RESOLVENT-TECHNIQUES FOR MULTIPLE EXERCISE PROBLEMS

SOREN CHRISTENSEN AND JUKKA LEMPA

ABSTRACT. We study optimal multiple stopping of strong Markov processes with random re-
fraction periods. The refraction periods are assumed to be exponentially distributed with a
common rate and independent of the underlying dynamics. Our main tool is using the resolvent
operator. In the first part, we reduce infinite stopping problems to ordinary ones in a general
strong Markov setting. This leads to explicit solutions for wide classes of such problems. Start-
ing from this result, we analyze problems with finitely many exercise rights and explain solution
methods for some classes of problems with underlying Lévy and diffusion processes, where the
optimal characteristics of the problems can be identified more explicitly. We illustrate the main

results with explicit examples.

1. INTRODUCTION

In this paper, we investigate the following optimal multiple stopping problem. Assume that
the agent follows the evolution of a continuous-time state variable X and has the possibility to
choose N stopping times such that there are exponentially distributed refraction periods between
the stopping times. At each stopping time, the agent gets a payoff contingent on the state of X
and her objective is to maximize the expected present value of the total payoff.

Optimal multiple stopping problems with deterministic refraction periods have been studied
quite extensively over the recent years. In particular, theory of Snell envelopes is understood
well in both discrete and continuous time, see [10, 11, 1, 6, 7, 30, 39, 43]. In the recent study
[14], the authors develop a general approach for optimal multiple stopping with random refraction
periods. In this paper, the refraction periods are assumed to be almost surely finite, nonnegative
random variables. Furthermore, the exercise policies are formalized with respect to appropriately
extended filtrations, see [14], Section 2, for details. From the mathematical point of view, our
study is concerned with a special case of [14]. However, by imposing the additional assumption of
the distribution of the refraction periods, we can exploit efficiently the known connection between
exponentially distributed random times and the resolvent semigroup in our study. This allows
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us to get a much more detailed picture on the problem. For instance, we can solve the problem
explicitly in many cases.

One of the major drawbacks in most of the previously mentioned articles is that it is hard to
find examples that allow for an explicit solution, even in the case of simple one-dimensional un-
derlying diffusion processes. Indeed, when studying optimal multiple stopping with deterministic
refraction periods, the main obstacle is how to determine the value of the remaining stopping
opportunities, the so-called continuation value. In our framework with exponentially distributed
refraction periods, we can tackle this using the theory of resolvent semigroups. From applications
point of view, it is also interesting to study multiple stopping with random refraction periods. As
we already mentioned, the majority of the literature is concerned with deterministic refraction
periods. If we consider applications in real investment problems, it can very well be that the wait-
ing times between exercises of a multi-strike real option are random. As an example in the real
option spirit, consider a firm facing the timing problem of multiple identical investment projects.
The firm has the capability to execute only one project at a time and it takes a period of time
to complete the project. Here, the refraction period has the interpretation as time to build, see,
e.g., [29]. Depending on the nature of the project, it can be very difficult to tell in advance how
long it takes to complete the project and therefore it can be reasonable to include uncertain times
to build into the investment problem. Our study gives a flexible yet tractable model to study
problems of this form.

This paper contributes to the theory of optimal multiple stopping in the following ways. We
present a thorough analysis of the case of exponential waiting times which does not appear in
the literature before. We point out an interesting connection on the multiple stopping problem
to a class of stochastic impulse control problems. We give separate account of both the case with
infinite and finite number of stopping times: we call these problems infinite and finite stopping
problems, respectively. The infinite stopping problem, which is also interesting in its own right,
gives an important point of reference to the finite stopping problem as a natural limiting case. Our
main results are presented for general underlying strong Markov dynamics. The general results are
complemented with a number of more specific results for underlying Lévy and diffusion dynamics.
The results are also illustrated with several explicit examples.

The remainder of the paper is organized as follows. In Section 2 we formalize the optimal
multiple stopping problem, whereas in Section 3 we first concentrate on the infinite multiple

stopping problem, where the issuer has infinitely many exercise rights. Surprisingly, it turns out
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that these problems can be reduced to ordinary optimal stopping problems and therefore can be
solved explicitly in many cases of interest. Some of these examples are given in Section 4, including
multidimensional underlying processes and processes with jumps. In Section 5 we study some of
the general properties of stopping problems with finitely many exercise rights. Section 6 is devoted
to the analysis of some specific classes of the problems with underlying diffusion dynamics and
Lévy processes. The study is wrapped up with an explicit example of the finite stopping problem

in Section 7.

2. THE MULTIPLE STOPPING PROBLEM

We start by laying down the probabilistic foundation for the optimal multiple stopping problem.
Let (Q, F,F,P) be a complete filtered probability space satisfying the usual conditions, where
F = {F.}i>0, see [9], p. 2. We assume that the underlying X is a strong Markov process defined
on (2, F,F,P) and taking values in £ C R? for some d > 1 with the initial state € E. As
usual, we augment the state space E with a topologically isolated element A if the process X is
non-conservative. Then the process X can be made conservative on the augmented state space
EA := EU{A}, see [37]. In what follows, we drop the superscript A from the notation. By
convention, we augment the definition of functions g on E with g(A) = 0.

Denote as P, the probability measure P conditioned on the initial state z and as E, the
expectation with respect to P,. The process X is assumed to evolve under P, and the sample
paths are assumed to be right-continuous and left-continuous over stopping times meaning the
following: if the sequence of stopping times 7, 1 7, then X, — X, P, -almost surely as n — oo.
Furthermore, we assume that the underlying probability space is rich enough to carry a time-
shift operator 6. for the strong Markov process X. There is a well-established theory of standard
optimal stopping for this class of processes, see [35].

For r > 0, we denote by L] the class of real valued measurable functions f on E satisfying the
integrability condition E, { [J* e |f(X;)|dt} < oo for all z € E. For a function f € L7, the

resolvent R,.f : E — R is defined as

(R.f)(z) = E, { /0 h e_”f(Xs)dS} 7

for all x € E. It is well known that the family (Rx)aso is a strongly continuous contraction

resolvent and that it has the following connection to exponentially distributed random times: if
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U ~ Exp()) and independent of X, then A(R,419)(z) = E; {e7"Vg(Xy)} whenever g € LT, see
[37].

As was explained in the introduction, we consider an optimal multiple stopping problem with
underlying strong Markov process X subject to exponentially distributed refraction periods in
between the stopping times. To make a precise statement, let U, Uy, ..., Uy be IID with U ~
Exp()\) and independent of X. For brevity, denote the N-tuple (Uy,...,Ux) as U. Furthermore,
denote as 7 = (11,...,7n) an N-tuple of random times in the case when N is finite. We first
concentrate on the case N = oo, where we consider sequences 7 = (7, )nen, U = (U, )nen, instead
of tuples. A priori, the random times U; are not F-stopping times, so we need to consider an
appropriately augmented filtration to formalize the multiple stopping problem. To this end, we
use the approach used in [14] which we review here shortly for the readers’ convenience. Define
the augmented filtration F™ U1 as the smallest right-continuous filtration such that the random
time 71 + U, is a stopping time. Furthermore, define the remaining augmentations F71 U1 7i+Ui

i=2,...,N, recursively as

FritUnemitUn — (]F7'1+U1,-~-’7'i—1+Ui—1)Ti’+U7"'

This filtration carries the information on the occurrences of the chosen stopping times 7; and the
random times when the refraction period has elapsed after a given stopping time, i.e., the times
7; + U;. Now, for each F-stopping time 7 and for n < IV, define
71 is an F-stopping time with n < 7,
SZ;(U,IE‘) =<7 ¢ 7 is an FHUnTioitlici gonping time ¢,
and Ti—1 +Ui,1 S Tis 1= 2,...,71

where U = (Uy,...,Up—1). Using the set S, we can formalize the multiple stopping problem under

consideration as follows
N
(2.1) VN(z) = VN (z) = sup  E, {Z e’"Tig(Xn)l{TKOO}} .
FeSY(UF) i=1
Here, r > 0 is the constant rate of discounting and the function g satisfies some regularity prop-

erties to be specified below.

2.1. Connection to impulse control. Before solving the multiple stopping problem, we want to

point out the connection of the multiple and infinite optimal stopping problem to impulse control
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problems. We do not use the theory of impulse control in the following, but this point of view
sheds light on the nature of the problem. To this end, we introduce a new Markov process X on
the new state space

E=EUE?,

where for each = € E we introduce a new isolated point 9, and write E? = {9, : = € E}. Started
on E the process X behaves as the original process X. Started in d,, the process X stays in this
point for an exponential time (with parameter \) and jumps back to E and is restarted with an
initial distribution P, (Xg € ), where S is an independent Exp(\)-distributed random variable.

An admissible impulse control policy for this sequence is a potentially infinite joint sequence
K = (Tn,Mn)nen, where (7,)nen is an increasing sequence of stopping times and each 7, is an
F,, -measurable random variable with values in the set A(X,, ) (in case this set is not empty; for
A(X;, ) = 0, no control is possible). In our special situation, we consider A(z) = {0,} for all
r € E and A(z) = 0 for all z € E?. For each impulse control strategy K, the controlled process
X under the measure PX behaves as under P, until the first control taking place in 7;. Then
the process is started from 7; and runs uncontrolled until 75 and so on. The construction of the
process (on an extension of the original probability space) can be found in [41] to give a reference
in English.

We consider the optimal impulse control problem

V(x) = sup Eff {Z e”"g(Xm_)l{T“<oo}}
n=1

K=(Tn,Nn)nen
where g : E — R is as before and we formally set g(9,) = 0 for all z € E.
Now, noting that there is an exponential time between each two stopping times of an impulse
control strategy, there is a one-to-one correspondence between sequences of stopping times 7 €

S{)’O(U ,IF) in the infinite stopping problem and impulse control strategies as given above simply by

(Trs M) neN = (Tn)nen

and
EX {Z e_”"g(XTn)l{Tn<Oo}} =E, {Z e_T”g(XTi)l{TKOO}} .
n=1 i=1
In particular, we see that V°(z) = f/(x) and (75,75 )nen is optimal for the impulse control

problem if and only if (7,5),¢cn is optimal for the infinite stopping problem. Therefore, the infinite

stopping problem can be seen as an impulse control problem for a strong Markov process from a
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special class. The multiple stopping problem for finite N can therefore be seen as the standard
approximation of this problem, that is often used for an approximation for general impulse control

problems. For connected results in the finite stopping situation, we refer to [12, Subsection 3.6].

3. THE INFINITE STOPPING PROBLEM

Since the time horizon is assumed to be infinite, it is natural to consider the infinite stopping

problem N = oo, that is, the problem

(3.1) V() =V®(@)= sup E, {Z e_TT'ig(XTi)l{TKOO}} .
TESS(U,F) i=1

We assume in the following that ¢ is continuous and nonnegative. The main aim of this section is

to show that the solution to this infinite stopping problem can be reduced to the solution of the

ordinary optimal stopping problem

V(z) =supE, {e‘(T“)Tg(Xr)l{moo}}

under general assumptions (note that the discounting parameter r + A is used instead of r). To

this end, we first give a verification theorem for the value function.
Proposition 3.1. Assume that v is nonnegative, r-excessive, and
(3.2) v(@) = g(2) + A(Rpa0)(2):

Then V> <.

Furthermore, if T is a stopping time such that for all x € E,

(3.3) E, {e’”*v(XT*)l{T*QX,}} = v(z),
and
(3.4) E, {e_"*v(XT*)l{T*@o}}

=E, {e_T'T*g(XT*)l{T*<OO}} + AE, {e_”* (Rr+/\U)(XT*)1{T*<oo}} ,
then V> = v and the sequence T € SSO(U,F) associated with ™™ given by ™ = 77,
T = ™0 97i71+Ui71 + 7121+ U;i—q fO’f’ all 1> 2,

is optimal.
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Before proving the result, let us note that for each nonnegative, r-excessive function v it holds

that v € L7 since

E. {/ e~ (rt A |’U<Xt)|dt} < / e My(z)dt < oo,
0 0

i.e. the function R, v is well-defined for all A.

Proof. Let 7 € S§°(U,F) be arbitrary. By noting that 74, — 00, it is clear that E, {e "™ A(R,1Av)(X.,)} —

0. Writing 7,41 = 7; + 0441 © 6, we obtain

Ez {Z e_rng(X‘ri)l{‘ri<oo}}
=1

<E, {Z e T (U(Xn) - /\(RT+>\U)(X71))1{Ti<OO}}

=E, {7 0(Xr )1 <oy} — kli_)Iglo E, {¢ T AR4a0) (X))
k

+ lim ZEw {e_TTHlU(XTHl)1{Ti+1<00} - 6_7‘Ti)‘(RT+>\v)<XTi)1{T1<oo}}

k—00 4
=1

=E, {e_TTl’U(X.,—l)].{Tl<OO}}
+ Y B e 0(Xr ) <o0) — €T Ex,, {eT0(X0) } Lincooy |
i=1
=E, {eiTTlv(XTl)]‘{Tl <oo}}
9
+ Z E, {e—rn (EXH {e_TUHlU(Xng)} _ EX” {e_TUi’U(XUi)})]'{Ti<OO}}
i=1
<v(x),

where, in the last step, we used the r-excessivity of v together with the fact that o;11 > U; for all
1. This proves the first claim.

For the second claim, note that we have equality in each step for the special sequence. O

Having the previous verification result in mind, we have to find an appropriate candidate
function v. However, on the first view it is not clear at all how to find such a candidate and for
other refraction time distributions, it seems to be impossible to find such a candidate explicitly.

But the exponential distribution allows for such a construction.

3.1. On solving ordinary optimal stopping problems using the resolvent operator. The

key idea is to use a representation of the value function of ordinary optimal stopping problems
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using the resolvent operator as follows: Consider the ordinary optimal stopping problem
V(z)=supE; {e " g(X:) 10y}
T

for some 7 > 0. It is well-known that under minimal conditions on X and g, the value function 1%
can be characterized as the smallest 7-excessive majorant of g, see e.g. [40].

A typical class of 7-excessive functions is given by the 7-resolvent operator R; applied to a
nonnegative function o. On the other hand, the Riesz representation theorem for 7-excessive
functions of a nice strong Markov process X with state space E implies that each 7-excessive

function u can be represented uniquely in the form

(3.5) u(z) = /E Gz, y) o(dy) + h(z),

where G denotes the resolvent kernel with respect to some duality measure m, o is a Radon
measure, and h is an 7-harmonic function. For the exact assumptions on the process X in the
framework of Hunt processes, we refer to the discussion in [17, Chapters 13,14]. This integral
representation of #-excessive functions can be used fruitfully to establish a dual approach to solving
ordinary optimal stopping problems by representing V in the form (3.5), see [38, 32, 13, 18, 16].

One basic approach to obtain a representation of the form (3.5) is the following. Under weak
integrability assumptions on g, it can be seen that V is an 7-potential implying that h = 0.
Furthermore, if g is smooth enough, it can be seen that — under some further assumptions — the
measure o is absolutely continuous with respect to the duality measure m and the density of ¢ is
given by

0, y € 5%
o(dy) =
o(y)m(dy), y €S,

where S denotes the stopping set, the function o is defined as o(y) = (# —A)V(y), and A denotes
the generator/Dynkin operator of X — for local operators A, it holds that o(y) = (7 — A)g(y). We

write o(y) = 0 on S¢. Then, the representation (3.5) reads as

V(x) = /E G, ) o(dy) + h(zx) = [E o (4)Gy (. y) m(dy) = Rso(x).

which yields a representation of the value function as a resolvent of a nonnegative function o.
This representation for value functions of ordinary optimal stopping problems will be the key for

solving infinite stopping problems in the rest of this section.
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3.2. Reduction of the infinite optimal stopping problem to an ordinary one. Now, we

assume that there exists an optimal stopping time 7* for the problem
(3.6) V(z) =supE, {e_(r+)‘)Tg(XT)1{T<OO}}

and that V has the Riesz representation

V(z) = (Rryx0)()

for some function ¢ : E — R, see the previous discussion. Assuming that the integral defining

Vis finite, we define the function v as
v(z) = (R,o)(x) for all z € E;

note that we changed the parameter of the resolvent from # = r+ X to . Then, v is r-excessive and
nonnegative as the r-resolvent of a nonnegative function. Furthermore, since Vis (r4A)-harmonic

on the continuation set 5S¢ i.e. ¢ =0 on S¢ we see that v is r-harmonic on this set, in particular
E, {e_”*v(Xr*)l{r*@o}} =v(z).
That is, the condition (3.3) holds. Moreover, using the resolvent equation we obtain
() = g(z) > v(@) = V() = (Rr = Rr42)0)(@) = A(Rpia(R,0))(2) = A(Rp120)(2)

for all z € E with equality for « in the stopping set, and in particular assumption (3.2) holds true.

r*

By evaluating these functions at X,«, multiplying by e~ and taking expectations, we obtain

using the optimality of 7* the condition

E, {6_7}T*U<X7’* >1{T* <°°}} - E, {e_TT*g(XT* )1{7* <oo}}
:Ez {e_rT*U(X-,—* )1{7—*<oo} } - EI {e_m—* V(XTx )1{7* <oo} }
B, {7 (Rea0) (X, )1 (o |

that is, the condition (3.4). This shows that the assumptions of Proposition 3.1 are fulfilled.

Putting pieces together, we have the following:

Proposition 3.2. Assume that there exists an optimal stopping time 7 for the problem

V(z) =supE, {e_(r+)‘)Tg(XT)1{T<OO}}
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and that V' has the Riesz representation

(3.7) V(z) = (Rryxo)(z)
for some function o : E — R, in LY. Then
V(z) = (Ryo)(x) forallz € E
and the sequence T € S{)’O(U',IF) associated with T* given by 11 = T*,
T, =700, 4u,_, +Tic1+U;_1 foralli > 2,
is optimal.
Remark 3.1. We point out that the optimal stopping problem (3.6) has an interpretation as an

optimal stopping problem with random time horizon. To this end, let U ~ Exp(\) independent of

X and T be a stopping time. Then
E,. {e_”g(XT)e_/\Tl{T<OO}} =E, {e_TTg(XT)1{7<U}} .

That is, we can interpret the optimal stopping problem (3.6) as a problem with independent and
exponentially distributed time horizon. The mean of the random time horizon is the same as the

mean waiting time after stopping in the infinite stopping problem.

4. SOME EXAMPLES FOR THE INFINITE STOPPING PROBLEM

4.1. Infinite American call problem for the geometric Brownian motion. As an appli-
cation of the previous results, we consider the case that g(z) = (z — K)T and X is a geometric
Brownian motion on (0,00), i.e., the regular linear diffusion X given as the solution of the It6
equation dX; = uX;dt + o X dW;, where u € R and ¢ > 0. Here, W is a Wiener process. For
the problem to be well-defined, we assume that p < r. The associated ordinary optimal stopping

problem
(4.1) V() =sup B, {e (X, < K) Ly }
has the well-known optimal stopping time

8
o1

T =inf{t >0: X; > &}, where &o =



RESOLVENT-TECHNIQUES FOR MULTIPLE EXERCISE PROBLEMS 11

for
2
1 u 1 pu 2(r+A)
= R — - — -~ 7 1
s (2 02) +\/(2 02> + o2 > b
and
R rz— K, T > Too
V(z) =
JACC’;T_K%‘B, T < Too.
Writing

o@)=(r+A-—Aglx)=(Fr+I—pz—K(r+X)
for £ > & and o(x) =0 for & < T, we find that V can be represented as

V(z) = (Rryr0) (@),
see also [18], Section 5.1. Therefore, by Proposition 3.2 the sequence 7 € Sg"(U,]F) associated
with 7* given by
m=inf{t > 714+ U;—1: X¢ > 8o} for all i > 2,
is optimal and
V= (x) = (Ryo)().

Using the representation of the resolvent for diffusion processes discussed in (6.2) below, a short
calculation yields

u .
ar+c+c3x?, x> T,

cqx’, T < ZToo,

and
A
C1=U, sz—KT+>\,
r— i r
2 bt2pfei—1 T+A—p K(r+ X\
03_02BT (Foc) b+2u/02x°° b+2ujo2—1)"
2 _ A— K A
eo= 2B (o) (LA (HQ) .
o a+2u/o a+2u/c?—1

Note that in the degenerated case A = 0, one obtains V*° = V, as expected.
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4.2. Infinite American call problem for geometric Lévy processes. One can generalize
the previous result to general geometric Lévy processes, that is, for processes X = e¥, where ¥
is a Lévy process with Ee¥! < e”. In this case, it is known that the optimal stopping time for the

problem (4.1) is also a threshold time and the optimal threshold is given by
foo = KEeM,

where M denotes the running maximum process of Y evaluated at an independent, Exp(r + \)-
distributed time, see [31].

Finding an explicit representation of the form (3.7) for the value function seems to be hard
for general Lévy processes. But for spectrally positive Lévy processes [15, Proposition 2.16] is

applicable and yields that again
oy) =(r+A—A)(e - K) fory > Zw,

where A denotes the extended infinitesimal generator of Y, which gives the desired representation.

In this case, A acts as

2 g2 d
=%d72 (y) +b—f(y)

Af(y) i
d
+ /(o,oo) (f(y +2) = fly) - zdzf(z)l{Kl}) m(dz),

where (b, ¢, ) is the Lévy triple of X. Therefore, o can be identified to have the following easy

form:

(4.2) o(y) = (r+A)(e¥ - K) + ¢ (2 +b+ / (e —1- yl{z<1})7r(d2)>
(0,00)

(4.3) =—(r+ MK+ T+A+19(1))eY,

for y > 2o and o(y) = 0 for y < 2o, where (1) = log E(e¥*). This yields the optimal strategies

and the semi-explicit representation for the value function
V= (z) = (Ryo)(z).

A more explicit representation of the resolvent operator for spectrally one-sided Lévy processes is

discussed in Subsection 6.2 below.
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4.3. Infinite investment problem. To illustrate that the theory is not restricted to one-dimensional
problems, we now consider one of the most studied multidimensional ordinary optimal stopping

problems, namely the problem
vi(z) = sup E, {e‘ﬂT(Xﬁo) B ¢ ———— Xﬁd))} , x € (0,00)4, 8 >0,

where (X(© ..., X)) is a d+1-dimensional (correlated) geometric Brownian motion. This problem
is motivated by an investment situation: An investor is able to choose a time point to make an
investment. She has to pay the sum of the cost factors XM ..., X(@ and gets out X(©. By a
change of measure argument, it can immediately be seen that the problem can be reduced to the

following
d +
(4.4) V(z)=supE, { e P <1 - ZX@) , x€(0,00)%
T i=1

The problem was studied in [20, 34, 22, 33, 13, 16] from different points of view. Recently,
the problem was solved [16] by characterizing the boundary of the optimal stopping set S as the
unique solution to an integral equation using the Riesz representation approach as described in

Subsection 3.1. Then, the value function can be represented as

V(z) = Rgo(x)

with o given by o(y) = (8 — A)g(y) on S and o(y) = 0 on S°.

Now, we consider the corresponding infinite stopping problem: Over the time, new investment
opportunities arise, but after making an investment, the investor has to wait for the next invest-
ment opportunity; as before, we assume this refraction period to be exponentially distributed.
Due to the memoryless property of the exponential distribution, this assumption seems to be
reasonable in this situation. We are faced with the problem

oo
V¥(xz)= sup E,; {Z e"‘”g(XTi)l{TKoo}} ,
TESS (U,F) i=1
where X = (XM ..., X(4) is the geometric Brownian motion and g(z) = (1 — 23 — ... — x4) 7.
Again, this problem can immediately be solved by applying Proposition 3.2: We consider the
ordinary optimal investment problem discussed above with parameter 8 = r+ A and obtain S and

the function o. Then

Vo(x) = Ryo(x)
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and the sequence of optimal stopping times is given recursively by
Ti* = ll’lf{t > T,;;l +U;,_1: Xt € S}

This result can be extended to multidimensional geometric Lévy processes with only negative

jumps by using the results from [16].

5. THE FINITE STOPPING PROBLEM

In the previous sections we studied the limiting case of the optimal multiple stopping problem
(2.1) where the number of exercise rights was infinite, i.e N = co. In this section, we focus on
the finite case N < oo. The following theorem gives the solution of the optimal multiple stopping
problem (2.1) for finite N via a strip of N optimal single stopping problems with modified payoff

functions. For brevity, denote
(5.1) H'(z) = g(z) + A(Bra V3 )(2),

foralli =1,..., N, where V) = 0. We make the following assumptions on the payoff structure:

(A1) the payoff g : E — R is lower semicontinuous and in L},

—

(A2) there exist an r-harmonic function h : E — R, such that the function = — Z%.ﬁ) is

bounded.

We have the following result.

Theorem 5.1. Assume that (A1) and (A2) hold. Then, for alli=1,...,N, the value function
V/\i exists and can be identified recursively as the least r-excessive majorant of the function H*.
Furthermore, if, in addition, the function g is continuous for all i = 1,..., N, then the optimal

stopping time 7, exists and can be expressed as
m=inf{t > 77 +Uisy  HY 77X = VYT (X))

Proof. For notational convenience, we concentrate on the case N = 2; the general case then holds
by a straightforward induction.

Fix A > 0 and z € E. Let 7 be an arbitrary F-stopping time. First, we write

E, {eirTg(XT)l{T<oo}} = EZ {flgf(:; 1{T<OO}} h(l‘),
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where E” is the expectation with respect to the probability P” associated with the Doob’s h-

transform X", see [19]. Since the function x }QLEE; is bounded and lower semicontinuous and the

resolvent of zero is zero, we conclude that the function
V/\l (.’L‘) =supE, {e_TTlg(XTl>1{T1<oo}}
T1

is finite and is the least r-excessive majorant of x — g(x). Since the underlying X is strong

Markov, we find that
E, {e_T(T—H)V)\l (X7+t>1{r<oo}} =E, {Ex {e_T(T—H)V)\l (Xr1t) ‘]:‘r } 1{'r<oo}}

=E,; {B_TTEXT {e—rtv/\l(Xt)} 1{T<OO}} s

holds for all ¢ > 0. By integrating this expression over the positive reals with respect to ¢ with

weight A\e~* we obtain
E, {e_T(T+U)V/\1(XT+U)1{T<oo}} =E,; {G_MEXT {/\/OOO 6_(T+A)tv,\1(Xt)dt} 1{T<oo}}
=E, {¢ AR V) (X )17 co0) } -
Now, let (11,75) € S2(U,F) be arbitrary. Then we find that

E, {eirTIg(Xﬁ)]‘{Tl <oo} + eirng(X72)1{7'2<oo}}

IN

Em {(e—Tﬁg(Xn) —+ e_T(T1+U1)V)} (X7‘1+U1)) 1{7-1<oo}}
=E, {6—7"7'1 (g(X.,_l) + )\(RT+)\V)\1)(XT1))1{T1<00}} ,

which, in turn, yields the inequality
sup . Ea: {e_TTlg(XT1)1{T1<oo} + e_rmg(X‘rz)]-{'rg<oo}}
(11,72)€S2(UF)

< sup Er {eir‘rl (g(XTl) + )‘(RT+>\V)\1)(X7'1))1{T1<00}} .

T1
To prove the opposite inequality, let 71 be arbitrary. Find an optimal stopping sequence such
that
E, {e_rT;g(XT:)]‘{T;<OO}} T sup E, {e79(X:)1(rc0) ) = Vil (2)
and write

Tom = (11 +U1)+ 700 1v,-
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By Fubini’s theorem and the strong Markov property

B, (e 0(Xn )<t}

E, e~ ((r+U) 77007 vy )g(

X(T1+U1)+TT*LO(971+U1 )1{7'2,n<oo}}

E, e E, {eirUlEx {eirT"oeflJrUlg(X(T1+U1)+T,’§00

Frovon | Fo P sy}

o0
_ / B, {e By {e By {e7 0 g(X, L 0) [ Frita } [ Fru } Limnor<oe | At
0

71+U1)

= / E, {677”7—1]3)(7_1 {eirtEXt {eirT;g(XT;)l{T;;<oo}}} 1{T1<OO}} e Mdt
0

—E, {e—rn Ex,. {e—rUl Ex,, {e_TT:g(XT;:)]-{T;:<OO} }} 1{7-1<OO}} ,

where the stopping time 72 ,,(t) = (71 +t) + 7,5 0 0,4+, Since

Exy, {7 9(X0:)1irs o0 } 1 VA (X0),

we obtain by monotone convergence that

E, {7 (X, Nir,coor} = B {e M Ex, {7V (X0,)} Lircoo} )

=E, {e AR a2 V) (Xr)1{r <00} } -

We have proved

sup . Ea: {e_rTlg(XT1)1{'rl<oo} + e_rmg(X‘rz)]-{'rg<oo}}
(11,m2)€S2(UF)

> sup ET {677"7‘1 (g(XTl) + )‘(RT+>\V)\1)(XT1))1{T1<OO}} .

T1

The form of the optimal stopping times holds by the general theory of optimal stopping under the

stated assumptions. O

Remark 5.1. The previous result can also be obtained by using the general theory developed in
[14]. Furthermore, one sees that the optimal stopping times are first-entrance-times into stopping
sets S™, where S' is the set for one stopping opportunity, S% for two etc. By the general theory of
multiple optimal stopping with general random refraction times, see [14, Lemma 4.3 ff.], it is clear
that ST C 82 C --- C 8, where S is the stopping set for the infinite stopping problem discussed
in the previous sections. This fact turns out to be important for solving multiple stopping problems

(N finite) in the following.
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6. CLOSED-FORM SOLUTIONS FOR THE FINITE STOPPING PROBLEM USING THE RESOLVENT

OPERATOR

To obtain closed-form solutions of the previous problems using Theorem 5.1, it is crucial to
have explicit representations for the resolvent of the underlying process. Here, we consider the
particularly interesting cases of diffusion processes and (spectrally one-sided) Lévy processes.

Most solvable ordinary optimal stopping problems have a one-sided solution, that is, the op-
timal stopping time is of threshold-type. Therefore, it is our aim in the section to find sufficient
conditions that guarantee that the optimal stopping times in the multiple stopping problem are
also of this type. We give conditions that can be checked a priori, i.e. without solving the sequence

of stopping problems using Theorem 5.1 explicitly.

6.1. Diffusion dynamics. We assume that the state process X evolves on R, and follows the

regular linear diffusion given as the weakly unique solution of the It6 equation
(61) dXt = M(Xt)dt + O'(Xt)th, XO =xT.

Here, W is a Wiener process on (2, F,F,P) and the real valued functions p and o > 0 are
assumed to be continuous. Using the terminology of [9], the boundaries 0 and oo are natural,
see [9], pp. 18-20, for the boundary classification of diffusions. As usual, we denote as A =
102 (z)% + ,u(x)% the second order linear differential operator associated with X. Furthermore,
we denote as, respectively, ¥, > 0 and ¢, > 0 the increasing and decreasing solution of the ODE
Au = ru, where r > 0, defined on the domain of the characteristic operator of X. By posing
appropriate boundary conditions depending on the boundary classification of the diffusion X, the
functions v, and ¢, are defined uniquely up to a multiplicative constant and can be identified as

the minimal r-harmonic functions — for the boundary conditions and further properties of ¢, and

©r, see [9], pp. 18-20. Finally, we define the speed measure m and the scale function S of X via

the formulee m’(z) = 022@) eB@ and S'(z) = e @ for all 2 € Ry, where B(z) := [* ?2‘8; dy,
see [9], pp. 17.
We know from the literature that for a given f € L] the resolvent R, f can be expressed as

oo

62)  (Rf)@) = B o) /0 ") fy)m )y + By (o) / o0 (9) () (v)dy,
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for all x € Ry, where B, = g, ((;)) or(x) — ?7 ((:)) ¥, (x) denotes the Wronskian determinant, see [9],

pp.- 19. Finally, we remark that the value of B, does not depend on the state variable x but
depends on the rate r.
Given the underlying X, we consider the multiple optimal stopping problem
N
(6.3) VAN(.’L‘) = sup E, {Z e_T”g(XTi)l{TKOO}} ,
7eSY (U F) i=1
with payoff function g, we make more specific assumptions on g later.

For some preliminary analysis, define the operator L as follows

(6.4 L)@ = 28 0 - L8 0),

Then we have the following lemma.

Lemma 6.1. Assume that the function f is continuous and r-excessive for diffusion X. Then the

function x — /\(R&fi(kf))(x) is decreasing.

Proof. Since the function 1, is r-harmonic, a straightforward differentiation yields

(LRraf) (x) = =ty () (A = 1) (Rrgr f) () ()
= —r(@)(MByiaf)(2) = f(2))m'(z) = 0,

for all z € R,. Here, the operator L is defined in (6.4) and the last inequality is given by Prop.
I1.2.3 in [8]. Thus

4 (Menle)) __Sto),
dx e () 1/} (z)
W((f?)) )\/0 Ur () MR f)(y) = f(y))m (y)dy <0,

™

AML(Briaf)) ()

for all z € Ry O

In what follows, we pin down sufficient conditions for the optimal stopping rules to be one-sided

threshold rules.

Proposition 6.2. Assume that
e the function g € C?*(Ry \ D) N C(Ry) such that limits limg—y+9'(z) and limg_,+g" (x)
are finite for ally € D. Here, D is a countable subset of Ry which has no accumulation

points,
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e the function x — jr(a;)) has a unique finite global mazximum at & and is decreasing for all

x>z,
e the function (A —r)g is decreasing for x > &, where o, := inf S°°, see Remark 5.1.
Then, for alli=1,...,N

e the function x — IJ((;”; has a finite global mazimum at a point x} < Z,

o S, =[x}, 00) and the optimal stopping times 1,...,7x read as
i =if{t>7"  + Ui Xy > 2Ny i)
e the value functions read as

4 Hi(z), x>}
(6.5) Vi) =

L), v<a

where the function H' is defined in (5.1).

Proof. Since V) = 0, the claim follows immediately for ¢ = 1 by [2, Theorem 3]. We proceed by

induction: assume that the claim holds for index 7 — 1.

(1) We know from the standard theory of optimal stopping, see, e.g., [35], that the value
function V;71 is finite and r-excessive. By [8, Proposition I1.2.3], this implies that

V;fl(a?) > )\(RH)\V)f*l)(w) for all x € Ry. Thus

H'(z) _ g(z) +Vy~'(2)

9(%) ' (x) )
Y () = Yr(z)

S0@ T i)

for all z € Ry, that is, the function z — Hi () is bounded. In addition, we know

Pr(x)
from Lemma 6.1 that the function x — )\(th/jriw is decreasing. Thus the function
T = i((;”)) is decreasing for all x > Z. Since the interval (0,2 ) is a subset of the
continuation region for all ¢ = 1,..., N (see Remark 5.1), we can assume, without loss of
generality, that g(z) = 0 for all + € (0,2 ). Thus we observe using (6.6) that i((z)) <

H' Naf_,) H'(z}_,)
wr(m;ﬁl) - wr(r:71)

T > g—((j)) has at least one maximum point on (Zs,&). Let zF denote the smallest

for all z € (0,Zx). By continuity, we conclude that the function

maximum point.
(2) By [13, Lemma 1.1], we know that 7 € S*. By [5, Theorem 2] we furthermore know that

inf{t > 0: X; = 2z} is an optimal stopping time for all starting points in (0,z}) and by
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(6.7)
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the minimality of z} we obtain that S¢ C [z},00). On the other hand, by Remark 5.1 it

holds that [z}_;,00) = S~ C §°.

We now show that z — {Zl((i)) is non-increasing on [z}, x}_;]. To this end, consider the

function
ro) = G (@) - (o)

Since 1, is r-harmonic, straightforward differentiation yields

!

I'(2) = =g (2) (A — 1) H' (2)m’ (),

for all x € R. Since the boundaries are natural, we find that I?(0) = 0 and, consequently,

that
Ii(z) = - / o) (A — PV () (3)dy.

On the other hand, since

I'(x) = _ﬁ?((z))ic (fbf:((z))> 7

we conclude

d (Hl(x)) o xz/ﬁr(y)(A—r)H"(y)m’(y)dy-

da Ue(x) ) Y2() Jo
We know that the resolvent (R, ,Vy ') satisfies the relation (A — (1 + \))(R.\Vi ™) =
V{7, Thus

(A=) H (z) = (A= 1)g(@) + NA(Rr2 V™ )(2) = V7 (@),

Since the boundary oo is natural, it follows from [28, Lemma 2.1] that

H'"(x} )

_ H (27 ,) N
Yr(T7_y)

Vi) = ) = A <R

w) (x)

for all x < x}_,. By invoking the representation (6.2), we find that

MR Vi (@) = Vit (@)

Br+)\

oo

A

(so;H(m) / )V ) (y)dy 4 (2) / %H(y)vf_l(y)m/(y)dy)

o0

_ >\ Hiil(m?—l) ( /
Bryn Yr(zf_y)

<0.

() / b () (9)dy + 1 () /

x

%+A(y)¢r(y)m’(y)dy>
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Thus, we find using (6.8) that the integrand in (6.7) is non-increasing on (Zoo, ) ;).

Therefore the function is z — 55@ is non-increasing on [z}, z}_4].
r 33) [

(4) To prove that S* = [z}, 00) it remains to be shown that [z}, z} ;] C S*. To this end, assume
that there exist y; < ya € [2,27 4] such that (y1,y2) ¢ S*. By [5, Theorem 3] (or also

[13]), there exists A € (0, 1) such that y;,y2 are maximum points of m Without
loss of generality, we standardize the functions 4, and ¢, such that ¢, (y1) = ¥, (y1). Then

— using that H® /1, is non-increasing on [z} 1, z}] and ¢, (y2) < ¥, (y2) — we obtain

H Hi H H
m(yl) = ;(m) > E(yz) > m(yz),

which is a contradiction.

Now, all other claims hold by the general theory of optimal stopping. O

Proposition 6.2 is formulated for increasing payoff satisfying additional regularity conditions.

We point out that one can formulate an analogous result also for decreasing payoffs in terms of

(z)
or ()

the ratio function = — and obtain another wide class of solvable optimal multiple stopping

problems with one-sided optimal threshold rules — for analogous results in optimal single stopping,

see, e.g., [27] and [28].

6.2. Lévy processes. For Lévy processes X, we consider the resolvent kernel G, given by
oo
Gr(z,y)dy = / e ""PL(X, € dy)dt.
0

Assuming that M and I are independent random variables with distributions of sup,<, X; and
inf;<7 Xt, respectively, where T is an independent exponential time with parameter r, the Wiener-

Hopf-factorization (see [24, Theorem 6.16]) states that
Xr L M+1.

Therefore,
SO Wy — 2w~ tdt, y<a

[ @ fr(y —x —t)dt,  y >,

where fr, far denote the densities of I and M, that we assume to exist.

rG(z,y) =

Unfortunately, these densities are often not easy to find explicitly. Interesting classes of pro-

cesses with two-sided jumps, where the Wiener-Hopf factors can be inverted analytically, are Lévy
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processes with phase-type jumps and meromorphic Lévy processes, see [3] and [23]. In the fol-
lowing, we consider the particularly interesting class of spectrally negative Lévy processes, since
our results can be presented without technical difficulties in this case. Here, the resolvent kernel
G, can be given semi-explicitly in terms of the scale-function W (") of the process and the right

inverse @ of the Laplace exponent as
(6.9) Gplz,y) = @'(r)e”* DO —W(z —y)
and z*, o are given as above, see [24, Corollary 8.9]. The resolvent is then given by

(B, f)(x) = / ()G (2, y)dy.

This representation can be used as a key for solving multiple stopping problems for underlying
Lévy processes in our setting. But also in this case, the scale function is not known in closed form in
general, but a fast evaluation of these functions is essential to apply our approach. A way out is to
approximate a general jump distribution by phase-type jumps. We refer to [21] for a discussion of
the numerical approximation of general scale functions by scale functions of phase-type spectrally
one-sided Lévy processes, which can be written in terms of (complex) exponentials.

To give a basis for obtaining explicit examples, we again concentrate on examples that lead to

optimal stopping times of threshold-type. As a main tool, we use the theory developed in [15].

Proposition 6.3. Let X be a spectrally positive Lévy process and let g be such that there exists a

continuous function f such that

e g(z) = (er) (z) for all x,!

e the function f 18 non-decreasing.

Then for each N € N, there exists x% > oo such that SN = [z%,00) and the value function has
the form VN = R,.o™V for some continuous non-decreasing function o, which fulfills the recursive
equation

oN = [+ AR 20N on [z, 00) and o =0 on (—o0, ).

Proof. We proceed by induction on N and assume that

N-1 x N1 N-1
S =lxy_1,0), V =Ry, 0" ",

Lunder appropriate smoothness assumptions on g, this means that f =(r—Ayg
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N-1

where o is continuous and non-decreasing. Note that ¥ ~1(x) = 0 for # < 2%,_,. By Theorem

5.1, we are faced with the optimal stopping problem with reward function
G+ AR DV = R.f + AR, 2R 0N = R, N,
where fN = f + AR, \oN L fN is also continuous and non-decreasing. Writing

0
fe) =1 [ PG uPolir  dy)

we immediately see that f fulfills the assumptions of [15, Theorem 2.5], i.e. the set SV is of the
form [z}, 00) for some z%;, and [15, Proposition 2.16] yields the desired resolvent-representation

for VNV, O

Remark 6.1. e In the setting of Proposition 6.3, the Lévy process X may jump into the
stopping set, i.e. overshoot may occur. The assumption of the process having only positive
jumps guarantees that the processes does not exit the stopping set by a jump, when started
in the stopping set. This is the essential assumption for [15, Proposition 2.16] to be
applicable.

e Note that for each spectrally positive Lévy process X, the process —X is a spectrally negative
Lévy process, so that Proposition 6.3 can immediately be extended to spectrally negative
Lévy processes when the stopping sets are of the form (—oo,x,].

e The arguments in the previous proof were not directly based on the special structure of the
process X . The arguments can be generalized to more general real-valued Hunt processes
with only positive jumps under appropriate additional assumptions following the results in
[15] carefully. Because a more detailed discussion on Hunt processes is needed to state the
corresponding results, we do not give the details here. Nonetheless, this class of processes
s rich and interesting. It covers spectrally positive Lévy processes perturbed by running in-
fimum ([25]), refracted Lévy processes ([26]), Lévy processes reflected at their infima ([36]),
and impulse controlled spectrally positive Lévy processes ([42]). In all these examples, the
resolvent can be obtained analytically from the scale functions of the corresponding Lévy

process, which make these processes accessible for our approach.

To illustrate the previous result, we come back to the problem discussed in Subsections 4.1 and

4.2 for N = oo. For general underlying geometric spectrally positive Lévy processes, it is clear
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from the discussion in Subsection 4.2 that
— K =R, f(z),

with f(x) = ¢1€® — ¢g, where ¢1,co are given in (4.2). From this explicit representation, it can
immediately be seen that the assumptions of Proposition 6.3 are fulfilled and that the optimal

stopping times are one-sided.

7. AN ILLUSTRATION OF THE FINITE STOPPING PROBLEM

To obtain more explicit results, we now consider the problem discussed in Subsections 4.1 and
4.2 for N = oo in the finite stopping case where the underlying process X follows a geometric

Brownian motion and apply the results described in Subsection 6.1. The scale density S’ reads

2
as §'(z) = 2~ =% and the speed density m’ reads as m/(z) = (Ui)z, wo% . Tt is well known that the
differential operator A = $o%2?L; d > + paz 4. For the sake of finiteness, we assume that ¢ < r and
12

p#— 50° > 0. This guarantees that the optimal exercise thresholds are finite and are attained

almost surely in finite time. The minimal excessive functions 1. and ¢. can be written as

1/%«(37) = xba ¢r+)\(x) = xﬁv

pr(z) =z | orpa(z) = 2%

where the constants

b=G-g) /G- 8 B> [8=(G-s) /G- 8+ T
o= (-8 -G-8 v E<0 (a=G-5)-Y(G-8) 1 <0

It is a simple computation to show that the Wronskian B, = 2\/(% — %)2 + 2(:’\).

Assume that the exercise payoff reads as g(z) = (z — K)T, where K is a fixed strike price.

Furthermore, fix the parameter A > 0. Then the optimal multiple stopping problem reads as

foralli=1,...,N. It is known from the literature that for N = 1, the optimal stopping threshold

and the value read as
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For N > 1, it is easily checked in this example that the assumptions of Proposition 6.2 are fulfilled,
which implies that the stopping sets are one-sided. To characterize the corresponding thresholds

for i = 2,..., N, the objective is to find the state

H’(x)) .

* p—
T; = argmax (LL' — b

This yields the necessary condition

1) l_ u (A(Rrﬂva'm(w))] - [ u ((x—waﬁ)L_ﬁ.

T

Inductively, we assume that

i1 , H= (), T >
x;_, = argmax <x — b(x)) . Vitla) = ‘ '
€T H’Lil(wrfl) b < *
e b T, TSI
- * H’iil(x;'k—l) *
For brevity, denote ¢;_; = ————. Let x < z7_;. Then we find that
i—1
. 2X v 2p i 2
ABria V3™ (@) = 55— xa/ vy 2dy+x5/ Yol yty - Cdy
(ol STANTSY 0 T
8 X o1 28 _9
+ / yrH" (y)y = "dy| .
iy
Integration by parts yields
. 2 E+7 1 [~ d (H=1(y)
MR Vi H(z) = cr_ + 28 y = dy
( r+AV X )( ) O_QBT+)\ i—1 Ky ot dy y”
. o0 d Hifl
vt et [T (T a
YHEJor T dy Y

where

=)+ G- 8+

On the other hand, let x > z7_;. Then

2\

MRV (a) =

xril 2 : 2
" / ylerayys Py +a® / yPH ™ (y)y-* 2dy
0 xr
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Again, integration by parts yields

i— 2\ ok [ * — H171<y)
AR AV () = 2By R I / y ! " dy
[ee] Hz'—l
+.Tﬁ/ y—ﬁ—l b(y)dy:|
2 1 Hi-t Hi=Yxr_
= i —xi_ )+ —a® | 2 (z) —xi " (i)
U2Br+>\ Y zb x:—l

. oA 1 4 [ _.d (HN"l(y
=H" () + Lxﬁ/ Y d<b()>dy

Summarizing, a round of differentiation yields

)\ - 1—1 ] Hi—l
(72) i (R +>\VA )(Sﬂ) — Ry xm—l/ y—fii (y) dy
dx b K+ max{x,z}_,} dy yb

max{z,x]_;} d Hi-1
i 5 () dy) |

i—1

for all z € R4. For brevity, denote

Ky [ . d H“(y)>
Ay = P () dy.
' ff+v/a;;_1y dy< yb Y

Then the necessary condition (7.1) can be expressed as

af = bz — K) = —A;_qx”.

By further simplification we obtain

Lom A
x; b—1 xy)

Since § > 1 and A; < 0, we observe that this necessary condition has a unique solution z} < z3. In
particular, this condition implies that there is a unique coefficient y} € (0, 1) such that =} = y; 7.

To close the section, we fix N = 5 and compute numerically the optimal stopping thresholds
xy for i =1,...,5. The parameter configuration reads as r = 0.05, p = 0.008, ¢ = 0.125, A = 0.1

and K = 2. In this case, the threshold Z,, = % ~ 2.593508.



RESOLVENT-TECHNIQUES FOR MULTIPLE EXERCISE PROBLEMS 27

* * * * *
L ) T3 Ty L5

3.317653 3.079880 2.971528 2.738782 2.643230

Table 1. The optimal exercise threshold xz}, i = 1,...,5 under the parameter configuration
r =0.05, p =0.008, 0 = 0.125, A = 0.1 and K = 2.

We observe from Table 1 that the thresholds z}, ¢ =1,...,5, form a decreasing sequence as a
function of the number of stopping times left. This is in line with our general theory. Furthermore,
Table 1 indicates that the thresholds z} converge to the threshold £, as the number of stopping

times left increases. This observation is also in line with our general theory.

8. DISCUSSION

We study the multiple stopping problem under the assumption that the refraction times are
exponentially distributed. It turns out that this assumption makes the problem more tractable
than the ordinary multiple stopping problem in the case that the resolvent measure for the un-
derlying Markov process is known. More precisely, the solution of infinite stopping problem can
be obtained whenever a corresponding ordinary optimal stopping problem can be solved using the
resolvent technique, which is the case in many classes of problems. In the finite stopping case, it
is necessary to evaluate iterated integrals involving the resolvent measure. To this end, one needs
a representation of the resolvent that can be evaluated fast to obtain feasible expressions.

Overall, the resolvent technique turns out to be a useful tool for multiple exercise problems

whenever the resolvent measure is available.

Acknowledgements. We thank the anonymous referee for carefully reading earlier versions of this
manuscript and for thoughtful and valuable comments that helped to improve the presentation
of this article. Jukka Lempa acknowledges financial support from the project ”Energy markets:
modelling, optimization and simulation (EMMOS)”, funded by the Norwegian Research Council

under grant 205328.

REFERENCES

[1] Alexandrov, N. and Hambly, B. M. (2010). A dual approach to multiple exercise option problems under
constraints, Mathematical Methods of Operations Research, 71/3, 503 — 533

[2] Alvarez, L. H. R. (2001). Reward functionals, salvage values and optimal stopping, Math. Methods Oper.
Res., 54/2, 315 — 337

[3] Asmussen, S., Avram, F., and Pistorius, M. (2004). Russian and American put options under exponential

phase-type Lévy models, Stochastic Process. Appl., 109/1, 79-111.



28

[11]

[12]

[13]

[14]

18]

[19]

[20]
(21]

22]

SOREN CHRISTENSEN AND JUKKA LEMPA

Beibel, M. and Lerche, H.R. (1997). A new look at optimal stopping problems related to mathematical finance,
Statist. Sinica, 7/1, 93-108.

Beibel, M. and Lerche, H.R. (2000). A note on optimal stopping of regular diffusions under random discount-
ing, Teor. Veroyatnost. i Primenen., 45/4, 657—-669.

Bender, C. (2011). Primal and dual pricing of multiple exercise options in continuous time, STAM Journal on
Financial Mathematics, 2/1, 562 562- 586

Bender, C. (2011). Dual pricing of multi-exercise options under volume constraints, Finance and Stochastics,
15/1,1 - 26

Blumenthal, R. M. and Getoor, R. K. (1968). Markov processes and potential theory, Academic press, New
York and London

Borodin, A. and Salminen, P. (2002). Handbook on Brownian Motion — Facts and Formule, Birkhduser, Basel
Carmona, R. and Dayanik, S. (2008). Optimal multiple stopping of linear diffusions, Mathematics for Oper-
ations Research, 33/2, 446 — 460

Carmona, R. and Touzi, N. (2008). Optimal multiple stopping and valuation of swing options, Mathematical
Finance, 18/2, 239 — 268

Christensen, S. (2013). On the Solution of General Impulse Control Problems Using Superharmonic Functions,
to appear in Stochastic Processes and their Applications

Christensen, S. and Irle, A. (2011). A harmonic function technique for the optimal stopping of diffusions,
Stochastics, 83/4-6, 347 — 363

Christensen, S., Irle, A., and Jiirgens, S. (2013). Optimal multiple stopping with random waiting times,
Sequential Analysis, 32/3, 297-318.

Christensen, S., Salminen, P., and and Ta, B. (2013). Optimal stopping of strong Markov processes, Stochastic
Processes and their Applications, 123/3, 1138 — 1159.

Christensen, S. and Salminen, P. (2013). Riesz representation and optimal stopping with two case studies,
Preprint.

Chung, K.L. and Walsh, J.B. (2005) Markov processes, Brownian motion, and time symmetry, 2nd ed.,
Springer Verlag, Berlin — Heidelberg — New York — Tokyo

Crocce, F. and Mordecki, E. (2013). Explicit solutions in one-sided optimal stopping problems for one-
dimensional diffusions, preprint: ArXiv e-prints 1302.0712.

Doob, J. L. (1984). Classical Potential Theory and Its Probabilistic Counterpart, Springer Verlag, Berlin —
Heidelberg — New York — Tokyo

McDonald, R. and Siegel, D. (1986). The value of waiting to invest, Quarterly J. Econ., 101, 707-727.
Egami, M. and Yamazaki, K. (2014). Phase-type Fitting of Scale Functions for Spectrally Negative Levy
Processes, forthcoming in Journal of Computational and Applied Mathematics.

Hu, Y. and Qksendal, B. (1998). Optimal time to invest when the price processes are geometric Brownian
motions, Finance Stoch., 2/3, 295-310.

Kuznetsov, A., Kyprianou, A. E. and Pardo, J. C. (2012). Meromorphic Lévy processes and their fluctuation

identities, Ann. Appl. Probab., 22/3, 1101-1135



RESOLVENT-TECHNIQUES FOR MULTIPLE EXERCISE PROBLEMS 29

[24] Kyprianou, A. E. (2006). Introductory lectures on fluctuations of Lévy processes with applications, Springer
Verlag, Berlin

[25] Kyprianou, A. E. and Zhou, X. (2009). General tax structures and the Lévy insurance risk model,J. Appl.
Probab., 46/4, 1146-1156.

[26] Kyprianou, A. E. and Loeffen, R. L. (2012). Refracted Lévy processes, Ann. Inst. Henri Poincaré Probab.
Stat., 46/1, 24-44

[27] Lempa, J. (2012). Optimal stopping with random exercise lag, Mathematical Methods of Operations Research,
75/3, 273 — 286

(28] Lempa, J. (2012). Optimal stopping with information constraint, Applied mathematics and optimization,
66/2, 147 — 173

[29] Majd, S. and Pindyck, R. S. (2004). Time to build, option value and investment decisions, in Real Options
And Investment Under Uncertainty (eds. Schwartz, E.S. and Trigeorgis, L.), MIT press

[30] Meinshausen, N. and Hambly, B. M. (2004). Monte-Carlo methods for the valuation of multiple-exercise
options, Mathematical Finance, 14/4, 557 — 583

[31] Mordecki, E. (2002). Optimal stopping and perpetual options for Lévy processes, Finance Stoch., 6(4):473 —
493

[32] Mordecki, E. and Salminen, P. (2007). Optimal stopping of Hunt and Lévy processes. Stochastics, 79(3-4):233—
251, 2007.

[33] Nishide, K. and Rogers, L. C. G. (2011). Optimal time to exchange two baskets, J. Appl. Probab., 48/1,
21-30.

[34] Olsen, T. E. and Stensland, G. (1992). On optimal timing of investment when cost components are additive
and follows geometric diffusions, Journal of Economic Dynamics and Control, 16, 39-51.

[35] Peskir, G. and Shiryaev, A. (2006). Optimal stopping and free boundary problems, Birkhauser, Basel

[36] Pistorius, M. R. (2004). On exit and ergodicity of the spectrally one-sided Lévy process reflected at its
infimum. J. Theoret. Probab., 17/1, 183-220.

[37] Rogers, L. C. G. and Williams, D. (2001). Diffusions, Markov processes and Martingales: volume 1, Cam-
bridge university press

[38] Salminen, P. (1985). Optimal stopping of one-dimensional diffusions. Math. Nachr., 124:85-101.

[39] Schoenmakers, J. (2012). A pure martingale dual for multiple stopping, Finance and Stochastics, 16, 319 —
334

[40

Shiryaev, A. (2008). Optimal stopping rules: volume 8, Springer-Verlag, Berlin

[41

Stettner, L. (1983). On impulsive control with long run average cost criterion, Studia Math., 76(3):279-298.
[42] Yamazaki, K. (2014). Inventory Control for Spectrally Positive Levy Demand Processes. arXiv:1303.5163.
[43] Zeghal, A. B. and Mnif, M. (2006). Optimal multiple stopping and valuation of swing options in Lévy models,

International Journal of Theoretical and Applied Finance, 9/8, 1267 — 1297

(Soren Christensen) MATHEMATICAL INSTITUTE, CHRISTIAN-ALBRECHTS-UNIVERSITY IN KIEL, LUDEWIG-MEYN-
STR. 4, D — 24098 KIEL AND DEPARTMENT OF MATHEMATICS, SPST, UNIVERSITY OF HAMBURG, BUNDESSTRASSE

55, D — 20146 HAMBURG, E-MAIL:CHRISTENSEN@MATH.UNI-KIEL.DE



30 SOREN CHRISTENSEN AND JUKKA LEMPA

(Jukka Lempa) SCHOOL OF BUSINESS, FACULTY OF SOCIAL SCIENCES, OSLO AND AKERSHUS UNIVERSITY COLLEGE,

P.O. Box 4 St. OrLAvS pLASS, NO — 0130 OSLO, E-MAIL: JUKKA.LEMPAQHIOA.NO



