Hence the algebras A; are unobstructed and since
_phomp(G, M) =2 -dim M; and dim(B;)7 = (i — 1) dim R3 for i = 2 and 3 (and By = R), we get
the number

dim(Ai)GradAlg(HAi) =2-dim(B;)7 —2-dim Ha,(7) + (i — 1)Ha,(4)
to be 68,62,54 for i = 1,2,3 respectively.

To this end we consider level algebras of CM-type ¢t. Let LevAlg(H) be the open set of
GradAlg(H) (and hence open as a subscheme with its induced scheme structure) consisting of
graded level quotients with Hilbert function H. Since we work with Artinian algebras there is an-
other known scheme, L( H), parametrizing graded level quotients with suitable Hilbert function H,
namely the determinantal loci in the Grassmannian G(t,7) of ¢t-dimensional vector spaces of forms
of degree j, cut out by requiring their “catalecticant matrices” to have ranks given by the Hilbert
function (see [9], and [26], Sect. 1.1 for the Gorenstein case). Then the underlying sets of closed
points of L( H) and LevAlg(H) are the same by apolarity (the Macaulay correspondence), and their
tangent spaces are isomorphic ([9], Thm. 2.1 for L( H), and [28], Thm. 1.5 for GradAlg(H)). Since
one may by the proof below see that LevAlg(H) and L( H) are in fact isomorphic as topological
spaces (expected since they have the Zariski topologies and the bijection between them is natural),
we have

Theorem 44. Let R — A be a graded Artinian level quotient with Hilbert function H. Then
dim 4) GradAlg” (R) = dim( 4 L(H). Hence L( H) is smooth at (A) if and only if GradAlg? (R) is
smooth at (A). In particular L(H) is smooth at (A) provided ¢H*(R, A, A) = 0, i.e. provided the
map of (17) is surjective in degree zero, or equivalently, the displayed sequence of Remark 37 with
M = K4 is exact in degree zero.

Proof. Let V C L( H) be a closed irreducible subset, and let V" have the reduced scheme structure.
By the definition of L( H), the restriction of the “universal” bundle of the Grassmannian G(t,7) to V
defines via apolarity a family of graded Artinian level quotients, Ay, over V with constant Hilbert
function H. Since V is integral, it follows that the family (i.e. the morphism Spec(Ay) — V) is
flat ([45], Lect. 6). Hence we have a morphism 7 : V — LevAlg(H) by the universal property
of GradAlg(H). w(V) is irreducible and closed in LevAlg(H) (it is closed because an “inverse”
(LevAlg(H))rea — L( H) on closed points exists, by [26], p. 249). So chains of closed irreducible
subsets in L( H) and LevAlg(H) correspond, and the spaces have the same dimension. Since their
tangent spaces are isomorphic, it follows that GradAlg™ (R) is smooth at (A) iff L( H) is smooth at
(A). Then we conclude by Theorem 36 since the surjectivity of (17) in degree zero is equivalent to
the exactness of the corresponding sequence in Remark 37. O

As an application we consider certain type 2 level algebras studied by Iarrobino in [25], i.e.
level algebras given by A = R/ann(Fy, F») where F} and F» are forms of the same degree j in the
dual polynomial algebra of R, upon which R acts by differentiation (“without coefficients”). Let
A; := R/ann(F;). Since we have I4 = I4, N 14,, we get an exact sequence

0— A= A ® Ay — Rfann(F) + ann(Fy)) — 0,
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In an extended draft of [25] the author determines the tangent space of LevAlg(H) at such an (A)
and he gives it a manageable form in the case {Fi, Fo} is complementary, i.e. provided

H (1) = min{dim R;, Ha, (i) + Ha, (i)} for any i . (27)

where Hy = H. Our Theorem 36 gives us, not only a tangent space which coincides with his, but
it provides us also with the following manageable form of the obstruction space.

Proposition 45. Let {F}, F>} be complementary forms of degree j, and let A = R/I4 be the
Artinian level quotient with Hilbert function H given by Ix = ann(Fy, Fy). Let Ix, = ann(F}).
Then (In/Ia-Ta,); © (Ia/Ia-1a,); is the dual of the tangent space of GradAlg™ (R) at (A), and
jHao(R, A, A1) @;Ha (R, A, Ay) is the dual of a space containing all obstructions of deforming A as a
graded R-algebra. In particular if the sequences

Ia®Rr 14 A1y QR La;, = Ia- 14,

where Nz ®y) =z ®y —yx, are exact in degree j for i = 1,2, then GradAlg(H) (and L( H)) is
smooth at (A) and we have

2
dim( 4) GradAlg” (R) = > dim(Ia/I4 - 14,);
=1

Remark 46. The map Ia®@rla X, IA®R14, defined by N (x®y) = 2Q@y—yRx, obviously commutes
with \ above. Since N factors via the natural surjection Iy @p 4 — A2I4 (in char(k) # 2), then A
also does. In char(k) # 2 the exactness of the two sequences of Proposition }5 is therefore equivalent
to the exactness of

ATy — Iy @prIa, — Ia- 14, , (28)

i = 1,2, in degree j. Indeed, by Remark 37, ;Ha(R, A, A;) is the homology of (28) in degree j. In
particular if (Ia @r Ia); =~ (Sola); (e-9. (Ia®@g1a); =~ (14%);), then the exvactness of the sequences
of Proposition 45 is equivalent to (Ia @r 1a,); ~ (Ia-14,);.

Proof. Let s(I4) be the minimal degree of a minimal generator of I4 and let A = R/(ann(Fy) +

ann(Fy)) . Since {F1, F>} is complementary, we get (A), = 0, i.e. A, ~ (A1), ® (A2), for v > s(14).
It follows that
(KAl)U D (KAQ)v = (KA)’U

for v < —s(14). Defining K by the long exact sequence
0—-K—Kg ®Ka, — Kqg—0, (29)
we get (K), = 0 for v < —s(I4). By considering a minimal R-free resolution of I4, it follows that
oTorf(I4, K) =0 for i <0. (30)

Now applying I4 ® (—) onto (29), or more precisely using the corresponding long exact sequence of
algebra homology, we get

OHi(Rv Aa KA1 ©® KAQ) ~ OHi(Ra Aa KA)

for i = 1 and 2 because oTorl (14, K) ~ ¢Torf (A, K) - oHa(R, A, K) is surjective (cf. (17)) and
Iy®pr K ~Hi(R, A K),ie oH;(R, A, K) vanishes for i = 1 and 2 by (30). Then we conclude easily
by A; ~ K4,(—j), Theorem 36 and Remark 37. Indeed we have

(Ia®r Ka,)o~ (Ia®r Ai(§))o =~ ([a®r R/1a;)j ~ (Ia/1a - 14,);
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and we get (J4 ®r Ka)o~ (Ia®rKa,)o® (Ia®r Ka,)o as well as
OHQ(R7A7KA) =~ ]HQ(Ra A7A1) EBJHQ(R7A7A2) .

By the assumption of the exactness of the sequences and by Remark 37 (letting F' = Rand N = 14,),
we get the vanishing of ¢Ha(R, A, K4) and we are done. O

Remark 47. As Iarrobino points out in the draft of [25], Theorem 4.8A of [24] implies that if Fy is
any form of degree j and Fy is a sum of length s of linear forms to the j-th power (i.e. the Hilbert
function of A2 = R/ann(F2) equals H(s,j,n) of Remark 26(v)), then {Fi, F2} is complementary
provided we choose the linear forms of Fy general enough. It follows that H 4 is given by (27).

First we give an easy example which may also be treated by Proposition 42.

Example 48. (a) Let H = (1,3,6,10,6,2). By Remark 47 there are forms Fy and Fy where each
F; is a sum of length 5 of linear forms to the 5-th power (i.e. Ha, = (1,3,5,5,3,1)) and such that
the Hilbert function of A = R/ann(F1, Fy) is H. Then A is compressed. From the Hilbert functions
we see that s(Ia) = 4 while s(Ia,) = 2. Moreover, the socle degree of A and A; are 5, and we get
(Ia®14,)5 =0 fori=1 and 2. By Proposition 45 it follows that GradAlg(H) is unobstructed at
(A) and we have

dim4) GradAlg(H) = 2-dim(/4)5 = 38 .

(b) Let H = (1,3,6,9,6,2), let Fy be as in (a), while we now let Fy be a sum of length 4 of general
linear forms to the 5-th power. Hence Ha, = (1,3,4,4,3,1) and H = Ha where A = R/ann(F}, F»)
by Remark 47. From the Hilbert functions we see that s(Ia) = 3 and s(14,) = 2. Since we easily see
that To ® Ia, >~ Ia- 14, is an tsomorphism in degree 5 for i« = 1 and 2, we get by Proposition 45 that
GradAlg(H) is unobstructed at (A) and that

dim(4) GradAlg(H) = 2-dim([a)s — dim(l4 - 1a,)5 — dim(la - I4,)5 = 35 .

Loosely speaking it is, for ¢ = 1, 2, the relations of 1414, in degree j, modulo those coming from
the relations of I4 ® I, and the generators of A%I4, which contribute to oH?(R, A, A). Of course
the vanishing of oH?(R, A, A) as well as the dimension of GradAlg? (R) is usually straightforward
to get from Proposition 45 provided s(I4) + s(14,) > j for i = 1,2, as in Example 48.

We finish this paper by proving a conjecture of Iarrobino, appearing in the draft of [25], namely
that L( H) with H = (1,3,6,10,14,10,6,2) contains at least two irreducible components, where
one of the components contains Artinian level type 2 algebras given by 2 forms of Hilbert function
Hy=(1,3,6,9,9,6,3,1) and He = (1,3,4,5,5,4,3,1), as in Remark 47, and the other contains level
type 2 algebras constructed via 2 forms with Hilbert function Hs = (1,3,6,10,10,6,3,1) and Hy =
(1,3,4,4,4,4,3,1). As pointed out in the Introduction, even though this conjecture was open until
now, larrobino and Boij have in a joint work already constructed other examples of reducible L( H)
whose general elements are level quotients of type 2, one with H = (1, 3,6, 10, 14, 18, 20, 20, 12, 6, 2),
and moreover got a doubly infinite series of such components [5].

Example 49. Let H = (1,3,6,10,14,10,6,2). We claim that there are at least two components Vi
and Vo of L( H) whose general elements are Artinian level type 2 algebras, that dimVy = 46 and
dim Vo = 47 and that both components are generically smooth.

To get the component Vi of dimension 46, take Fy to be a sum of length 4 of general linear
forms to the T-th power and take Fy to be a general polynomial of degree 7. If A; = R/ann(F;) and
A = R/ann(Fy, Fy), then Hy, = (1,3,6,10,10,6,3,1), Ha, = (1,3,4,4,4,4,3,1) and Hy = H.
It suffices to show thalt A is unobstructed and that dim y) GradAlg(H) = 46. To do so we use
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Proposition 45. Indeed from the Hilbert functions we see that s(1a) = s(la,) = 4 and s(1a,) = 2.
Hence (Ix ® I4,)7 = 0. Moreover since I4 has one generator of degree 4 and 8 generators of degree
5 and Ay is a complete intersection of type (2,2,6), it follows that all relations of 14 - Ia, must be
of degree greater or equal to 8. We get that (14 @ Ia,)7 ~ (Ia - Ia,)7 is an isomorphism of vector
spaces of dimension 2 - (3 + 8) = 22. Hence Proposition 45 applies and we get the unobstructedness
of A and

dim4) GradAlg(H) = 2-dim(la)7 — dim(la - Ia,)7 = 46 .

To get the other component, let now Fy be a sum of length 9 of general linear forms to the T-th
power (i.e. Ha, = (1,3,6,9,9,6,3,1)), let F be, say F» = 2%y+xyS+27 and let A = R/ann(Fy, ).
Then the the Hilbert function of A is H by Remark 47. We claim that A is licci! Indeed it is easily
checked by Macaulay 2 that A above admits the following CI-linkages to a CI of type (1,1,3). We
start with a general CI of type (4,5,7) whose generators are contained in I4 and follow up by general
CI-linkages of type (4,5,6), (4,4,6), (4,4,5), (3,3,5), (3,3,4), (2,2,4) and (2,2,3), in this order.
Then A is unobstructed and dim 4y GradAlg(H) = 47 by Remark 26(iii) or Theorem 24 and we are
done (of course, once using Macaulay 2 it is easier to see that the tangent space is 47-dimensional by
computing gext'(Ia,I4). The unobstructedness of A is, however, not at all easy to see by Macaulay
2 computations because gExth(I4, A) ~ oExt?(I4,14) is 1-dimensional and so is gH*(R, A, A) by
Proposition 45 and Remark 46. Hence we really need to use that the unobstructedness property is
preserved under Cl-linkages, which is true by Theorem 24).

Macaulay 2 also provides us with the following minimal resolution

0— R(—10)®> - R(—8)>® R(-7) ® R(—6)* - R(-7T) ® R(-5)* ® R(—4) = R— A — 0 .

Thanks to Theorem 24 we claim this is the minimal resolution of the general element of Va! Indeed
by Theorem 24 we know that general Cl-linkages take open sets onto open sets. Hence if we start
with a general CI of type (1,1,3) and reverse all the general Cl-linkages above, we get a general
element of Vo which one may check (Macaulay 2) has the minimal resolution described above. Note
the ghost-term R(—7). This term is not present in the minimal resolution of the algebra we described
in Vi which, by Macaulay 2, has another ghost-term, namely R(—6). Still we claim that the gen-
eral elements of V1 and Vo have different but comparable sets of graded Betti numbers. Indeed in
Iarrobino’s draft [25] he also mention that there is another algebra A" = R/ann(F1, F3) with Har =
(1,3,6,10,14,10,6,2) obtained by taking two general enough forms {Fi, Fo} with A; = R/ann(F;)
and Hy, = (1,3,5,7,7,5,3,1) for i = 1,2. We have used Macaulay 2 to see that if each F; for
i = 1,2 is of the form F; = (11)° % (12) * (13) + (11) % (12)° % (I13) where lj are general linear forms, then
A’ has a minimal resolution as above without ghost-terms. Hence the set of graded Betti number of
the general elements of V1 and Vo have a common minimum and the claim is proved.

Remark 50. (a) We have tried to look for other examples of several “level type 2 components” of
smaller socle degree, but have not yet fully succeeded. A promising candidate is H = (1,3,6,9,9,6,2)
where we get a level type 2 algebra A by starting with a CI of type (2,2,3) and linking in one step
via a CI of type (4,4,3). By Remark 26(iii) we have ghomp(Ila, A) = 33. Moreover we have an
A" = R/ann(G1, G2) with ghomp(Iar, A") = 35 (checked by Macaulay 2) by taking G1 (resp. Ga) to
be a sum of length 3 (resp. 6) of general linear forms to the 6-th power. It follows that A belongs to a
33-dimensional generically smooth component while, due to the size of the tangent spaces, there are
only two possibilities for A’. It is either obstructed, or it is unobstructed in which case it belongs to
an irreducible component different from the “licci” component. We have not yet been able to decide
which of the possibilities that occur.

(b) One may construct other examples of several “level type 2 components” of larger socle type by
taking the two components of Example 49 and performing a biliaison, starting with general CI’s of
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type (5,5,b) containing the general elements of the components and follow up by general Cl-linkages
of type (b,b,b), b > 7. Using Theorem 24, we get two irreducible components of GradAlg(H')
whose general elements are level type 2 quotients of socle degree 3b — 8 (H' may be computed from
H =(1,3,6,10,14,10,6,2)).

Remark 51. If we want to compare the parameter space of type 2 codimension 3 level algebras to
the corresponding space of Gorenstein algebras, we see many differences. In the level type 2 case,

(i) the parameter space may be reducible (Ezample 49 and Remark 50(b)),

(i) oH%(R, A, A) may be non-vanishing (e.g. Ezample 49, there are many more).

In the Gorenstein case (i) and (ii) are false. We have, however, not yet been able to find two
wrreducible “level type 2 codimension 3 components” with a type 2 level algebra in the intersection,
nor have we been able to find an obstructed type 2 codimension 3 level algebra.

Since the general elements of the components of Example 49 have different sets of graded Betti
numbers, one may look for multiple components in LevAlg(H) (e.g. of “type 27) or in GradAlg(H)
whose general elements have the same sets of graded Betti numbers. We have in [32], Ex. 26 and
Rem. 27 described several such examples, the simplest one consists of “level type 3 codimension 3
components” (resp. “Gorenstein codimension J components”) whose general algebras are level (resp.
Gorenstein) of dimension 2 (resp. dimension one). We may truncate the algebras (Proposition 33),
or better, divide by some twist of the canonical module (Theorem 27) to get many examples of e.q.
multiple “Artinian Gorenstein codimension 5 components” whose general elements have the same
sets of graded Betti numbers. We are, however, not aware of examples of multiple components in the
same Betti stratum in the level (resp. Gorenstein) Artinian codimension 3 (resp. 4) case.
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